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M y  r e c e n t  P h y s i c s   M L  w o r k⋂

•Diverse set of projects 

• QCD-aware jet classifiers for the LHC with Tree and Graph based NNs 

• ML for precision measurements at the LHC data analysis, e.g. effective field theory 

• Probing dark matter substructure with strong gravitational lenses 

• Probabilistic programing for LHC data analysis 

• ML to model the Quantum Density Matrix 

• ML for Lattice Field Theory 

• Hamiltonian + ODE + GraphNNs for dynamical systems 

• GraphNNs + Symbolic regression for dynamical systems 

• Dynamical programming and RL for probabilistic treatment of hierarchical clustering  

•What do these projects have in common?
3



M y  r e c e n t  P h y s i c s   M L  w o r k⋂

•What do these projects have in common? 

• Several are aimed at import physics questions, but… 

• Many are explorations to refine (my) understanding of the pros and cons and 
different approaches to modeling / inference / science / AI 

• Traditional physics-based approaches (mechanistic) 

• Black box machine learning (function approximation, prediction) 

•This exploration has  

• Led to some interesting insights into AI / ML, and  

• Refined my thinking about physics (and the philosophy of science)

4



A b s t r a c t

•Instead of focusing on a specific application, I will discuss a few projects that 
explore the Physics ∩ ML Interface.  

• How do we incorporate our physical insight into the underlying causal 
mechanism into the inductive bias of machine learning architectures?  

• Is that helpful or necessary?  

• Why do we care if a model is interpretable?  

• Where do we stand on the spectrum between ML-supercharged data analysis 
and an AI / robot scientist?  

• How does this line of thinking influence research in AI and ML?

5
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P R E D I C T I O N

I N F E R E N C E

DataTheory



Traditional approaches in physics 
• hand-crafted data analysis 
• largely guided by expert knowledge 
and theoretical insights



Big Data & Deep Learning 
• eschew feature engineering 
• end-to-end learning 
• data-driven 





All models are wrong,  
and increasingly you can succeed without them. 

— Peter Norvig
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P R E D I C T I O N

I N F E R E N C E

DataTheory



A  t o y  e x a m p l e
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Imagine the entire board is 
slightly tilted, which biases the 
probability to bounce left/right. 

Say we want to infer ,   
the probability to bounce right 

based on distribution of 

θ
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•The actual situation is much more complicated. 

•It’s not a Binomial distribution! 

•What is it? 

•
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A n  e x a m p l e

•The probability of landing in a bin  
corresponds to cumulative probability of all 
the latent paths  that end in  

• But the integral (sum) can no longer be 
simplified analytically 

• As the latent space grows, the number of 
paths grows rapidly.  

• The integral becomes intractable 

• But generating synthetic observations 
remains easy

x

z x
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S i m u l a t i o n — b a s e d  i n f e r e n c e
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Observables

• Well-understood mechanistic model 

• Simulator can generate samples

Prediction (simulation):
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S c i e n c e  i s  r e p l e t e  w i t h  h i g h - f i d e l i t y  s i m u l a t o r s

•Simulators are implicit, causal, generative models that can produce synthetic data
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Fig. 1. Examples of phenomena at various length scales described by a diverse set of simulators, each with an intractable likelihood. Contains image material from Refs. (5–9).

pretable by a domain scientist and ◊ has relatively few
components and a fixed dimensionality. Examples include
coe�cients found in the Hamiltonian of a physical sys-
tem, the virulence and incubation rate of a pathogen, or
fundamental constants of Nature.

• The latent variables z that appear in the data-generating
process may directly or indirectly correspond to a phys-
ically meaningful state of a system, but typically this
state is unobservable in practice. The structure of the
latent space varies substantially between simulators. The
latent variables may be continuous or discrete and the
dimensionality of the latent space may be fixed or may
vary depending on the control flow of the simulator. The
simulation can freely combine deterministic and stochas-
tic steps. The deterministic components of the simulator
may be di�erentiable or may involve discontinuous control
flow elements. In practice, some simulators may provide
convenient access to the latent variables, while others are
e�ectively black boxes. Any given simulator may combine
these di�erent aspects in almost any way.

• Finally, the output data x correspond to the observations.
They can range from a few unstructured numbers to high-
dimensional and highly structured data, such as images
or geospatial information.

Consider for instance the systems shown in Fig. 1. Parti-
cle physics processes often only depend on a small number
of parameters of interest such as particle masses or coupling
strengths. The latent process combines a high-energy inter-
action, rigorously described by a quantum field theory, with
the passage of the resulting particles through an incredibly
complex detector, most accurately modeled with stochastic
simulations with billions of latent variables; this second part
often does not depend on the parameters of interest. The
output data consist, in their raw form, of millions of sen-
sor read-outs, though there is an established pipeline that
compresses this raw data to tens to hundreds of observables.
Epidemiological simulations can be based on a network struc-
ture with geospatial properties, and the latent process consists
of many repeated structurally identical stochastic time steps.
In contrast, cosmological simulations of the evolution of the
Universe may consist of a highly structured stochastic initial
state followed by a smooth, deterministic time evolution.

These di�erences mean that there is no one-size-fits-all
inference method. In this review we aim to clarify the consid-
erations needed to choose the most appropriate approach for
a given problem.

B. Inference. Scientific inference tasks di�er by what is being
inferred: given observed data x, is the goal to infer the input
parameters ◊, or the latent variables z, or both? Sometimes

only a subset of the parameters (or latent variables) are of in-
terest, while the rest are nuisance parameters (i. e. parameters
that we are not directly interested in but must account for
because they influence the distributions of the data). We will
focus on the common problem of inferring ◊ in a parametric
setting, we will comment on methods that allow inference on
z, and we will not focus on non-parametric inverse problems.

Inference may be performed either in a frequentist or a
Bayesian approach and may be limited to point estimates
◊̂(x) or extended to include a probabilistic notion of uncer-
tainty. In the frequentist case, confidence sets are often formed
from inverting hypothesis tests, based on the likelihood ratio
test statistic. In Bayesian inference, the goal is typically to
calculate the posterior

p(◊|x) = p(x|◊) p(◊)s
d◊Õ p(x|◊Õ) p(◊Õ)

[1]

for observed data x and a given prior p(◊). In both cases the
likelihood function p(x|◊) is a key ingredient.

The fundamental challenge for simulation-based inference
problems is that the likelihood function p(x|◊) implicitly de-
fined by the simulator is typically not tractable, as it corre-
sponds to an integral over all possible trajectories through the
latent space, i. e. all possible execution traces of the simulator.
That is,

p(x|◊) =
⁄

dz p(x, z|◊) , [2]

where p(x, z|◊) is the joint probability density of data x
and latent variables z. For a simple sequential data gen-
eration procedure, the joint likelihood can be written as
p(x, z|◊) = p(x|◊, z)

r
i
pi(zi|◊, z<i). For real-life simulators

with large latent spaces, it is clearly impossible to compute
this integral explicitly. Since the likelihood function is the
central ingredient to both frequentist and Bayesian inference,
this is a major challenge for inference in many fields. This
paper reviews simulation-based or likelihood-free inference
techniques that enable frequentist or Bayesian inference de-
spite this intractability. These methods can be seen as a
specialization of inverse Uncertainty Quantification (UQ) on
the model parameters in situations with accurate, stochastic
simulators.

There is a second, more widely appreciated source of in-
tractability. In the case of Bayesian inference, the evidence—
the denominator of Eq. (1)—involves an integral over the
parameters ◊. In problems with high-dimensional parameters
this becomes intractable, independently of the intractability of
the likelihood function. This challenge is commonly addressed
with Markov Chain Monte Carlo (MCMC) methods (10, 11)
or variational inference (VI) (12).

2 Cranmer et al.
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MACHINE LEARNING

Boltzmann generators: Sampling
equilibrium states of many-body
systems with deep learning
Frank Noé*†, Simon Olsson*, Jonas Köhler*, Hao Wu

INTRODUCTION:Statistical mechanics aims
to compute the average behavior of physical
systems on the basis of their microscopic con-
stituents. For example, what is the probability
that a protein will be folded at a given tem-
perature? If we could answer such questions
efficiently, then we could not only comprehend
the workings of molecules and materials, but
we could also design drug molecules and ma-
terials with new properties in a principled way.
To this end, we need to compute statistics

of the equilibrium states of many-body sys-
tems. In theprotein-folding example, thismeans
to consider each of the astronomically many
ways to place all protein atoms in space, to
compute the probability of each such
“configuration” in the equilibrium
ensemble, and then to compare the
total probability of unfolded and
folded configurations.
As enumeration of all configura-

tions is infeasible, one instead must
attempt to sample them from their
equilibrium distribution. However, we cur-
rently have no way to generate equilibrium
samples of many-body systems in “one shot.”
The main approach is thus to start with one
configuration, e.g., the folded protein state, and
make tiny changes to it over time, e.g., by using
Markov-chain Monte Carlo or molecular dy-
namics (MD). However, these simulations get
trapped in metastable (long-lived) states: For
example, sampling a single folding or unfold-
ing event with atomistic MD may take a year
on a supercomputer.

RATIONALE:Here, we combine deep machine
learning and statistical mechanics to develop
Boltzmann generators. Boltzmann generators
are trained on the energy function of a many-
body system and learn to provide unbiased,
one-shot samples from its equilibrium state.
This is achieved by training an invertible neural
network to learn a coordinate transformation
from a system’s configurations to a so-called
latent space representation, in which the low-
energy configurations of different states are
close to each other and can be easily sampled.

Because of the invertibility, every latent space
sample can be back-transformed to a system
configuration with high Boltzmann probability
(Fig. 1). We then employ statistical mechanics,
which offers a rich set of tools for reweight-
ing the distribution generated by the neural
network to the Boltzmann distribution.

