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The story so far

Equivariant Networks



4

Symmetry

Definition

“A transformation of an object that leaves the object invariant”

• In ML: symmetries of distributions, label functions, parameter spaces

• Knowledge of symmetry provides a strong inductive bias

• Example: Laws of physics are almost completely determined by a handful of symmetries
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Invariance vs Equivariance

The “Picasso Problem”:

Why invariance is not enough in DL

Image credit: Ninara on flickr
https://www.flickr.com/photos/ninara/35077385225
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Equivariant Networks
General setup

X0

X1

X2

X3

f1

f2

f3

X0

X1

X2

X3

f1

f2

f3

T0(g)

T1(g)

T2(g)

T3(g) Ingredients:
• Feature spaces Xi

• Maps fi between them (“Layers”)
• A group G
• Group representations (“Transformation laws”) 

Ti of G for each feature space Xi

Equivariance

fi � Ti�1(g) = Ti(g) � fi
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A Design Principle for Neural Network Architectures

Equivariance to Symmetry Transformations

Data Images, Audio, …
Signals on Graphs, 
Point Clouds

Signals on 
homogeneous space

Signals on manifolds / 
meshes

Symmetries
Translations; 
Rotations

Permutations Global symmetries G
Structure group G & 
Gauge group Aut(P)

Architecture CNNs; G-CNNs Graph NNs, PointNet
Group-equivariant nets 
(G-CNNs)

Gauge CNNs

Examples
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Overview of 
Equivariant Nets
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Regular G-CNNs

T.S. Cohen & M. Welling, Group Equivariant Convolutional Networks. ICML 2016
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Regular G-CNNs in 3D
Application to pulmonary nodule detection in CT scans

M. Winkels, T.S. Cohen, Pulmonary Nodule Detection in CT Scans with Equivariant CNNs, Medical Image Analysis, 2019
M. Winkels, T.S. Cohen, 3D G-CNNs for Pulmonary Nodule Detection. MIDL 2018.
D. Worrall, G. Brostow, CubeNet: Equivariance to 3D Rotation and Translation. ECCV 2018
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DNA Sequences

• Reverse-complement symmetry

• Equivariant CNN
• Lunter, G., & Brown, R. An Equivariant Bayesian Convolutional Network predicts recombination hotspots and accurately 

resolves binding motifs, Bioinformatics, Volume 35, Issue 13, 2019

AAAACCCTTG

CAAGGGTTTT

Zo C2

<latexit sha1_base64="EYbp50Fpfyn6dDAO7p+uujLSk7Q=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyUpBXVX7MZlBfvAJoTJdNIOnTyYmQglduGvuHGhiFt/w51/46TNQlsPDBzOfZ05fsKZVJb1baysrq1vbJa2yts7u3v75sFhR8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb9cTOvdx+okCyO7tQkoW6IhxELGMFKS5557IRYjXw/u58iRygWUomaXs0zK1bVmgEtE7sgFSjQ8swvZxCTNKSRIhxL2betRLkZ1isJp9Oyk0qaYDLGQ9rXNML6kJvN/E/RmVYGKIiFfpFCM/X3RIZDKSehrztzt3Kxlov/1fqpCi7djEVJqmhE5oeClCMVozwMNGCCEsUnmmAimPaKyAgLTJSOrKxDsBe/vEw6tapdr17d1iuN6yKOEpzAKZyDDRfQgBtoQRsIPMIzvMKb8WS8GO/Gx7x1xShmjuAPjM8fYPmVsw==</latexit>
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Steerable CNNs, Harmonic & Tensor Field Networks

Cohen, T. S., & Welling, M. (2017). Steerable CNNs. In ICLR.
Worrall, D. E., Garbin, S. J., Turmukhambetov, D., & Brostow, G. J. (2017). Harmonic Networks: Deep Translation and Rotation Equivariance. In CVPR.
M. Weiler, W. Boomsma, M. Geiger, M. Welling, T.S. Cohen, 3D Steerable CNNs: Learning Rotationally Equivariant Features in Volumetric Data, NIPS, 2018
Thomas, N., Smidt, T., Kearnes, S., Yang, L., Li, L., Kohlhoff, K., & Riley, P. (2018). Tensor Field Networks: Rotation- and Translation-Equivariant Neural Networks for 3D Point Clouds.
Kondor, R. (2018). N-body Networks: a Covariant Hierarchical Neural Network Architecture for Learning Atomic Potentials. arXiv.
T. Son Hy, S. Trivedi, B.M. Anderson, R. Kondor (2018). Predicting Molecular Properties with Covariant Compositional Networks, JCP special issue on data enabled theoretical chemistry.
https://atomicarchitects.github.io

https://www.youtube.com/
watch?v=ENLJACPHSEA

https://www.youtube.com/watch%3Fv=ENLJACPHSEA
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E(2) & E(3) Steerable CNN

CNN

G-CNN

https://github.com/QUVA-Lab/e2cnn
https://github.com/e3nn/e3nn

https://github.com/e3nn/e3nn
https://github.com/e3nn/e3nn
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Spherical CNNs

Earth sciences1 Cosmology

Omnidirectional vision

1By User Dragons flight (Wikimedia Commons, based on) [CC BY-SA 3.0 (https://creativecommons.org/licenses/by-sa/3.0)], via Wikimedia Commons