RESULTS: Boltzmann generators can be
trained to directly generate independent sam-
ples of low-energy structures of condensed-
matter systems and protein molecules. When
initialized with a few structures from differ-
ent metastable states, Boltzmann generators
can generate statistically independent sam-

ples from these states and efficiently
compute the free-energy differences
between them. This capability could
be used to compute relative stabil-
ities between different experimental
structures of protein or other organic
molecules, which is currently a very
challenging problem. Boltzmann

generators can also learn a notion of “re-
action coordinates”: Simple linear interpola-
tions between points in latent space have a
high probability of corresponding to phys-
ically realistic, low-energy transition path-
ways. Finally, by using established sampling
methods such as Metropolis Monte Carlo in
the latent space variables, Boltzmann gener-
ators can discover new states and gradually
explore state space.

CONCLUSION: Boltzmann generators can
overcome rare event–sampling problems in
many-body systems by learning to generate
unbiased equilibrium samples from differ-
ent metastable states in one shot. They
differ conceptually from established enhanced
sampling methods, as no reaction coordi-
nates are needed to drive them between
metastable states. However, by applying ex-
isting sampling methods in the latent spaces
learned by Boltzmann generators, a plethora
of new opportunities opens up to design
efficient sampling methods for many-body
systems.▪
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Boltzmann generators overcome sampling
problems between long-lived states.The
Boltzmann generator works as follows: 1.We
sample from a simple (e.g., Gaussian)
distribution. 2. An invertible deep neural
network is trained to transform this simple
distribution to a distribution pXðxÞ that is
similar to the desired Boltzmann distribution
of the system of interest. 3.To compute
thermodynamics quantities, the samples are
reweighted to the Boltzmann distribution
using statistical mechanics methods.
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C a n  w e  f i t  t h e  s i m u l a t o r  l i k e  a  G A N ?
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Catch me if you can

Leo is G Tom is D

5 / 13

•Continue to use a neural network discriminator / critic. 

•Difficulty: the simulator isn’t differentiable, but there’s a trick! 
Variational optimization + REINFORCE gradients 

• 
Proposal              concentrates around . Allows us to efficiently  
fit the simulation with stochastic gradient techniques!   

•But point estimates only, not posterior  😞 

θ*

p(θ |x)

Adversarial Variational Optimization

of Non-Di↵erentiable Simulators

Gilles Louppe Joeri Hermans Kyle Cranmer

University of Liège University of Liège New York University

Abstract

Complex computer simulators are increas-
ingly used across fields of science as gener-
ative models tying parameters of an under-
lying theory to experimental observations.
Inference in this setup is often di�cult, as
simulators rarely admit a tractable density
or likelihood function. We introduce Ad-
versarial Variational Optimization (AVO), a
likelihood-free inference algorithm for fitting
a non-di↵erentiable generative model incor-
porating ideas from generative adversarial
networks, variational optimization and em-
pirical Bayes. We adapt the training pro-
cedure of generative adversarial networks by
replacing the di↵erentiable generative net-
work with a domain-specific simulator. We
solve the resulting non-di↵erentiable mini-
max problem by minimizing variational up-
per bounds of the two adversarial objectives.
E↵ectively, the procedure results in learn-
ing a proposal distribution over simulator pa-
rameters, such that the JS divergence be-
tween the marginal distribution of the syn-
thetic data and the empirical distribution of
observed data is minimized. We evaluate and
compare the method with simulators produc-
ing both discrete and continuous data.

1 Introduction

In many fields of science such as particle physics, epi-
demiology or population genetics, computer simula-
tors are used to describe complex data generation pro-
cesses. These simulators relate observations x to the
parameters ✓ of an underlying theory or mechanistic
model. In most cases, these simulators are specified
as procedural implementations of forward, stochas-
tic processes involving latent variables z. Rarely do
these simulators admit a tractable density, or likeli-
hood, p(x|✓). The prevalence and significance of this

problem has motivated an active research e↵ort in
so-called likelihood-free inference algorithms such as
Approximate Bayesian Computation (ABC) and den-
sity estimation-by-comparison algorithms (Beaumont
et al., 2002; Marjoram et al., 2003; Sisson et al., 2007;
Sisson and Fan, 2011; Marin et al., 2012; Cranmer
et al., 2015).

In parallel, with the introduction of variational auto-
encoders (Kingma and Welling, 2013) and generative
adversarial networks (Goodfellow et al., 2014), there
has been a vibrant research program around implicit
generative models based on neural networks (Mo-
hamed and Lakshminarayanan, 2016). While some of
these models also do not admit a tractable density,
they are all di↵erentiable by construction. In addi-
tion, generative models based on neural networks are
highly parameterized and the model parameters have
no obvious interpretation. In contrast, scientific sim-
ulators can be thought of as highly regularized gen-
erative models as they typically have relatively few
parameters and they are endowed with some level of
interpretation. In this setting, inference on the model
parameters ✓ is often of more interest than the latent
variables z.

In this work, we introduce Adversarial Variational Op-
timization (AVO), a likelihood-free inference algorithm
for non-di↵erentiable, implicit generative models. We
adapt the adversarial training procedure of generative
adversarial networks by replacing the implicit gener-
ative network with a domain-based scientific simula-
tor, and solve the resulting non-di↵erentiable minimax
problem by minimizing variational upper bounds of
the adversarial objectives. The objective of the al-
gorithm is to match the marginal distribution of the
synthetic data to the empirical distribution of obser-
vations.

2 Problem statement

We consider a family of parameterized densities p(x|✓)
defined implicitly through the simulation of a stochas-
tic generative process, where x 2 Rd is the data and
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•Similar to GAN setup, but instead of using a neural 
network as the generator, use the actual simulation

Adversarial Variational Optimization

✓ are the parameters of interest. The simulation may
involve some complicated latent process where z 2 Z
is a latent variable providing an external source of ran-
domness. Unlike implicit generative models defined by
neural networks, we do not assume z to be a fixed-size
vector with a simple density. Instead, the dimension
of z and the nature of its components (uniform, nor-
mal, discrete, continuous, etc.) are inherited from the
control flow of the simulation code and may depend
on ✓ in some intricate way. Moreover, the dimension
of z may be much larger than the dimension of x.

We assume that the stochastic generative process that
defines p(x|✓) is specified through a non-di↵erentiable
deterministic function g(·;✓) : Z ! Rd. Opera-
tionally,

x ⇠ p(x|✓) , z ⇠ p(z|✓),x = g(z;✓) (1)

such that the density p(x|✓) can be written as

p(x|✓) =
Z

{z:g(z;✓)=x}
p(z|✓)µ(dz), (2)

where µ is a probability measure.

Given some observed data {xi|i = 1, . . . , N} drawn
from the (unknown) true distribution pr(x), our goal
is to estimate the parameters ✓⇤ that minimize some
divergence or some distance ⇢ between pr(x) and the
implicit model p(x|✓). That is,

✓⇤ = argmin
✓

⇢(pr(x), p(x|✓)). (3)

3 Background

3.1 Generative adversarial networks

Generative adversarial networks (GANs) were first
proposed by Goodfellow et al. (2014) as a way to
build an implicit generative model capable of produc-
ing samples from random noise z. The core principle
of GANs is to pit a generative model g(·;✓) against
an adversarial classifier d(·;�) : Rd ! [0, 1] that has
for antagonistic objective to recognize real data x from
generated data x̃ = g(z;✓). Both models g and d are
trained simultaneously, in such a way that g learns
to fool its adversary d (which happens when g pro-
duces samples comparable to the observed data), while
d continuously adapts to changes in g.

In practice, the discriminator d and the generator g

are usually trained with alternating stochastic gradient
descent in order to respectively minimize

Ld(�) = Ex⇠pr(x) [� log(d(x;�))]

+ Ex̃⇠p(x|✓) [� log(1� d(x̃;�))] (4)

Lg(✓) = Ex̃⇠p(x|✓) [log(1� d(x̃;�))] , (5)

where Ld corresponds to the binary cross-entropy be-
tween true and synthetic data and Lg is the negative
of Ld restricted to synthetic data.

When d is trained to optimality before each (infinites-
imally small) parameter update of the generator, it
can be shown that the original adversarial learning
procedure of Goodfellow et al. (2014) amounts to min-
imizing the Jensen-Shannon divergence JSD between
the distributions pr(x) and p(x|✓). Of course this as-
sumption is never met in practice and it is often ob-
served that the GAN alternating optimization proce-
dure does not lead to convergence. As a result, re-
cent research has focused on finding better training
algorithms (e.g., Salimans et al., 2016; Metz et al.,
2016; Arjovsky et al., 2017; Gulrajani et al., 2017; Roth
et al., 2017) for GANs, as well as gaining a better the-
oretical understanding of the training dynamics (e.g.,
Arjovsky and Bottou, 2017; Mescheder et al., 2017a;
Nagarajan and Kolter, 2017). In this work, we follow
Mescheder et al. (2018) and adapt the GAN training
procedure by adding a regularization term

R1(�) = Ex⇠pr(x)

⇥
||r�d(x;�)||2

⇤
(6)

to the loss Ld of the discriminator. Under suitable as-
sumptions, this regularization term guarantees the (lo-
cal) convergence of the training procedure, while keep-
ing the original GAN algorithm otherwise unchanged.

3.2 Variational optimization

Variational optimization (Staines and Barber, 2012;
Staines and Barber, 2013) and evolution strate-
gies (Wierstra et al., 2011) are general optimization
techniques that can be used to form a di↵erentiable
bound on the optima of a non-di↵erentiable function.
Given a function f to minimize, these techniques are
based on the observation that

min
✓

f(✓)  E✓⇠q(✓| )[f(✓)] = U( ), (7)

where q(✓| ) is a proposal distribution with parame-
ters  over input values ✓. That is, the minimum of
a set of function values is always less than or equal to
any of their average. Provided that the proposal dis-
tribution is flexible enough, the parameters  can be
updated to place its mass arbitrarily tight around the
optimum ✓⇤ = min✓2⇥ f(✓).

Under mild restrictions outlined by Staines and Barber
(2012), the bound U( ) is di↵erentiable with respect
to  , and using the log-likelihood trick its gradient can
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✓ are the parameters of interest. The simulation may
involve some complicated latent process where z 2 Z
is a latent variable providing an external source of ran-
domness. Unlike implicit generative models defined by
neural networks, we do not assume z to be a fixed-size
vector with a simple density. Instead, the dimension
of z and the nature of its components (uniform, nor-
mal, discrete, continuous, etc.) are inherited from the
control flow of the simulation code and may depend
on ✓ in some intricate way. Moreover, the dimension
of z may be much larger than the dimension of x.

We assume that the stochastic generative process that
defines p(x|✓) is specified through a non-di↵erentiable
deterministic function g(·;✓) : Z ! Rd. Opera-
tionally,

x ⇠ p(x|✓) , z ⇠ p(z|✓),x = g(z;✓) (1)

such that the density p(x|✓) can be written as

p(x|✓) =
Z

{z:g(z;✓)=x}
p(z|✓)µ(dz), (2)

where µ is a probability measure.

Given some observed data {xi|i = 1, . . . , N} drawn
from the (unknown) true distribution pr(x), our goal
is to estimate the parameters ✓⇤ that minimize some
divergence or some distance ⇢ between pr(x) and the
implicit model p(x|✓). That is,

✓⇤ = argmin
✓

⇢(pr(x), p(x|✓)). (3)

3 Background

3.1 Generative adversarial networks

Generative adversarial networks (GANs) were first
proposed by Goodfellow et al. (2014) as a way to
build an implicit generative model capable of produc-
ing samples from random noise z. The core principle
of GANs is to pit a generative model g(·;✓) against
an adversarial classifier d(·;�) : Rd ! [0, 1] that has
for antagonistic objective to recognize real data x from
generated data x̃ = g(z;✓). Both models g and d are
trained simultaneously, in such a way that g learns
to fool its adversary d (which happens when g pro-
duces samples comparable to the observed data), while
d continuously adapts to changes in g.

In practice, the discriminator d and the generator g

are usually trained with alternating stochastic gradient
descent in order to respectively minimize

Ld(�) = Ex⇠pr(x) [� log(d(x;�))]

+ Ex̃⇠p(x|✓) [� log(1� d(x̃;�))] (4)

Lg(✓) = Ex̃⇠p(x|✓) [log(1� d(x̃;�))] , (5)

where Ld corresponds to the binary cross-entropy be-
tween true and synthetic data and Lg is the negative
of Ld restricted to synthetic data.

When d is trained to optimality before each (infinites-
imally small) parameter update of the generator, it
can be shown that the original adversarial learning
procedure of Goodfellow et al. (2014) amounts to min-
imizing the Jensen-Shannon divergence JSD between
the distributions pr(x) and p(x|✓). Of course this as-
sumption is never met in practice and it is often ob-
served that the GAN alternating optimization proce-
dure does not lead to convergence. As a result, re-
cent research has focused on finding better training
algorithms (e.g., Salimans et al., 2016; Metz et al.,
2016; Arjovsky et al., 2017; Gulrajani et al., 2017; Roth
et al., 2017) for GANs, as well as gaining a better the-
oretical understanding of the training dynamics (e.g.,
Arjovsky and Bottou, 2017; Mescheder et al., 2017a;
Nagarajan and Kolter, 2017). In this work, we follow
Mescheder et al. (2018) and adapt the GAN training
procedure by adding a regularization term

R1(�) = Ex⇠pr(x)

⇥
||r�d(x;�)||2

⇤
(6)

to the loss Ld of the discriminator. Under suitable as-
sumptions, this regularization term guarantees the (lo-
cal) convergence of the training procedure, while keep-
ing the original GAN algorithm otherwise unchanged.

3.2 Variational optimization

Variational optimization (Staines and Barber, 2012;
Staines and Barber, 2013) and evolution strate-
gies (Wierstra et al., 2011) are general optimization
techniques that can be used to form a di↵erentiable
bound on the optima of a non-di↵erentiable function.
Given a function f to minimize, these techniques are
based on the observation that

min
✓

f(✓)  E✓⇠q(✓| )[f(✓)] = U( ), (7)

where q(✓| ) is a proposal distribution with parame-
ters  over input values ✓. That is, the minimum of
a set of function values is always less than or equal to
any of their average. Provided that the proposal dis-
tribution is flexible enough, the parameters  can be
updated to place its mass arbitrarily tight around the
optimum ✓⇤ = min✓2⇥ f(✓).

Under mild restrictions outlined by Staines and Barber
(2012), the bound U( ) is di↵erentiable with respect
to  , and using the log-likelihood trick its gradient can
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min
✓

f(✓)  E✓⇠q(✓| )[f(✓)] = U( )

r U( ) = E✓⇠q(✓| )[f(✓)r log q(✓| )]

Piecewise constant � sin(x)
x q(✓| = (µ,�)) = N (µ, e�)
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be rewritten as:

r U( ) = r E✓⇠q(✓| )[f(✓)]

= r 
Z

q(✓| )f(✓)d✓

=

Z
r q(✓| )f(✓)d✓

=

Z
q(✓| )r log q(✓| )f(✓)d✓

= E✓⇠q(✓| )[r log q(✓| )f(✓)] (8)

E↵ectively, this means that provided that the score
function r log q(✓| ) of the proposal is known and
that one can evaluate f(✓) for any ✓, then one can
construct empirical estimates of Eqn. 8, which can in
turn be used to minimize U( ) with stochastic gradi-
ent descent (or a variant thereof, robust to noise and
parameter scaling).

In reinforcement learning, Eqn. 8 similarly appears
in the context of policy gradients, where f(✓) corre-
sponds to a reward signal for the action ✓ and q(✓| )
corresponds to a policy ⇡ that we aim to optimize. In
this context, empirical estimates of Eqn. 8 are better
known as REINFORCE estimates (Williams, 1992).

4 Adversarial variational optimization

4.1 Algorithm

The alternating stochastic gradient descent on Ld and
Lg in GANs (Section 3.1) implicitly assumes that the
generator g is a di↵erentiable function. In the setting
where we are interested in estimating the parameters
of a fixed non-di↵erentiable simulator (Section 2) –
as opposed to learning the generative model itself –
gradients r✓g either do not exist or are not accessible.
As a result, gradientsr✓Lg cannot be constructed and
the optimization procedure cannot be carried out.

In this work, we propose to rely on variational opti-
mization to minimize Ld and Lg, thereby bypassing
the non-di↵erentiability of g. We consider a proposal
distribution q(✓| ) over the parameters of the simu-
lator g and alternately minimize the variational upper
bounds

Ud(�) = E✓⇠q(✓| )[Ld(�)] (9)

Ug( ) = E✓⇠q(✓| )[Lg(✓)] (10)

respectively over � and  . The discriminator d is
therefore no longer pit against a single generator g,
but instead against a hierarchical family of generators
induced by the proposal distribution.

When updating the discriminator parameters �, un-
biased estimates of r�Ud can be obtained by directly

evaluating the gradient of Ud over mini-batches of real
and synthetic data. When updating the proposal pa-
rameters  , r Ug can be estimated as described in
the previous section with f(✓) = Lg(✓). That is,

r Ug = E✓⇠q(✓| ),
x̃⇠p(x|✓)

[r log q(✓| ) log(1� d(x̃;�))],

(11)
which we can approximate with mini-batches of syn-
thetic data.

While the latter REINFORCE-like gradient estima-
tor is unbiased, it is well known that it also su↵ers
from high variance, which makes the optimization un-
stable and di�cult. A common remedy to this is-
sue (Williams, 1992) is to make use of the fact that

E✓⇠q(✓| )[r log q(✓| )f(✓)]
= E✓⇠q(✓| )[r log q(✓| )(f(✓)� b)] (12)

for any constant b. The choice of the baseline b does
not bias the gradient estimator, but it can however
have an e↵ect on its variance. For AVO, we pick the
baseline which minimizes the variance of the empirical
estimates of r Ug, that is

b =
E
⇥
(r log q(✓| ))2(log(1� d(x̃;�))2

⇤

E [(r log q(✓| ))2] . (13)

For completeness, Algorithm 1 outlines the proposed
Adversarial Variational Optimization (AVO) proce-
dure, as built on top of GAN with R1 regularization.

4.2 Parameter Point Estimates

The variational objectives 9-10 e↵ectively replace the
modeled data distribution of Eqn. 1 with the parame-
terized marginal distribution of the generated data

q(x| ) =
Z

p(x|✓)q(✓| )d✓. (14)

We can think of q(x| ) as a variational program as de-
scribed by Ranganath et al. (2016), though more com-
plicated than a simple reparameterization of normally
distributed noise z through a di↵erentiable function.
In our case, the variational program is a marginalized,
non-di↵erentiable simulator. Its density is intractable;
nevertheless, it can generate samples for x whose ex-
pectations are di↵erentiable with respect to  . Oper-
ationally, we sample from this marginal model via

x ⇠ q(x| ) , ✓ ⇠ q(✓| ), z ⇠ p(z|✓),x = g(z;✓).
(15)

We can view the optimization of q(x| ) with respect to
 through the lens of empirical Bayes, where the data
are used to optimize a prior within the family q(✓| ).

Variational Optimization

min
✓

f(✓)  E✓⇠q(✓| )[f(✓)] = U( )

r U( ) = E✓⇠q(✓| )[f(✓)r log q(✓| )]

Piecewise constant � sin(x)
x q(✓| = (µ,�)) = N (µ, e�)
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Many domains of science have developed complex simulations to

describe phenomena of interest. While these simulations provide

high-fidelity models, they are poorly suited for inference and lead to

challenging inverse problems. We review the rapidly developing field

of simulation-based inference and identify the forces giving new mo-

mentum to the field. Finally, we describe how the frontier is expand-

ing so that a broad audience can appreciate the profound change

these developments may have on science.