T.S. Cohen, M. Geiger, J. Koehler, M. Welling, Spherical CNNs. ICLR 2018.
Esteves, C., Allen-Blanchette, C., Makadia, A., & Daniilidis, K. Learning SO(3) Equivariant Representations with Spherical CNNs, ECCV 2018.
Kondor, R., Lin, Z., & Trivedi, S. Clebsch–Gordan Nets: A Fully Fourier Space Spherical Convolutional Neural Network. NeurIPS 2018
… and many more

https://creativecommons.org/licenses/by-sa/3.0
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Equivariance of Spherical CNNs

T.S. Cohen, M. Geiger, J. Koehler, M. Welling, Spherical CNNs. ICLR 2018.
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Gauge, manifold & mesh CNNs

D. Boscaini, J. Masci, S. Melzi, M.M. Bronstein, U. Castellani, and P. Vandergheynst, Learning class-specific descriptors for deformable shapes using localized spectral convolutional networks. CGF 2015
J. Masci, D. Boscaini, M.M. Bronstein, and P. Vandergheynst, Geodesic convolutional neural networks on riemannian manifolds. ICCVW, 2015
T.S. Cohen, M. Weiler, B. Kicanaoglu, M. Welling, Gauge Equivariant Convolutional Networks and the Icosahedral CNN, ICML 2019
P. de Haan, M. Weiler, T. Cohen, M. Welling, Gauge Equivariant Mesh CNNs: Anisotropic convolutions on geometric graphs, 2020
B. Kicanaoglu, P. de Haan, T. Cohen, Gauge Equivariant Spherical CNNs, 2020
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Graphs & Point Clouds

• Point clouds are sets of points, so ordering of points is not meaningful
• Point Nets are in/equivariant to permutations

• Graphs can be defined by a set of nodes and a set of edges, so again order is not 
meaningful
• Many graph nets represent graph as a linear structure, i.e. adjacency matrix which can be added / scaled
• Layers are permutation equivariant and linear in the node features & adjacency matrix

Qi, C. R., Yi, L., Su, H., & Guibas, L. J. PointNet++: Deep Hierarchical Feature Learning on Point Sets in a Metric Space. NIPS 2017
Zaheer, M., Kottur, S., Ravanbakhsh, S., Poczos, B., Salakhutdinov, R., & Smola, A. Deep Sets. NIPS 2017 
Maron, H., Ben-Hamu, H., Shamir, N., & Lipman, Y. Invariant and Equivariant Graph Networks. ICLR 2018
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General Theories

• Key questions:
• Classification of equivariant linear maps
• Universal approximation theorems

• Homogeneous spaces:
• Kondor, R., & Trivedi, S. On the Generalization of Equivariance and Convolution in Neural Networks to the Action of 

Compact Groups. ICML 2018
• Cohen, T., Geiger, M., & Weiler, M. A General Theory of Equivariant CNNs on Homogeneous Spaces. NeurIPS 2019
• Mackey, G. W. (1968). Induced Representations of Groups and Quantum Mechanics.

• General manifolds / Gauge CNNs:
• Coming soon to an ArXiv near you

• Graphs, sets & other discrete structures
• Maron, H., Fetaya, E., Segol, N., & Lipman, Y. On the Universality of Invariant Networks. ICML 2019
• Segol, N., & Lipman, Y. (2019). On Universal Equivariant Set Networks. ArXiv:1910.02421.
• Keriven, N., & Peyré, G. (2019). Universal Invariant and Equivariant Graph Neural Networks. NeurIPS 2019
• Ravanbakhsh, S. (2020). Universal Equivariant Multilayer Perceptrons. ArXiv:2002.02912
• Thiede, E. H., Hy, T. S., & Kondor, R. (2020). The general theory of permutation equivariant neural networks and higher 

order graph variational encoders. ArXiv:2004.03990. 
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Natural Graph Networks
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Collaboration

Pim de Haan
Qualcomm AI Research

Qualcomm Technologies Netherlands B.V.
University of Amsterdam

Max Welling
Qualcomm AI Research

QUVA, University of Amsterdam
CIFAR

Qualcomm Technologies Netherlands B.V.

Taco Cohen
Qualcomm AI Research

Qualcomm Technologies Netherlands B.V.
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Graph Neural Networks

• Graphs are everywhere:
• World wide web
• Telecommunication networks
• Social networks
• Molecular graphs
• Knowledge graphs
• Road maps
• Protein interaction networks
• ….

• Fully-connected Neural networks are good at processing vectors (no symmetry)

• (G-)CNNs are good at processing spatial signals (geometrical symmetries)

• For graphs, we need graph networks that respect the relevant symmetries
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Graph Convolutional Neural Networks

• Pass messages to neighbours on the graph

• Linear function
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Limits of conventional Graph CNNs
Fail on regular graphs

Xu et al: How Powerful are Graph Neural Networks? (2018)
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Source-aware features

• Detecting difference requires feature to remember where message came from
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Conventional Graph CNNs Natural Graph Networks

𝑦! = #
"!∈$

𝑊 𝑥" 𝑦! = #
"!∈$

𝐾"!
𝒢 𝑥"

Same kernel on each edge Different kernel on different edges

Invariant under permutation of neighbours Sensitive to permutations of neighbours

Kernel independent on graph Kernel depends on graph

Kernel restricted by permutation group Kernel restricted by symmetry of graph

Limited expressivity Most general convolution
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Graph Equivalences & Symmetries

• Graph isomorphism

Automorphism = Symmetry
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Equivariance

𝜙

𝜙

Convolution Convolution
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Equivariant Message Passing

p0

q0

p
q 𝐾!"