Statistical inference | Implicit models | Likelihood-free inference | Ap-
proximate Bayesian Computation | Neural density estimation

Mechanistic models can be used to predict how systems
will behave in a variety of circumstances. These run

the gamut of distance scales with notable examples including
particle physics, molecular dynamics, protein folding, popula-
tion genetics, neuroscience, epidemiology, economics, ecology,
climate science, astrophysics, and cosmology (see Fig. 1). The
expressiveness of programming languages facilitates the devel-
opment of complex, high-fidelity simulations and the power
of modern computing provides the ability to generate syn-
thetic data from them. Unfortunately, these simulators are
poorly suited for statistical inference. The source of the chal-
lenge is that the probability density (or likelihood) for a given
observation—an essential ingredient to both frequentist and
Bayesian inference methods—is typically intractable. Such
models are often referred to as implicit models and contrasted
against prescribed models where the likelihood for an obser-
vation can be explicitly calculated (1). The problem setting
of statistical inference under intractable likelihoods has been
dubbed likelihood-free inference—though it is a bit of a mis-
nomer as typically one attempts to estimate the intractable
likelihood, so we feel the term simulation-based inference is
more apt.

The intractability of the likelihood is an obstruction for
scientific progress as statistical inference is a key component
of the scientific method. In areas where this obstruction has
appeared, scientists have developed various ad-hoc or field-
specific methods to overcome it. In particular, two common
traditional approaches rely on scientists to use their insight
into the system to construct powerful summary statistics and
then compare the observed data to the simulated data. In the
first, density estimation methods are used to approximate the
distribution of the summary statistics from samples generated
by the simulator (1). This approach was used for the discovery
of the Higgs boson in a frequentist paradigm and is illustrated
in Fig. 3e). Alternatively, a technique known as Approximate
Bayesian Computation (ABC) (2, 3) compares the observed
and simulated data based on some distance measure involving
the summary statistics. ABC is widely used in population
biology, computational neuroscience, and cosmology and is
depicted in Fig. 3a). Both techniques have served a large and
diverse segment of the scientific community.

Recently, the toolbox of simulation-based inference has

experienced an accelerated expansion. Broadly speaking, three
forces are giving new momentum to the field. First, there has
been a significant cross-pollination between those studying
simulation-based inference and those studying probabilistic
models in machine learning (4), and the impressive growth of
machine learning capabilities enables new approaches. Second,
active learning—the idea of continuously using the acquired
knowledge to guide the simulator—is being recognized as a
key idea to improve the sample e�ciency of various inference
methods. A third direction of research has stopped treating
the simulator as a black box and focused on integrations that
allow the inference engine to tap into the internal details of
the simulator directly.

Amidst this ongoing technological revolution, the landscape
of simulation-based inference is changing rapidly. In this review
we aim to provide the reader with a high-level overview of
the basic ideas behind both old and new inference techniques.
Rather than discussing the algorithms in technical detail, we
focus on the current frontiers of research, and comment on
some ongoing developments that we deem particularly exciting.

We begin by describing simulation-based inference and the
traditional approaches in Sec. 1. In Sec. 2 we discuss three
main directions of technological progress. We then show how
they can be combined in di�erent workflows for simulation-
based inference in Sec. 3. We conclude with a discussion of
the future of simulation-based inference in Sec. 4.

1. Simulation-based inference

A. Simulators. Statistical inference is performed within the
context of a statistical model, and in simulation-based inference
the simulator itself defines the statistical model. For the
purpose of this paper, a simulator is a computer program that
takes as input a vector of parameters ◊, samples a series of
internal states or latent variables zi ≥ pi(zi|◊, z<i), and finally
produces a data vector x ≥ p(x|◊, z) as output. Programs that
involve random samplings and are interpreted as statistical
models are known as probabilistic programs, and simulators
are an example. Within this general formulation, real-life
simulators can vary substantially:

• The parameters ◊ describe the underlying mechanis-
tic model and thus a�ect the transition probabilities
pi(zi|◊, z<i). Typically the mechanistic model is inter-

Significance Statement

We provide an overview of how recent developments in ma-
chine learning are revolutionizing simulation-based inference
and the profound impact this has on the physical sciences.
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Use simulator  
(much more efficiently)

Learn simulator  
(with deep learning)

• Likelihood ratio trick (with classifiers) 

• Conditional density estimate  
(with normalizing flows) 

• Learned summary statistics

[image credit: A.P. Goucher]

• Approximate Bayesian Computation (ABC) 

• Probabilistic Programming 

• Adversarial Variational Optimization 

https://cp4space.wordpress.com/2016/02/06/deep-learning-with-the-analytical-engine/
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•We can target different quantities to be used as a surrogate for inference 

• Unsupervised learning typically used to learn likelihood with density estimation  

• Supervised learning can be used to learn likelihood ratio (or posterior)
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which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When
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which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
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removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
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A reason for the poor sample e�ciency of the original rejec-
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Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
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which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When
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It’s infeasible to calculate the 
integral over this enormous space! 
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42-Dim observable x

Exciting new physics might hide here! 
We parameterize it with two coefficients: 

J Brehmer, J Pavez, G Louppe, K.C. PRL & PRD 2018 [arXiv:1805.00013 & arXiv:1805.00020], CARL  [arxiv:1506.02169]

http://arxiv.org/abs/1506.02169
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•Accurate likelihood ratio estimates without the need 
for summary statistics improves sensitivity significantly 

• Equivalent to 90% more LHC data!

30

Weak boson fusion, h → 4�
� Production vs decay

� hZZ decay vertex:
many angular structures

� Very clean

� Same operators as before:

OB = i
g
2
(Dµ�†

)(Dν�)Bµν OW = i
g
2
(Dµ�)†σ k

(Dν�)W k
µν

OBB = −
g′2
4
(�†�)Bµν Bµν

OWW = −
g2

4
(�†�)W k

µν W µν k

O� ,2 =
1
2
∂µ(�†�) ∂µ(�†�) OWW̃ = −

g2

4
(�†�)W k

µν W̃ µν k

� Setup as before, except:
� No backgrounds, no smearing
� L ⋅ ε = 100 fb−1
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J Brehmer, J Pavez, G Louppe, K.C. PRL & PRD 2018 [arXiv:1805.00013 & arXiv:1805.00020], CARL  [arxiv:1506.02169]

http://arxiv.org/abs/1506.02169
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Massive gains in precision of a flagship measurement at the LHC ! 

Equivalent increasing data collected by LHC by several factors

[J. Brehmer, S. Dawson, S. Homiller, F. Kling, T. Plehn 1908.06980]

[J. Brehmer, F. Kling, I. Espejo, K. Cranmer  1907.10621]
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•We can learn about the particle nature of dark matter by looking for subtle 
statistical signatures in images of gravitationally lensed galaxies

32, K.C. published in ApJ, 886 (2019) arXiv:1909.02005 ]Sid Mishra-Sharma Johann Brehmer Gilles Louppe Joeri Hermans

Watch how knowledge of the subhalos mass distribution  improves 
as data comes in. See posterior for two parameters concentrate 
around true value used to generate mock data.

fsub
β

https://arxiv.org/abs/1909.02005


D a r k  M a t t e r  S u b s t r u c t u r e

•Many DM models predict differences from ΛCDM at small length scales 

•Abundance of DM subhalos with low mass is sensitive to DM mass, decoupling 
pattern, self-interactions…

[T. Brown, J.Tumlinson] 33
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FIG. 5. Shown is the halo mass function from our simulations
and our fits to that data. The thick lines are the data from
each simulation, as listed in the legend. The thin lines are the
CDM data multiplied by our fitting factor, which is given in
Eq. (5.5).
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FIG. 6. Shown is the halo mass function for the CDM model
and several WDM particle masses, as given in the legend. The
mass functions are normalized to the CDM mass functions at
large masses. Our WDMmass functions include a suppression
for small M and a small scale cut-o↵.

m � Mfs and goes to zero when m ⌧ Mfs to provide a
continuous cut-o↵. Our WDM mass function is then

dnW

dM
=

✓
M

2

M2 +M
2

fs

◆10
3 ✓

1 +
Mf

M

◆�⌘
dnC

dM
. (5.8)

The full mass function for our CDM and WDM models
is shown in Fig. 6. The e↵ect of just the change to the
mass function on the nonlinear matter power spectrum is
shown in Fig. 7. The decrease in small mass halos results
in the suppression of the power spectrum at small scales.
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FIG. 7. The percent di↵erence between the nonlinear matter
power spectrum for the CDM model and several WDM parti-
cle masses, as listed in the legend, is plotted versus wavenum-
ber k. In this graph, the only di↵erence between the CDM
and WDM models is the change to the mass function, as given
in Eq.s (5.8). The decrease in small mass halos results in the
suppression of the power spectrum at small scales.

VI. HALO DENSITY PROFILE

A. Cold Dark Matter

A general halo density profile is given by Ref. [43]:

⇢ (r | M) =
⇢s

⇣
r

rs

⌘� h
1 +

⇣
r

rs

⌘↵i(���)/↵
. (6.1)

For CDM, we employ the Navarro, Frenk and White
(NFW) profile [44], which has ↵ = 1, � = 3 and � = 1.
The radius rs is the radius at which the density function
has a logarithmic slope of �2. For a spherically symmet-
ric density profile, the mass of the halo is

M ⌘
Z

Rvir

0

dr4⇡r2⇢ (r | M) , (6.2)

for the virial radius Rvir. For the NFW profile, the in-
tegral has an analytic solution, which specifies the value
of ⇢s:

M = 4⇡⇢sr
3

s

✓
ln (1 + c)� c

1 + c

◆
. (6.3)

The concentration c is defined as c ⌘ Rvir/rs. When
calculating the nonlinear matter power spectrum, we use
the Fourier transform of the density profile,

u (k | M) =

Z
Rvir

0

dr4⇡r2
sin (kr)

kr

⇢ (r | M)

M
. (6.4)

[R. Dunstan et al 1109.6291]

Abundance of DM subhalos vs mass:
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Latent     : 
source / lens properties, 

subhalo masses / positions, …
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We construct a simulator that can sample x ⇠ p(x|✓)
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•Watch how the posterior for two population 
parameters concentrate around true value used 
to generate mock data.