𝒢

𝐾!$"$
𝒢
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Equivariant Message Passing with Local Symmetries

p0

q0

p
q 𝐾!"

𝒢

𝐾!$"$
𝒢
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Feature space: neighbourhood gauges

Kondor et al: Covariant 
Compositional Networks 
For Learning Graphs (2018)

Cohen et al: Gauge 
Equivariant CNNs (2019)

Gauge transformation
by 𝑔 = (23)
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Analogy

Mother

Daughter

Father

Son

“X”

Your brother 
told me “X”

Our son 
told me “X”
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p

1 3

2

4
5

p0

1 4

2

3
5

2
q

1

3

4
2

q0

3

1

4

Isomorphism: 
Weight sharing

Isomorphism

Convolution

𝑣!

𝐾!"
𝒢 𝑣!

𝜌!$(𝜙)𝑣!

𝐾!$"$
𝒢$ 𝜌!$(𝜙)𝑣!

= 𝜌"$(𝜙)𝐾!"
𝒢 𝑣!

Convolution

Isomorphism

𝐾!%"#
𝒢# = 𝜌"% 𝜙 𝐾!"

𝒢 𝜌!# 𝜙 %&
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p

1 3

2

4
5

p

1 3
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4
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3
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q

1

3
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Automorphism: 
Kernel Constraint

Automorphism

Convolution

𝑣!

𝐾!"
𝒢 𝑣!

𝜌!(𝜙)𝑣!

𝐾!"
𝒢 𝜌!(𝜙)𝑣! = 𝜌"(𝜙)𝐾!"

𝒢 𝑣!

Convolution

Automorphism
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Algorithm

• Precompute:

1. Define node and edge neighbourhoods

2. Classify edge neighbourhood isomorphism classes

3. Compute edge automorphisms

4. Solve kernel constraint, initialise params

• During training:

1. Linearly combine kernel solutions using parameters

2. Transport kernels by isomorphisms

3. Compute convolution
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Relation to prior work

• Node neighbourhood trivial ⇒ graph CNN

• Rectangular grid / icosahedral graph ⇒ planar / icosahedral equivariant CNN
• Cohen & Welling: Group Equivariant Convolutional Networks (2016)
• Cohen et al: Gauge Equivariant Convolutional Networks and the Icosahedral CNN (2019)

• Kondor et al: Covariant Compositional Networks For Learning Graphs (2018)
• Node neighbourhood size increases by depth
• Kernel constrained by permutation group, instead of automorphism group

• Maron et al: Invariant and Equivariant Graph Networks (2019)
• Represents entire graph as linear structure with permutation equivariance
• Not message passing algorithm
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Synthetic experiments
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Preliminary Experiment: QM9 molecule predictions

ENN-S2S
Gilmer et al 
(2017)

CCN
Kondor et al 
(2018)

IncidenceNet
Albooyeh et al 
(2019)

Ours

CV 0.040 0.23 0.019 0.027

G 0.019 0.29 0.001 0.010

gap 0.069 0.54 0.073 0.07

H 0.017 0.30 0.001 0.012

LUMO 0.037 0.53 0.049 0.05

R2 0.180 0.19 0.010 0.040

U 0.019 0.29 0.001 0.012

U0 0.019 0.29 0.001 0.009

ZPVE 0.0015 0.39 0.006 0.0075

Average rank 2.3 4 1.4 2.2
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Natural Graph Networks: Summary

• Graph networks must respect graph symmetries

• Graph symmetries = autmomorphisms ≠ permutation of nodes

• Exploting local symmetries leads to more powerful graph networks
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Category Theory: The Future of Deep Learning & AI

Mathematical Theory
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Category Theoretic Formulation

• General description of:
• Natural Graph Networks
• Homogeneous G-CNNs
• Gauge CNNs

• Basic ingredients:
• Category C of node neighbourhoods

• Objects: “points with associated data”, arrows: “ways of transporting data between (some) points”
• Category D of edge neighbourhoods

• Objects: “messages”, arrows: “local symmetry / weight sharing”
• Functors F0, F1 : D -> C, that map edge to source/target

• Maps message to source/target, maps arrows in D to arrows in C
• Principal groupoid P and category A of associated feature spaces on nodes

• Functor T: C -> P (equivariant path lifting)
• Functor R : P -> A (associated vector bundle functor; defines representation space)

• Network layer is a natural transformation

Category

• Objects Ob(C)
• Morphisms / arrows f : a -> b
• Associative composition rule
• Identity morphisms

K : R � T � F0 ) R � T � F1

<latexit sha1_base64="to0JkEDYeXI0tckfb1PKCZKyDpk=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0VwVRIpVF0VBRHc1NIXNCFMppN26CQTZiZKCf0UN/6KGxeK6E6/xmmbhbY9cLmHc+5l5h4/ZlQqy/o2ciura+sb+c3C1vbO7p65f9CSPBGYNDFnXHR8JAmjEWkqqhjpxIKg0Gek7Q+vJ377gQhJedRQo5i4IepHNKAYKS15ZuUOXsI6dDAVGDayfuNZ0KnT/kAhIfjjEt/2zKJVsqaAi8TOSBFkqHnml9PjOAlJpDBDUnZtK1ZuioSimJFxwUkkiREeoj7pahqhkEg3nR44hida6cGAC12RglP170aKQilHoa8nQ6QGct6biMu8bqKCczelUZwoEuHZQ0HCoOJwkhbsUUGwYiNNEBZU/xXiARIIK51pQYdgz5+8SFpnJbtcurgvF6tXWRx5cASOwSmwQQVUwS2ogSbA4Am8gDfwbjwbr8aH8TkbzRnZziH4B+PnF8XQoFI=</latexit>



48

Equivariance: it’s only natural

• Group: a category with one object in which each morphism is an isomorphism

• Linear representation: a functor from group G to the category of vector spaces

• Equivariant linear map: natural transformation between functors (representations)

🤔

G : 
e 

g1

g2

e 

g1

g2

Rn

2

4
· · ·
· · ·
· · ·

3

5
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<latexit sha1_base64="EeWaJzBWhcdmLn3i1ld7E1SLuX0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGMA9IljA7mc0OmccyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jco0oS2iuNLdCBvKmaQtyyyn3VRTLCJOO9H4Lvc7T1QbpuSjnaQ0FHgkWcwItrnU14kaVGt+3Z8DrZKgIDUo0BxUv/pDRTJBpSUcG9ML/NSGU6wtI5zOKv3M0BSTMR7RnqMSC2rC6fzWGTpzyhDFSruSFs3V3xNTLIyZiMh1CmwTs+zl4n9eL7PxdThlMs0slWSxKM44sgrlj6Mh05RYPnEEE83crYgkWGNiXTwVF0Kw/PIqaV/Ug8v6zcNlrXFbxFGGEziFcwjgChpwD01oAYEEnuEV3jzhvXjv3seiteQVM8fwB97nDyOMjlM=</latexit>

⇢(g)⇢(g0) = ⇢(gg0)

<latexit sha1_base64="h85+52OwqyYi9tqY0unezREoPSE=">AAACBXicbZDNSgMxFIXv1L9a/0Zd6iJYxHZTZqSgLoSiG5cVbCu0Q8mkmTY0MxmSjFCGbtz4Km5cKOLWd3Dn25i2s9DWCyEf59xLco8fc6a043xbuaXlldW1/HphY3Nre8fe3WsqkUhCG0RwIe99rChnEW1opjm9jyXFoc9pyx9eT/zWA5WKiehOj2LqhbgfsYARrI3UtQ87ciBK/TKa3SdldJmh4a5ddCrOtNAiuBkUIat61/7q9ARJQhppwrFSbdeJtZdiqRnhdFzoJIrGmAxxn7YNRjikykunW4zRsVF6KBDSnEijqfp7IsWhUqPQN50h1gM1703E/7x2ooNzL2VRnGgakdlDQcKRFmgSCeoxSYnmIwOYSGb+isgAS0y0Ca5gQnDnV16E5mnFrVYubqvF2lUWRx4O4AhK4MIZ1OAG6tAAAo/wDK/wZj1ZL9a79TFrzVnZzD78KevzB8trljg=</latexit>

(  )⇢

<latexit sha1_base64="EeWaJzBWhcdmLn3i1ld7E1SLuX0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGMA9IljA7mc0OmccyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jco0oS2iuNLdCBvKmaQtyyyn3VRTLCJOO9H4Lvc7T1QbpuSjnaQ0FHgkWcwItrnU14kaVGt+3Z8DrZKgIDUo0BxUv/pDRTJBpSUcG9ML/NSGU6wtI5zOKv3M0BSTMR7RnqMSC2rC6fzWGTpzyhDFSruSFs3V3xNTLIyZiMh1CmwTs+zl4n9eL7PxdThlMs0slWSxKM44sgrlj6Mh05RYPnEEE83crYgkWGNiXTwVF0Kw/PIqaV/Ug8v6zcNlrXFbxFGGEziFcwjgChpwD01oAYEEnuEV3jzhvXjv3seiteQVM8fwB97nDyOMjlM=</latexit>

(  )

(  )⇢

<latexit sha1_base64="EeWaJzBWhcdmLn3i1ld7E1SLuX0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGMA9IljA7mc0OmccyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jco0oS2iuNLdCBvKmaQtyyyn3VRTLCJOO9H4Lvc7T1QbpuSjnaQ0FHgkWcwItrnU14kaVGt+3Z8DrZKgIDUo0BxUv/pDRTJBpSUcG9ML/NSGU6wtI5zOKv3M0BSTMR7RnqMSC2rC6fzWGTpzyhDFSruSFs3V3xNTLIyZiMh1CmwTs+zl4n9eL7PxdThlMs0slWSxKM44sgrlj6Mh05RYPnEEE83crYgkWGNiXTwVF0Kw/PIqaV/Ug8v6zcNlrXFbxFGGEziFcwjgChpwD01oAYEEnuEV3jzhvXjv3seiteQVM8fwB97nDyOMjlM=</latexit>

(  )