35, K. Cranmer. published in ApJ, 886 (2019) arXiv:1909.02005 Sid Mishra-Sharma Johann Brehmer Gilles Louppe Joeri Hermans

(plotted slightly differently)
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Figure 1: The architecture of the neural ratio estimator, adapted from [15]. A feature map of both the
Hanford’s and Livingston’s strains is produced by a CNN composed of a 1D convolutional layer (128
kernels of size 1) followed by 13 dilated convolutional layers (128 kernels of size 2). Finally, the
convolutional feature map (128 channels of size 1) is concatenated with the parameters # and fed to
a 3-layer fully connected network for approximating the log likelihood-to-evidence ratio.

5 Results

To evaluate the performance of our method, we perform inference on simulated gravitational waves.
Figure 2 showcases test GWs and the resulting approximate posteriors. The first row compares the
credible intervals obtained with our method and with MCMC on a signal similar to GW150914.
Both MCMC and our method produce consistent results but our method takes less than a minute
to run while MCMC ran for more than a day! Since performing an MCMC run is computationally
expensive, the following rows only compare against the nominal parameter values that were used
to generate the signals. We observe that our method is often able to infer the parameters with high
precision and to produce narrow credible intervals. Sometimes, our method produces wide intervals.

We look at the coverage on 1000 simulated signals to evaluate the reliability of the estimated
credible intervals. If the model estimates correctly the credible intervals, then the empirical coverage
probability should be close to the nominal coverage probability. For instance, the estimated 50%-
credible intervals for pairs x,# ⇠ p(x,#) should contain the nominal value # approximately 50%
of the time. As reported in Table 5, the empirical coverage probability is usually slightly higher
than expected. This shows that the model is slightly under-confident in its predictions and hence
produces credible intervals than are slightly larger than expected. This under-confidence of the model
is however moderated and does not preclude the contours to be useful in practice since predictions
are conservative.

6 Conclusions

In this paper, we provide a proof of concept that demonstrates that neural simulation-based inference,
and more specifically likelihood-to-evidence ratio estimation, can be used to speed up the analysis

4
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Abstract

Gravitational waves from compact binaries measured by the LIGO and Virgo detec-
tors are routinely analyzed using Markov Chain Monte Carlo sampling algorithms.
Because the evaluation of the likelihood function requires evaluating millions of
waveform models that link between signal shapes and the source parameters, run-
ning Markov chains until convergence is typically expensive and requires days of
computation. In this extended abstract, we provide a proof of concept that demon-
strates how the latest advances in neural simulation-based inference can speed
up the inference time by up to three orders of magnitude – from days to minutes
– without impairing the performance. Our approach is based on a convolutional
neural network modeling the likelihood-to-evidence ratio and entirely amortizes the
computation of the posterior. We find that our model correctly estimates credible
intervals for the parameters of simulated gravitational waves.

1 Introduction

Inferring the parameters of sources of gravitational-waves (GW) such as compact binaries detected by
LIGO [1] and Virgo [6] is based on the evaluation of the Bayesian posterior probability of fifteen or
more parameters that govern the shape of the signals [5]. Because the mapping between parameters
and signals requires millions of waveform model evaluations, the analysis is computationally very
expensive. Each likelihood evaluation requires generating the GW signal corresponding to a set of

Third Workshop on Machine Learning and the Physical Sciences (NeurIPS 2020), Vancouver, Canada.
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A  p r o f o u n d  s h i f t

•Scientific simulators are based on well-motivated mechanistic models 

• However, the aggregate effect of many interactions between their low-level 
components leads to intractable inverse problems 

•The developments in machine learning have the potential to effectively bridge the 
microscopic - macroscopic divide & aid in these inverse problems 

• They can provide effective models for macroscopic (emergent) phenomena that 
are tied back to the low-level microscopic (reductionist) model

38



Notice in the next few slides I will be agnostic to 
the architectures of the ML models! 

Do we care?



Machine Learning = Applied Calculus of Variations



N N  =  A  h i g h l y  F l e x i b l e  F a m i l y  o f  F u n c t i o n s

41

•In calculus of variations, the optimization is over all functions: 

• In applied calculus of variations, we consider a highly flexible family of functions sφ and 
optimize: i.e.                                 and  

• Think of neural networks as a highly flexible family of functions 

• Machine learning also includes non-convex optimization algorithms that are effective even 
with millions of parameters!

ŝ = argmin
s

L[s]

ŝ ⇡ s�̂�̂ = argmin
�

L[s�]

Shallow neural network Deep neural network 

image credit: Michael Nielsen 41



M a c h i n e  l e a r n i n g  =  A p p l i e d  C a l c u l u s  o f  Va r i a t i o n s
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Fig. 3. Overview of different approaches to simulation-based inference.

which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When

6 Cranmer et al.

[Cranmer, J. Brehmer, G. Louppe, PNAS (2020), arXiv:1911.01429 ]

https://arxiv.org/abs/1911.01429
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s(x) =
p(x|H1)

p(x|H0) + p(x|H1)

• binary classifier: find function  that minimizes loss: 
 
 
 
 

• i.e. approximate the optimal classifier 

 

• which is 1-to-1 with the likelihood ratio
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Figure 4: Example plots for classifier output distributions for signal and background events from the academic
test sample. Shown are likelihood (upper left), PDE range search (upper right), Multilayer perceptron (MLP
– lower left) and boosted decision trees.

• TMVA tutorial: https://twiki.cern.ch/twiki/bin/view/TMVA.

• An up-to-date reference of all configuration options for the TMVA Factory, the fitters, and all
the MVA methods: http://tmva.sourceforge.net/optionRef.html.

• On request, the TMVA methods provide a help message with a brief description of the method,
and hints for improving the performance by tuning the available configuration options. The
message is printed when the option ”H” is added to the configuration string while booking
the method (switch o↵ by setting ”!H”). The very same help messages are also obtained by
clicking the “info” button on the top of the reference tables on the options reference web page:
http://tmva.sourceforge.net/optionRef.html.

• The web address of this Users Guide: http://tmva.sourceforge.net/docu/TMVAUsersGuide.pdf.

• The TMVA talk collection: http://tmva.sourceforge.net/talks.shtml.
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Figure 5: Example for the background rejection versus signal e�ciency (“ROC curve”) obtained by cutting
on the classifier outputs for the events of the test sample.

• TMVA versions in ROOT releases: http://tmva.sourceforge.net/versionRef.html.

• Direct code views via ViewVC: http://tmva.svn.sourceforge.net/viewvc/tmva/trunk/TMVA.

• Class index of TMVA in ROOT: http://root.cern.ch/root/htmldoc/TMVA Index.html.

• Please send questions and/or report problems to the tmva-users mailing list:
http://sourceforge.net/mailarchive/forum.php?forum name=tmva-users (posting messages requires
prior subscription: https://lists.sourceforge.net/lists/listinfo/tmva-users).

3 Using TMVA

A typical TMVA classification or regression analysis consists of two independent phases: the training
phase, where the multivariate methods are trained, tested and evaluated, and an application phase,
where the chosen methods are applied to the concrete classification or regression problem they have
been trained for. An overview of the code flow for these two phases as implemented in the examples
TMVAClassification.C and TMVAClassificationApplication.C (for classification – see Sec. 2.5),
and TMVARegression.C and TMVARegressionApplication.C (for regression) are sketched in Fig. 7.
Multiclass classification does not di↵er much from two class classification from a technical point of
view and di↵erences will only be highlighted where neccessary.

In the training phase, the communication of the user with the data sets and the MVA methods
is performed via a Factory object, created at the beginning of the program. The TMVA Factory
provides member functions to specify the training and test data sets, to register the discriminating

Figure 1: Left: an example of the distributions f0(s|✓) and f1(s|✓) when the classifier s is
a boosted-decision tree (BDT). Right: the corresponding ROC curve (right) for this and
other classifiers. Figures taken from TMVA manual.

These steps lead to a subsequent statistical analysis where one observes in data {xe},
where e is an event index running from 1 to n. For each event, the classifier is evaluated and
one performs inference on a parameter µ related to the presence of the signal contribution.
In particular, one forms the statistical model

p({xe} |µ, ✓) =
nY

e=1

[µf1(s(xe) | ✓) + (1 � µ) f0(s(xe) | ✓) ] , (1)

where µ = 0 is the null (background-only) hypothesis and µ > 0 is the alternate (signal-
plus-background) hypothesis.1 Typically, we are interested in inference on µ and ✓ are
nuisance parameters; though, sometimes ✓ may include some components that we are also
wish to infer (like the mass of a new particle that a↵ects the distribution x for the signal
events).

1.2 Comments on typical usage of machine learning in HEP

Nuisance parameters are an after thought in the typical usage of machine learning in HEP.
In fact, most machine learning discussions would only consider f0(x) and f1(x). However,
as experimentalists we know that we must account for various forms of systematic uncer-
tainty, parametrized by ✓. In practice, we take the classifier as fixed and then propagate
uncertainty through the classifier as in Eq. 1. Building the distribution f(s(x)|✓) for values
of ✓ other than the nominal ✓0 used to train the classifier can be thought of as a calibration

1Sometimes there is an additional Poisson term when expected number of signal and background events
is known.
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s(x)        0 1

[Hastie et al., 2001; Sugiyama et al., 2012; Cranmer et. al., 2015] 
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s(x) =
p(x|H1)

p(x|H0) + p(x|H1)

• binary classifier: find function  that minimizes loss: 
 
 
 
 

• i.e. approximate the optimal classifier 

 

• which is 1-to-1 with the likelihood ratio
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Figure 4: Example plots for classifier output distributions for signal and background events from the academic
test sample. Shown are likelihood (upper left), PDE range search (upper right), Multilayer perceptron (MLP
– lower left) and boosted decision trees.