⇢̃

<latexit sha1_base64="CiVhegMeayN78zOu4ds++dPzseA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQtlstu3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKjEQjKKVfB+FjHju61Ey7Vdrbt2dg6wSryA1KNDsV7/8KGFZzBUySY3peW6KQU41Cib5tOJnhqeUjemQ9yxVNOYmyOc3T8mZVSIySLQthWSu/p7IaWzMJA5tZ0xxZJa9mfif18twcB3kQqUZcsUWiwaZJJiQWQAkEpozlBNLKNPC3krYiGrK0MZUsSF4yy+vkvZF3bus3zxc1hq3RRxlOIFTOAcPrqAB99CEFjBI4Rle4c3JnBfn3flYtJacYuYY/sD5/AGKuZIJ</latexit>

⇢̃

<latexit sha1_base64="CiVhegMeayN78zOu4ds++dPzseA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQtlstu3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iJOUBzEdKjEQjKKVfB+FjHju61Ey7Vdrbt2dg6wSryA1KNDsV7/8KGFZzBUySY3peW6KQU41Cib5tOJnhqeUjemQ9yxVNOYmyOc3T8mZVSIySLQthWSu/p7IaWzMJA5tZ0xxZJa9mfif18twcB3kQqUZcsUWiwaZJJiQWQAkEpozlBNLKNPC3krYiGrK0MZUsSF4yy+vkvZF3bus3zxc1hq3RRxlOIFTOAcPrqAB99CEFjBI4Rle4c3JnBfn3flYtJacYuYY/sD5/AGKuZIJ</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

⇢(g)

<latexit sha1_base64="i+Cj2bKD/aLp8VjCwYauhpF4B7I=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVgnorevFYwX5Au5Rsmm1Ds0lIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SHFmrO9/e2vrG5tb24Wd4u7e/sFh6ei4ZWSqCW0SyaXuRNhQzgRtWmY57ShNcRJx2o7GdzO//US1YVI82omiYYKHgsWMYOukdk+PZGV40S+V/ao/B1olQU7KkKPRL331BpKkCRWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRgRNqwmx+7hSdO2WAYqldCYvm6u+JDCfGTJLIdSbYjsyyNxP/87qpja/DjAmVWirIYlGccmQlmv2OBkxTYvnEEUw0c7ciMsIaE+sSKroQguWXV0nrshrUqjcPtXL9No+jAKdwBhUI4ArqcA8NaAKBMTzDK7x5ynvx3r2PReual8+cwB94nz+u5Y8p</latexit>

⇢(g)

<latexit sha1_base64="i+Cj2bKD/aLp8VjCwYauhpF4B7I=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVgnorevFYwX5Au5Rsmm1Ds0lIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SHFmrO9/e2vrG5tb24Wd4u7e/sFh6ei4ZWSqCW0SyaXuRNhQzgRtWmY57ShNcRJx2o7GdzO//US1YVI82omiYYKHgsWMYOukdk+PZGV40S+V/ao/B1olQU7KkKPRL331BpKkCRWWcGxMN/CVDTOsLSOcTou91FCFyRgPaddRgRNqwmx+7hSdO2WAYqldCYvm6u+JDCfGTJLIdSbYjsyyNxP/87qpja/DjAmVWirIYlGccmQlmv2OBkxTYvnEEUw0c7ciMsIaE+sSKroQguWXV0nrshrUqjcPtXL9No+jAKdwBhUI4ArqcA8NaAKBMTzDK7x5ynvx3r2PReual8+cwB94nz+u5Y8p</latexit>

Associates to each object of G an 
object of Vec

Associates to each arrow of G an 
arrow of Vec, such that 

composition is preserved:

Associates to each object of G an 
arrow of Vec, such that for every 

morphism g in G, we have:
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The category of node neighbourhoods

• Given graph G = (V, E)

• Define a category C:
• Ob( C ) = V

• With each node, associate a neighbourhood (chosen in a consistent manner)
• Introduce an arrow x -> y for each isomorphism from the neighbourhood of x to the neighbourhood of y that maps x to y.

• “Rooted isomorphisms” 
• For given objects x, y, there could be n >= 0 such arrows.

• Note:
• Arrows must be composable; in this case this is defined as composition of graph isomorphisms.
• The category includes at least one arrow x -> x for each node x (the identity).

• Additionally, when the neighbourhood has symmetries, it includes arrows x -> x for each neighbourhood automorphism
• The category C is a groupoid, because all arrows are isomorphisms



51

The category of edge neighbourhoods

• Given graph G = (V, E)

• Define a category D:
• Ob( D ) = E

• With each edge, associate a neighbourhood (chosen in a consistent manner)
• Introduce an arrow e -> e’ for each isomorphism from the neighbourhood of e to the neighbourhood of e’. 

• For given e, e’, there could be n >= 0 such arrows.

• Note:
• Arrows must be composable; in this case this is defined as composition of graph isomorphisms.
• The category includes at least one arrow e -> e for each edge e (the identity).

• Additionally, when the neighbourhood has symmetries, it includes arrows e -> e for each neighbourhood automorphism
• The category D is a groupoid, because all arrows are isomorphisms
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Source & Target Functors

• Define two functors 

• Functor maps both objects and arrows:
• Let                            and                                 be isomorphic objects in D (i.e. edges with iso neighbourhoods) 

• Check functor axioms:
• Maps objects of D to objects of C (edge neighbourhoods to node neighbourhoods)
• Maps morphisms of D to morphisms of C (edge isos tot node isos), such that:

• F(f o g) = F(f) o F(g)
• F(id_e) = id_F(e)

• Node neighbourhood should be a subset of edge neighbourhood, so that there is 
a natural definition of F0, F1 by restriction of graph isomorphism.

e : x ! y

<latexit sha1_base64="LaPlpCpnykAjHf55isqFYsB9Sy4=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5JIQe2p4MVjBfsBbSib7aZdutmE3Y0aQv0rXjwo4tUf4s1/47bNQVsfDDzem2Fmnh9zprTjfFuFtfWNza3idmlnd2//wD48aqsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zP/M49lYpF4k6nMfVCPBIsYARrIw3sMkV19Ij6ko3GGksZPaB0YFecqjMHWiVuTiqQozmwv/rDiCQhFZpwrFTPdWLtZVhqRjidlvqJojEmEzyiPUMFDqnysvnxU3RqlCEKImlKaDRXf09kOFQqDX3TGWI9VsveTPzP6yU6uPQyJuJEU0EWi4KEIx2hWRJoyCQlmqeGYCKZuRWRMZaYaJNXyYTgLr+8StrnVbdWvbqtVRr1PI4iHMMJnIELF9CAG2hCCwik8Ayv8GY9WS/Wu/WxaC1Y+UwZ/sD6/AGlO5Qi</latexit>

e0 : x0 ! y0

<latexit sha1_base64="LQjF518ZG3fDmoWGq0omEkwr1zs=">AAAB/3icbVBNS8NAEN34WetXVPDiZbFIPZVECmpPBS8eK9gPaEPZbLft0s0m7E7UEHvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXl+JLgGx/m2lpZXVtfWcxv5za3tnV17b7+hw1hRVqehCFXLJ5oJLlkdOAjWihQjgS9Y0x9dTfzmHVOah/IWkoh5ARlI3ueUgJG69iEr4gp+KOKO4oMhEKXCe5wUu3bBKTlT4EXiZqSAMtS69lenF9I4YBKoIFq3XScCLyUKOBVsnO/EmkWEjsiAtQ2VJGDaS6f3j/GJUXq4HypTEvBU/T2RkkDrJPBNZ0BgqOe9ifif146hf+GlXEYxMElni/qxwBDiSRi4xxWjIBJDCFXc3IrpkChCwUSWNyG48y8vksZZyS2XLm/KhWoliyOHjtAxOkUuOkdVdI1qqI4oekTP6BW9WU/Wi/Vufcxal6xs5gD9gfX5A9PflLU=</latexit>

F0 F1

Map on objects

Map on arrows

F0(e) = x

<latexit sha1_base64="Ehd5HvSwvOVyoXQ+k8LP2YrqD+w=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexKwHgQAoJ4jGAemCxhdtJJhszOLjOzYljyF148KOLVv/Hm3zh5HDSxoKGo6qa7K4gF18Z1v52V1bX1jc3MVnZ7Z3dvP3dwWNdRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HriNx5RaR7JezOK0Q9pX/IeZ9RY6eGm4xbwjFyRp04u7xbdKcgy8eYkD3NUO7mvdjdiSYjSMEG1bnlubPyUKsOZwHG2nWiMKRvSPrYslTRE7afTi8fk1Cpd0ouULWnIVP09kdJQ61EY2M6QmoFe9Cbif14rMb2yn3IZJwYlmy3qJYKYiEzeJ12ukBkxsoQyxe2thA2ooszYkLI2BG/x5WVSPy96peLlXSlfKc/jyMAxnEABPLiACtxCFWrAQMIzvMKbo50X5935mLWuOPOZI/gD5/MHUxOPYA==</latexit>

F0(e ! e0) = x ! x0

<latexit sha1_base64="/l3vn91m8t9943JycCBrMOlFDvU=">AAACEXicbVDLSgNBEJz1GeNr1aOXwSCJl7ArAeNBCAjiMYJ5QLIss5NOMmT2wcysJiz5BS/+ihcPinj15s2/cZLswSQWNBRV3XR3eRFnUlnWj7Gyura+sZnZym7v7O7tmweHdRnGgkKNhjwUTY9I4CyAmmKKQzMSQHyPQ8MbXE/8xgMIycLgXo0icHzSC1iXUaK05JqFG9cqAG4L1usrIkT4iCF/hq/wcE4b5l0zZxWtKfAysVOSQymqrvnd7oQ09iFQlBMpW7YVKSchQjHKYZxtxxIiQgekBy1NA+KDdJLpR2N8qpUO7oZCV6DwVP07kRBfypHv6U6fqL5c9Cbif14rVt2yk7AgihUEdLaoG3OsQjyJB3eYAKr4SBNCBdO3YtonglClQ8zqEOzFl5dJ/bxol4qXd6VcpZzGkUHH6AQVkI0uUAXdoiqqIYqe0At6Q+/Gs/FqfBifs9YVI505QnMwvn4Bt5ybsg==</latexit>

F1(e) = y

<latexit sha1_base64="3ALD3uTF6YAsoARL85DNh6dUAIc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXAsaDEBDEYwTzwGQJs5NOMmR2dpmZFZaQv/DiQRGv/o03/8bJ46CJBQ1FVTfdXUEsuDau++1k1tY3Nrey27md3b39g/zhUUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo5up33xCpXkkH0waox/SgeR9zqix0uNt1yviObkmaTdfcEvuDGSVeAtSgAVq3fxXpxexJERpmKBatz03Nv6YKsOZwEmuk2iMKRvRAbYtlTRE7Y9nF0/ImVV6pB8pW9KQmfp7YkxDrdMwsJ0hNUO97E3F/7x2YvoVf8xlnBiUbL6onwhiIjJ9n/S4QmZEagllittbCRtSRZmxIeVsCN7yy6ukcVHyyqWr+3KhWlnEkYUTOIUieHAJVbiDGtSBgYRneIU3RzsvzrvzMW/NOIuZY/gD5/MHViKPYg==</latexit>