• TMVA tutorial: https://twiki.cern.ch/twiki/bin/view/TMVA.

• An up-to-date reference of all configuration options for the TMVA Factory, the fitters, and all
the MVA methods: http://tmva.sourceforge.net/optionRef.html.

• On request, the TMVA methods provide a help message with a brief description of the method,
and hints for improving the performance by tuning the available configuration options. The
message is printed when the option ”H” is added to the configuration string while booking
the method (switch o↵ by setting ”!H”). The very same help messages are also obtained by
clicking the “info” button on the top of the reference tables on the options reference web page:
http://tmva.sourceforge.net/optionRef.html.

• The web address of this Users Guide: http://tmva.sourceforge.net/docu/TMVAUsersGuide.pdf.

• The TMVA talk collection: http://tmva.sourceforge.net/talks.shtml.
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Figure 5: Example for the background rejection versus signal e�ciency (“ROC curve”) obtained by cutting
on the classifier outputs for the events of the test sample.

• TMVA versions in ROOT releases: http://tmva.sourceforge.net/versionRef.html.

• Direct code views via ViewVC: http://tmva.svn.sourceforge.net/viewvc/tmva/trunk/TMVA.

• Class index of TMVA in ROOT: http://root.cern.ch/root/htmldoc/TMVA Index.html.

• Please send questions and/or report problems to the tmva-users mailing list:
http://sourceforge.net/mailarchive/forum.php?forum name=tmva-users (posting messages requires
prior subscription: https://lists.sourceforge.net/lists/listinfo/tmva-users).

3 Using TMVA

A typical TMVA classification or regression analysis consists of two independent phases: the training
phase, where the multivariate methods are trained, tested and evaluated, and an application phase,
where the chosen methods are applied to the concrete classification or regression problem they have
been trained for. An overview of the code flow for these two phases as implemented in the examples
TMVAClassification.C and TMVAClassificationApplication.C (for classification – see Sec. 2.5),
and TMVARegression.C and TMVARegressionApplication.C (for regression) are sketched in Fig. 7.
Multiclass classification does not di↵er much from two class classification from a technical point of
view and di↵erences will only be highlighted where neccessary.

In the training phase, the communication of the user with the data sets and the MVA methods
is performed via a Factory object, created at the beginning of the program. The TMVA Factory
provides member functions to specify the training and test data sets, to register the discriminating

Figure 1: Left: an example of the distributions f0(s|✓) and f1(s|✓) when the classifier s is
a boosted-decision tree (BDT). Right: the corresponding ROC curve (right) for this and
other classifiers. Figures taken from TMVA manual.

These steps lead to a subsequent statistical analysis where one observes in data {xe},
where e is an event index running from 1 to n. For each event, the classifier is evaluated and
one performs inference on a parameter µ related to the presence of the signal contribution.
In particular, one forms the statistical model

p({xe} |µ, ✓) =
nY

e=1

[µf1(s(xe) | ✓) + (1 � µ) f0(s(xe) | ✓) ] , (1)

where µ = 0 is the null (background-only) hypothesis and µ > 0 is the alternate (signal-
plus-background) hypothesis.1 Typically, we are interested in inference on µ and ✓ are
nuisance parameters; though, sometimes ✓ may include some components that we are also
wish to infer (like the mass of a new particle that a↵ects the distribution x for the signal
events).

1.2 Comments on typical usage of machine learning in HEP

Nuisance parameters are an after thought in the typical usage of machine learning in HEP.
In fact, most machine learning discussions would only consider f0(x) and f1(x). However,
as experimentalists we know that we must account for various forms of systematic uncer-
tainty, parametrized by ✓. In practice, we take the classifier as fixed and then propagate
uncertainty through the classifier as in Eq. 1. Building the distribution f(s(x)|✓) for values
of ✓ other than the nominal ✓0 used to train the classifier can be thought of as a calibration

1Sometimes there is an additional Poisson term when expected number of signal and background events
is known.
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45K.C., G. Louppe, J. Pavez: Approximating Likelihood Ratios with Calibrated Discriminative Classifiers [arXiv:1506.02169]
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Fig. 3. Overview of different approaches to simulation-based inference.

which quantities are to be inferred early on in the workflow,
while others allow this decision to be postponed.

A. Using the simulator directly during inference. Let us now
discuss how these blocks and computational capabilities can
be combined into inference techniques, beginning with those
which, like ABC, use the simulator directly during inference.
We sketch some of these algorithms in the top panels of Fig. 3.

One of the major shortcomings of ABC is its reliance
on low-dimensional summary statistics. Classifier ABC (57)
removes the requirement of compressing the data into sum-
mary statistics by instead training a classifier to estimate the
discrepancy between observed and simulated data.

A reason for the poor sample e�ciency of the original rejec-
tion ABC algorithm is that the simulator is run at parameter
points drawn from the prior, which may have a large mass in
regions that are in strong disagreement with the observed data.
Di�erent algorithms have been proposed that instead run the
simulator at parameter points that are expected to improve
the knowledge on the posterior the most (35–39). Compared
to vanilla ABC, these techniques improve sample e�ciency,
though they still require the choice of summary statistics,
distance measure fl, and tolerance ‘.

In the case where the final stage of the simulator is tractable
or the simulator is di�erentiable (respectively, properties I and
VI from the list in Sec. 2.C), asymptotically exact Bayesian
inference is possible (51) without relying on a distance toler-
ance or summary statistics, removing ABC’s main limitations
in terms of quality of inference.

The probabilistic programming paradigm presents a more
fundamental change to how inference is performed. First, it
requires the simulator to be written in a probabilistic program-
ming language, though recent work allows these capabilities
to be added to existing simulators with minimal changes to
their codebase (50). In addition, probabilistic programming
either requires a tractable likelihood for the final step p(x|z, ◊)
(quantity I) or the introduction of an ABC-like comparison.
When these criteria are satisfied, several inference algorithms
exist that can draw samples from the posterior p(◊, z|x) of
the input parameters ◊ and the latent variables z given some
observed data x. These techniques are either based on MCMC,
see Fig. 3c, or on training a neural network to provide proposal
distributions (58) as shown in Fig. 3d. The key di�erence to
ABC is that the inference engine controls all steps in the
program execution and can bias each draw of random latent
variables to make the simulation more likely to match the
observed data, improving sample e�ciency.

A strength of these algorithms is that they allow to infer
not only the input parameters into the simulator, but the
entire latent process leading to a particular observation. This
allows us to answer entirely di�erent questions about scientific
processes, adding a particular kind of physical interpretability
that methods based on surrogates do not possess. While
standard ABC algorithms in principle allow for inference on
z, probabilistic programming solves this task more e�ciently.

B. Surrogate models. A key disadvantage of using the simula-
tor directly during inference is the lack of amortization. When

6 Cranmer et al.

[Cranmer, J. Brehmer, G. Louppe, PNAS (2020), arXiv:1911.01429 ]
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Sequential Neural Likelihood:
Fast Likelihood-free Inference with Autoregressive Flows

George Papamakarios David C. Sterratt Iain Murray
University of Edinburgh University of Edinburgh University of Edinburgh

Abstract

We present Sequential Neural Likelihood
(SNL), a new method for Bayesian inference
in simulator models, where the likelihood is in-
tractable but simulating data from the model
is possible. SNL trains an autoregressive flow
on simulated data in order to learn a model
of the likelihood in the region of high poste-
rior density. A sequential training procedure
guides simulations and reduces simulation cost
by orders of magnitude. We show that SNL
is more robust, more accurate and requires
less tuning than related neural-based meth-
ods, and we discuss diagnostics for assessing
calibration, convergence and goodness-of-fit.

1 Introduction

In many areas of science and engineering, a natural
way to model a stochastic system of interest is as a
simulator, which may be controlled by potentially inter-
pretable parameters and can be run forward to generate
data. Such simulator models lend themselves naturally
to modelling mechanistic processes such as particle
collisions in high energy physics [1, 71], universe evolu-
tion in cosmology [2, 67], stochastic dynamical systems
in ecology and evolutionary biology [64, 65, 84, 85],
macroeconomic models in econometrics [3, 26], and
biological neural networks in neuroscience [48, 62, 73].
Simulators are a powerful and flexible modelling tool;
they can take the form of a computer graphics engine
[45] or a physics engine [86], and they can become part
of probabilistic programs [14, 16, 37].

Due to the wide applicability of simulator models, sev-
eral tasks of interest can be framed as inference of the
parameters of a simulator from observed data. For

Proceedings of the 22nd International Conference on Ar-
tificial Intelligence and Statistics (AISTATS) 2019, Naha,
Okinawa, Japan. PMLR: Volume 89. Copyright 2019 by
the author(s).

instance, inferring the parameters of physical theories
given particle collisions can be the means for discovering
new physics [11], and inferring the scene parameters of
a graphics engine given a natural image can be the basis
for computer vision [66, 87]. Hence, the development of
accurate and e�cient general-purpose inference meth-
ods for simulator models can have a profound impact
in scientific discovery and artificial intelligence.

The fundamental di�culty in inferring the parameters
of a simulator given data is the unavailability of the
likelihood function. In Bayesian inference, posterior be-
liefs about parameters ✓ given data x can be obtained
by multiplying the likelihood p(x |✓) with prior beliefs
p(✓) and normalizing. However, calculating the likeli-
hood p(x |✓) of a simulator model for given parameters
✓ and data x is computationally infeasible in general,
and hence traditional likelihood-based Bayesian meth-
ods, such as variational inference [83] or Markov Chain
Monte Carlo [54], are not directly applicable.