F1(e ! e0) = y ! y0

<latexit sha1_base64="WEyNjiJdOyWVqLG0z5IJPHO3E5M=">AAACEnicbVDJSgNBEO2JW4xb1KOXxiBJLmFGAsaDEBDEYwSzQDIMPZ2apEnPQnePMgz5Bi/+ihcPinj15M2/sbMcTOKDgsd7VVTVcyPOpDLNHyOztr6xuZXdzu3s7u0f5A+PWjKMBYUmDXkoOi6RwFkATcUUh04kgPguh7Y7up747QcQkoXBvUoisH0yCJjHKFFacvLlG8cqAcY9wQZDRYQIHzEUy/gKJwtaUnTyBbNiToFXiTUnBTRHw8l/9/ohjX0IFOVEyq5lRspOiVCMchjnerGEiNARGUBX04D4IO10+tIYn2mlj71Q6AoUnqp/J1LiS5n4ru70iRrKZW8i/ud1Y+XV7JQFUawgoLNFXsyxCvEkH9xnAqjiiSaECqZvxXRIBKFKp5jTIVjLL6+S1nnFqlYu76qFem0eRxadoFNUQha6QHV0ixqoiSh6Qi/oDb0bz8ar8WF8zlozxnzmGC3A+PoFGACb3w==</latexit>

F0, F1 : D ! C

<latexit sha1_base64="WxYs+gmAs4GwCIghG3T+4lU28SI=">AAACA3icbVDLSgMxFM34rPU16k43wSK4kDIjBR+rYqW4rGAf0A5DJs20oZlkSDJKGQpu/BU3LhRx60+4829M21lo64ELh3Pu5d57gphRpR3n21pYXFpeWc2t5dc3Nre27Z3dhhKJxKSOBROyFSBFGOWkrqlmpBVLgqKAkWYwqIz95j2Rigp+p4cx8SLU4zSkGGkj+fZ+1XdOYNV34SW8hh1Je32NpBQPsOLbBafoTADniZuRAshQ8+2vTlfgJCJcY4aUartOrL0USU0xI6N8J1EkRniAeqRtKEcRUV46+WEEj4zShaGQpriGE/X3RIoipYZRYDojpPtq1huL/3ntRIfnXkp5nGjC8XRRmDCoBRwHArtUEqzZ0BCEJTW3QtxHEmFtYsubENzZl+dJ47TolooXt6VC+SqLIwcOwCE4Bi44A2VwA2qgDjB4BM/gFbxZT9aL9W59TFsXrGxmD/yB9fkDjSaVmA==</latexit>



53

Principal and Associated Bundles

• Principal bundle groupoid P:
• Ob(P) = (Px, Gx) for x in ob(C). Px contains all neighbourhood labelings. Gx permutes labels.
• Morphisms are equivariant maps Px -> Px’ plus group homomorphisms Gx -> Gx’

• Transport functor T : C -> P
• Lifts edges to equivariant maps 

• Associated bundle A:
• Associates with each node x in ob(C) a feature space Vx, acted on by a representation rho of Gx

• Representation functor R : P -> A
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Network Layer: Natural Transformations

• Kernel is a natural transformation between functors:
• Source feature space: 
• Target feature space:

• Natural transformation: 

• Definition of natural transformation:
• K assigns to each object e = (x, y) of D a morphism (linear map) 
• Such that the following diagram commutes (naturality)

• For all edge isomorphisms

Q0 = R � T � F0

<latexit sha1_base64="6PjHv8EeYKL/LzY9A/lPhE25wEo=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2ARXJUZKagLoSCIy1b6gnYYMmmmDc1khiQjlFLc+CtuXCji1q9w59+YtrPQ1gOXezjnXpJ7goQzpR3n28qtrK6tb+Q3C1vbO7t79v5BU8WpJLRBYh7LdoAV5UzQhmaa03YiKY4CTlvB8Gbqtx6oVCwWdT1KqBfhvmAhI1gbybePar6DrtE96hImCapn/dZ3fLvolJwZ0DJxM1KEDFXf/ur2YpJGVGjCsVId10m0N8ZSM8LppNBNFU0wGeI+7RgqcESVN56dMEGnRumhMJamhEYz9ffGGEdKjaLATEZYD9SiNxX/8zqpDi+9MRNJqqkg84fClCMdo2keqMckJZqPDMFEMvNXRAZYYqJNagUTgrt48jJpnpfccumqVi5WylkceTiGEzgDFy6gAndQhQYQeIRneIU368l6sd6tj/lozsp2DuEPrM8fjiWU9Q==</latexit>

Q1 = R � T � F1

<latexit sha1_base64="lrbqs6Bgn9Osv2YSja/rOOIo0b0=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2ARXJUZKagLoSCIy1b6gnYYMmmmDc1khiQjlFLc+CtuXCji1q9w59+YtrPQ1gOXezjnXpJ7goQzpR3n28qtrK6tb+Q3C1vbO7t79v5BU8WpJLRBYh7LdoAV5UzQhmaa03YiKY4CTlvB8Gbqtx6oVCwWdT1KqBfhvmAhI1gbybePar6LrtE96hImCapn/dZ3fbvolJwZ0DJxM1KEDFXf/ur2YpJGVGjCsVId10m0N8ZSM8LppNBNFU0wGeI+7RgqcESVN56dMEGnRumhMJamhEYz9ffGGEdKjaLATEZYD9SiNxX/8zqpDi+9MRNJqqkg84fClCMdo2keqMckJZqPDMFEMvNXRAZYYqJNagUTgrt48jJpnpfccumqVi5WylkceTiGEzgDFy6gAndQhQYQeIRneIU368l6sd6tj/lozsp2DuEPrM8fkUOU9w==</latexit>

K : Q0 ) Q1

<latexit sha1_base64="kl5mUM0yL8EWs25gpCT/kDA81K0=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJFHysCm4EN63YB7QhTKaTdugkE2YmSgnd+CtuXCji1s9w5984bbPQ1gMXzpxzL3PvCRLOlHacb2tpeWV1bb2wUdzc2t7Ztff2m0qkktAGEVzIdoAV5SymDc00p+1EUhwFnLaC4fXEbz1QqZiI7/UooV6E+zELGcHaSL59eIuuUN13UPeO9QcaSykezdv17ZJTdqZAi8TNSQly1Hz7q9sTJI1orAnHSnVcJ9FehqVmhNNxsZsqmmAyxH3aMTTGEVVeNj1gjE6M0kOhkKZijabq74kMR0qNosB0RlgP1Lw3Ef/zOqkOL7yMxUmqaUxmH4UpR1qgSRqoxyQlmo8MwUQysysiAywx0SazognBnT95kTTPym6lfFmvlKqVPI4CHMExnIIL51CFG6hBAwiM4Rle4c16sl6sd+tj1rpk5TMH8AfW5w8uZ5Ta</latexit>

⇠ : e ! e0

<latexit sha1_base64="ckjcIFLqZCzBg1FKE3qFjj/6xF8=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyiq5JIwceq4MZlBfuAJpTJ9KYdOpmEmYlaYhf+ihsXirj1N9z5N07bLLT1wIXDOfdy7z1BwpnSjvNtLSwuLa+sFtaK6xubW9v2zm5DxamkUKcxj2UrIAo4E1DXTHNoJRJIFHBoBoOrsd+8A6lYLG71MAE/Ij3BQkaJNlLH3vceGL7EgD3Jen1NpIzvMRx37JJTdibA88TNSQnlqHXsL68b0zQCoSknSrVdJ9F+RqRmlMOo6KUKEkIHpAdtQwWJQPnZ5P4RPjJKF4exNCU0nqi/JzISKTWMAtMZEd1Xs95Y/M9rpzo89zMmklSDoNNFYcqxjvE4DNxlEqjmQ0MIlczcimmfSEK1iaxoQnBnX54njdOyWylf3FRK1UoeRwEdoEN0glx0hqroGtVQHVH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHcSKVEg==</latexit>

Ke : Q0(e) ! Q1(e)

<latexit sha1_base64="xsViuO7pOGiF59zEqM5VB9cWmlg=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIsQm7EvBSBWwEmwTMBZJlmZ2cJENmZ5eZWSUsKW18FRsLRWx9BDvfxkmyhSb+MPDznXM4c/4g5kxpx/m2lpZXVtfWcxv5za3tnV17b7+hokRSqNOIR7IVEAWcCahrpjm0YgkkDDg0g+H1pN68B6lYJO70KAYvJH3BeowSbZBvH936gK9wzXeKcIo7kvUHmkgZPRjkGuTbBafkTIUXjZuZAspU9e2vTjeiSQhCU06UartOrL2USM0oh3G+kyiICR2SPrSNFSQE5aXTQ8b4xJAu7kXSPKHxlP6eSEmo1CgMTGdI9EDN1ybwv1o70b0LL2UiTjQIOlvUSzjWEZ6kgrtMAtV8ZAyhkpm/YjogklBtssubENz5kxdN46zklkuXtXKhUs7iyKFDdIyKyEXnqIJuUBXVEUWP6Bm9ojfryXqx3q2PWeuSlc0coD+yPn8AG8OXeg==</latexit>
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Application to Homogeneous & Gauge CNNs

• The same framework describes homogeneous G-CNNs and Gauge CNNs
• Choice of C determines where the data lives
• Choice of D determines how messages are passed (objects) and how weights are shared (morphisms)

• Homogeneous case:
• C : points x in a manifold with morphisms x -> gx for g in G
• D :  pairs (x, y), with morphisms (x, y) -> (gx, gy)
• R : induced representation functor
• K : natural transformation = intertwiner between induced representation (= conv layer)

• Gauge CNN case:
• C : points x in a manifold with morphisms x -> y paths
• D : geodesics x -> y
• R, T : associated vector bundle, parallel transport
• K : natural transformation = gauge invariant linear map
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Conclusions

• Equivariance is a natural design principle for neural networks
• Applicable to planar images, signals on homogeneous spaces & manifolds, graphs, etc.

• New framework: natural graph networks
• Fundamentally more flexible than invariant message passing methods

• Mathematical theory
• Categorical formulation
• Opens up a large design space for natural networks
• Covers graphs, homogeneous spaces, general manifolds, and more in a uniform manner
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