To overcome this di�culty, several methods for
likelihood-free inference have been developed, such as
Approximate Bayesian Computation [46] and Synthetic
Likelihood [85], that require only the ability to generate
data from the simulator. Such methods simulate the
model repeatedly, and use the simulated data to build
estimates of the parameter posterior. In general, the
accuracy of likelihood-free inference improves as the
number of simulations increases, but so does the com-
putational cost, especially if the simulator is expensive
to run. The challenge in developing new likelihood-
free inference methods is to achieve a good trade-o↵
between estimation accuracy and simulation cost.

In this paper we present Sequential Neural Likelihood
(SNL), a new likelihood-free method for Bayesian in-
ference of simulator models, based on state-of-the-art
conditional neural density estimation with autoregres-
sive flows. The main idea of SNL is to train a Masked
Autoregressive Flow [60] on simulated data in order
to estimate the conditional probability density of data
given parameters, which then serves as an accurate
model of the likelihood function. During training, a
Markov Chain Monte Carlo sampler selects the next
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Cranmer, Louppe (2016). DOI:10.5281/zenodo.198541  
Papamakarios, Sterratt, Murray AISTATS 2019 [arXiv:1805.07226 ]

AISTATS 2019

•Based on  pairs with  estimate likelihood with a conditional density  
estimator  

• Can sample  from any proposal distribution with appropriate support 

• Leveraging advances in normalizing flows and neural density estimation 

(θn, xn) xn ∼ p(x ∣ θn)
qϕ(x ∣ θ)

θn ∼ p̃(θ)

2016
L[q] = − ∫ p(x)log q(x)dx

∫ q(x)dx = 1

•Minimize the loss

•Subject to

•Yields ̂q(x) = p(x)

http://doi.org/10.5281/zenodo.198541
https://arxiv.org/abs/1805.07226
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We present Sequential Neural Likelihood
(SNL), a new method for Bayesian inference
in simulator models, where the likelihood is in-
tractable but simulating data from the model
is possible. SNL trains an autoregressive flow
on simulated data in order to learn a model
of the likelihood in the region of high poste-
rior density. A sequential training procedure
guides simulations and reduces simulation cost
by orders of magnitude. We show that SNL
is more robust, more accurate and requires
less tuning than related neural-based meth-
ods, and we discuss diagnostics for assessing
calibration, convergence and goodness-of-fit.

1 Introduction

In many areas of science and engineering, a natural
way to model a stochastic system of interest is as a
simulator, which may be controlled by potentially inter-
pretable parameters and can be run forward to generate
data. Such simulator models lend themselves naturally
to modelling mechanistic processes such as particle
collisions in high energy physics [1, 71], universe evolu-
tion in cosmology [2, 67], stochastic dynamical systems
in ecology and evolutionary biology [64, 65, 84, 85],
macroeconomic models in econometrics [3, 26], and
biological neural networks in neuroscience [48, 62, 73].
Simulators are a powerful and flexible modelling tool;
they can take the form of a computer graphics engine
[45] or a physics engine [86], and they can become part
of probabilistic programs [14, 16, 37].

Due to the wide applicability of simulator models, sev-
eral tasks of interest can be framed as inference of the
parameters of a simulator from observed data. For

Proceedings of the 22nd International Conference on Ar-
tificial Intelligence and Statistics (AISTATS) 2019, Naha,
Okinawa, Japan. PMLR: Volume 89. Copyright 2019 by
the author(s).

instance, inferring the parameters of physical theories
given particle collisions can be the means for discovering
new physics [11], and inferring the scene parameters of
a graphics engine given a natural image can be the basis
for computer vision [66, 87]. Hence, the development of
accurate and e�cient general-purpose inference meth-
ods for simulator models can have a profound impact
in scientific discovery and artificial intelligence.

The fundamental di�culty in inferring the parameters
of a simulator given data is the unavailability of the
likelihood function. In Bayesian inference, posterior be-
liefs about parameters ✓ given data x can be obtained
by multiplying the likelihood p(x |✓) with prior beliefs
p(✓) and normalizing. However, calculating the likeli-
hood p(x |✓) of a simulator model for given parameters
✓ and data x is computationally infeasible in general,
and hence traditional likelihood-based Bayesian meth-
ods, such as variational inference [83] or Markov Chain
Monte Carlo [54], are not directly applicable.

To overcome this di�culty, several methods for
likelihood-free inference have been developed, such as
Approximate Bayesian Computation [46] and Synthetic
Likelihood [85], that require only the ability to generate
data from the simulator. Such methods simulate the
model repeatedly, and use the simulated data to build
estimates of the parameter posterior. In general, the
accuracy of likelihood-free inference improves as the
number of simulations increases, but so does the com-
putational cost, especially if the simulator is expensive
to run. The challenge in developing new likelihood-
free inference methods is to achieve a good trade-o↵
between estimation accuracy and simulation cost.

In this paper we present Sequential Neural Likelihood
(SNL), a new likelihood-free method for Bayesian in-
ference of simulator models, based on state-of-the-art
conditional neural density estimation with autoregres-
sive flows. The main idea of SNL is to train a Masked
Autoregressive Flow [60] on simulated data in order
to estimate the conditional probability density of data
given parameters, which then serves as an accurate
model of the likelihood function. During training, a
Markov Chain Monte Carlo sampler selects the next
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•Based on  pairs with  estimate likelihood with a conditional density  
estimator  

• Can sample  from any proposal distribution with appropriate support 

• Leveraging advances in normalizing flows and neural density estimation 

(θn, xn) xn ∼ p(x ∣ θn)
qϕ(x ∣ θ)

θn ∼ p̃(θ)

2016
L[q] = − ∫ p(x)log q(x)dx ≈

1
N

N

∑
i=1

log qϕ(xi)

∫ q(x)dx = 1

•Minimize the loss

•Subject to

•Yields ̂q(x) = p(x)
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augmented data

Recently, we realized we can extract more from the simulator. 
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•While implicit density is intractable  

•We can augment the simulator to  
calculate some quantities conditioned  
on latent z, which are tractable: 

•Joint likelihood ratio: 

•and joint score:

4j

t(x, z|θ0) =
∇θp(x, z|θ)|θ0
p(x, z|θ0)

= ∇θ log p(x, z|θ)|θ0 .
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We can calculate the joint likelihood ratio
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•The augmented training data converts 
supervised classification into supervised 
regression with lower variance 

• improvement in training efficiency 
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15

Figure 5: Illustration of some key concepts with a one-dimensional Gaussian toy example. Left:
classifiers trained to distinguish two sets of events generated from different hypotheses (green dots)
converge to an optimal decision function s(x|✓0, ✓1) (in red) given in Eq. (17). This lets us extract
the likelihood ratio. Right: regression on the joint likelihood ratios r(xe, ze|✓0, ✓1) of the simulated

events (green dots) converges to the likelihood ratio r(x|✓0, ✓1) (red line).

2. Particle-physics structure

As we have argued in Sec. II C, particle physics processes have a specific structure that allow
us to extract additional information. Most processes satisfy the factorization of Eq. (2) with a
tractable parton-level likelihood p(z|✓). The generators do not only provide samples {xe}, but
also the corresponding parton-level momenta (latent variables) {ze} with (xe, ze) ⇠ p(x, z|✓0). By
evaluating the matrix elements at the generated momenta ze for different hypotheses ✓0 and ✓1,
we can extract the parton-level likelihood ratio p(ze|✓0)/p(ze|✓1). Since the distribution of x is
conditionally independent of the theory parameters, this is the same as the joint likelihood ratio

r(xe, zall e|✓0, ✓1) ⌘
p(xe, zdetector e, zshower e, ze|✓0)

p(xe, zdetector e, zshower e, ze|✓1)

=
p(xe|zdetector e)

p(xe|zdetector e)

p(zdetector e|zshower e)

p(zdetector e|zshower e)

p(zshower e|ze)

p(zshower e|ze)

p(ze|✓0)

p(ze|✓1)

=
p(ze|✓0)

p(ze|✓1)
. (19)

So while we cannot directly evaluate the likelihood ratio at the level of measured observables
r(x|✓0, ✓1), we can calculate the likelihood ratio for a generated event conditional on the latent
parton-level momenta.

The same is true for the score, i. e. the tangent vectors or relative change of the (log) likelihood
under infinitesimal changes of the parameters of interest. While the score t(xe|✓0) = r✓ log p(x|✓)|✓0

Brehmer, Louppe, Pavez, KC, PNAS (2019), arXiv:1805.12244
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From inference to design
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decide which 
experiment to 
perform

perform experiment, 
gather data

updated knowledge 
based on analyzing data

statistical analysis

•Scientist trying to decide what experiment to do next



S t a t i s t i c a l  D e c i s i o n  t h e o r y  i n  1  s l i d e

•Θ - States of nature;     X - possible observations;      A - action to be taken 

•p(x|θ) - statistical model (likelihood);          π(θ) - prior 

•δ: X → A - decision rule (take some action based on observation) 

•L: Θ x A → ℝ - loss function, real-valued function true parameter and action 

•R(θ,δ) = Ep(x|θ)[L(θ, δ)] - risk 

•r(π, δ) = Eπ(θ)[ R(θ,δ)] - Bayes risk  (expectation over θ w.r.t. prior and possible observations) 

•ρ(π, δ | x ) = Eπ(θ|x)[ L(θ,δ(x))] - expected loss (expectation over θ w.r.t. posterior π(θ|x) )
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E x p e c t e d  I n f o r m a t i o n  G a i n

•Choose experiment that will maximize expected information gain in prior → posterior
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active learning / sequential design / black box optimization

reusable workflows

simulation-based / 
likelihood-free 

 inference engines

Active Sciencing



E x p e r i m e n t a l  D e s i g n

•Goal:  

• measure parameter of theory (eg. Weinberg 
angle in Standard Model of particle Physics) 
from raw data 

• optimize experiment (eg. beam energy) for most 
sensitive measurement
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E x p e r i m e n t a l  D e s i g n :  A  D e m o

•Proof-of-principle algorithm can: 

• measure / infer the parameter of the theory (eg. Weinberg angle in Standard 
Model of particle Physics) from raw data using simulation-based inference 

• optimize experiment (eg. beam energy) for most sensitive measurement
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Reality check… 

Keep in mind  that 
• the simulator model was specified 
• the space of experimental configurations was well 
specified 

Still it was hard enough! 

Going to open world of experimental configurations 
and potential models much harder. 

Hypothesis generation also hard.
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the Foundations of Causal
Inference

Elias Bareinboim† EB@CS.COLUMBIA.EDU
Juan D. Correa† JDCORREA@CS.COLUMBIA.EDU
† Columbia University
New York, NY 10027, USA

Duligur Ibeling‡ DULIGUR@STANFORD.EDU
Thomas Icard‡ ICARD@STANFORD.EDU
‡ Stanford University
Stanford, CA 94305, USA

Abstract. Cause and effect relationships play a central role in how we perceive and make
sense of the world around us, how we act upon it, and ultimately, how we understand our-
selves. Almost two decades ago, computer scientist Judea Pearl made a breakthrough in
understanding causality by discovering and systematically studying the “Ladder of Causa-
tion” [Pearl and Mackenzie 2018], a framework that highlights the distinct roles of seeing,
doing, and imagining. In honor of this landmark discovery, we name this the Pearl Causal
Hierarchy (PCH). In this chapter, we develop a novel and comprehensive treatment of the
PCH through two complementary lenses, one logical-probabilistic and another inferential-
graphical. Following Pearl’s own presentation of the hierarchy, we begin by showing how the
PCH organically emerges from a well-specified collection of causal mechanisms (a structural
causal model, or SCM). We then turn to the logical lens. Our first result, the Causal Hierarchy
Theorem (CHT), demonstrates that the three layers of the hierarchy almost always separate
in a measure-theoretic sense. Roughly speaking, the CHT says that data at one layer virtu-
ally always underdetermines information at higher layers. Since in most practical settings
the scientist does not have access to the precise form of the underlying causal mechanisms

4 Chapter 1 On Pearl’s Hierarchy and the Foundations of Causal Inference

Unobserved
Causal

Mechanisms
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(Unobserved Nature)

P(Ux,Uy)

(
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L2 Interventional

L3 Counterfactual
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Figure 1.1: (a) Collection of causal mechanisms (or SCM) generating certain observed phe-
nomena (qualitatively different probability distributions). (b) PCH’s containment structure.

many others helped to understand and formalize this notion. In fact, following this precise
mathematization, we now see a blossoming of algorithmic developments and rapid expansion
towards applications.1

What was the crucial development that spawned such dramatic progress on this centuries-
old problem? One critical insight, tracing back at least to the British empiricist philosophers, is
that the causal mechanisms behind a system under investigation are not generally observable,
but they do produce observable traces (“data,” in modern terminology).2 That is, “reality”
and the data generated by it are fundamentally distinct. This dichotomy has been prominent
at least since Pearl’s seminal Biometrika paper [Pearl 1995], and received central status and
comprehensive treatment in his longer treatise [Pearl 2000, 2009]. This insight naturally leads
to two practical desiderata for any proper framework for causal inference, namely:

1. The causal mechanisms underlying the phenomenon under investigation should be ac-
counted for – indeed, formalized – in the analysis.

2. This collection of mechanisms (even if mostly unobservable) should be formally tied to
its output: the generated phenomena and corresponding datasets.

1 It lies outside the scope of this chapter to pursue a detailed historical account, and we refer readers to [Pearl and
Mackenzie 2018] for additional context.
2 For instance, Locke famously argued that when we observe data, we cannot “so much as guess, much less know,
their manner of production” [Locke 1690, Essay IV]. Hume maintained a similarly skeptical stance, stating that
“nature has kept us at a great distance from all her secrets, and has afforded only the knowledge of a few superficial
qualities of objects; while she conceals from us those powers and principles, on which the influence of these objects
entirely depends” [Hume 1748, §4.16]. See [de Pierris 2015] for discussion.

1 On Pearl’s Hierarchy and
the Foundations of Causal
Inference

TECHNICAL REPORT
R-60

First Version: July, 2020
Last Revision: Mar, 2021

Elias Bareinboim† EB@CS.COLUMBIA.EDU
Juan D. Correa† JDCORREA@CS.COLUMBIA.EDU
† Columbia University
New York, NY 10027, USA

Duligur Ibeling‡ DULIGUR@STANFORD.EDU
Thomas Icard‡ ICARD@STANFORD.EDU
‡ Stanford University
Stanford, CA 94305, USA

Abstract. Cause and effect relationships play a central role in how we perceive and make
sense of the world around us, how we act upon it, and ultimately, how we understand our-
selves. Almost two decades ago, computer scientist Judea Pearl made a breakthrough in
understanding causality by discovering and systematically studying the “Ladder of Causa-
tion” [Pearl and Mackenzie 2018], a framework that highlights the distinct roles of seeing,
doing, and imagining. In honor of this landmark discovery, we name this the Pearl Causal
Hierarchy (PCH). In this chapter, we develop a novel and comprehensive treatment of the
PCH through two complementary lenses, one logical-probabilistic and another inferential-
graphical. Following Pearl’s own presentation of the hierarchy, we begin by showing how the
PCH organically emerges from a well-specified collection of causal mechanisms (a structural
causal model, or SCM). We then turn to the logical lens. Our first result, the Causal Hierarchy
Theorem (CHT), demonstrates that the three layers of the hierarchy almost always separate
in a measure-theoretic sense. Roughly speaking, the CHT says that data at one layer virtu-
ally always underdetermines information at higher layers. Since in most practical settings
the scientist does not have access to the precise form of the underlying causal mechanisms

1

1 On Pearl’s Hierarchy and
the Foundations of Causal
Inference

TECHNICAL REPORT
R-60

First Version: July, 2020
Last Revision: Mar, 2021

Elias Bareinboim† EB@CS.COLUMBIA.EDU
Juan D. Correa† JDCORREA@CS.COLUMBIA.EDU
† Columbia University
New York, NY 10027, USA

Duligur Ibeling‡ DULIGUR@STANFORD.EDU
Thomas Icard‡ ICARD@STANFORD.EDU
‡ Stanford University
Stanford, CA 94305, USA

Abstract. Cause and effect relationships play a central role in how we perceive and make
sense of the world around us, how we act upon it, and ultimately, how we understand our-
selves. Almost two decades ago, computer scientist Judea Pearl made a breakthrough in
understanding causality by discovering and systematically studying the “Ladder of Causa-
tion” [Pearl and Mackenzie 2018], a framework that highlights the distinct roles of seeing,
doing, and imagining. In honor of this landmark discovery, we name this the Pearl Causal
Hierarchy (PCH). In this chapter, we develop a novel and comprehensive treatment of the
PCH through two complementary lenses, one logical-probabilistic and another inferential-
graphical. Following Pearl’s own presentation of the hierarchy, we begin by showing how the
PCH organically emerges from a well-specified collection of causal mechanisms (a structural
causal model, or SCM). We then turn to the logical lens. Our first result, the Causal Hierarchy
Theorem (CHT), demonstrates that the three layers of the hierarchy almost always separate
in a measure-theoretic sense. Roughly speaking, the CHT says that data at one layer virtu-
ally always underdetermines information at higher layers. Since in most practical settings
the scientist does not have access to the precise form of the underlying causal mechanisms

1
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•Use normalizing flow to approximate target distribution of configurations that is 
implied by the action  via the  Boltzmann Equation S(x) p(x) = e−S(x)/Z

75



L a t t i c e  F i e l d  T h e o r y

•Very expensive simulations with high dimensional data: eg. x∈ ℝ10⁹ 

•Use normalizing flow to approximate target distribution of configurations that is 
implied by the action  via the  Boltzmann Equation S(x) p(x) = e−S(x)/Z

75



S p a c e - t i m e  &  L o c a l  G a u g e  S y m m e t r y

•The action is invariant to gauge transformations, so the distribution is constant in 
those directions 

•Many more pure gauge degrees of freedom than physical ones 

•We would like to enforce this symmetry in the network, and not have to learn it.

76

Gauge invariant Pure 
gaug

e
De

ns
ity

Gauge invariant Pure 
gaug

e

De
ns

ity



S p a c e - t i m e  &  L o c a l  G a u g e  S y m m e t r y

77

Kanwar, Albergo, Boyda, Cranmer, Hackett, Racaniere, 
Rezende, Shanahan arXiv:2002.02428 & arXiv:2003:06413 



P e r m u t a t i o n  s y m m e t r y

78



Hybrid “physics-aware” approaches to AI / ML 

• inject knowledge of data generating 
 process into inductive bias of ML models 

• use “black box” style ML components to model the 
most uncertain aspects of problem where traditional 
approaches make overly restrictive assumptions  

• align architectural components of ML models with  
causal mechanism 
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Molecule Mass-Spring System

n-body System Rigid Body System

Sentence and Parse Tree Image and Fully-Connected Scene Graph

Figure 2: Di↵erent graph representations. (a) A molecule, in which each atom is represented as a
node and edges correspond to bonds (e.g. Duvenaud et al., 2015). (b) A mass-spring system, in
which the rope is defined by a sequence of masses which are represented as nodes in the graph (e.g.
Battaglia et al., 2016; Chang et al., 2017). (c) A n-body system, in which the bodies are nodes and
the underlying graph is fully connected (e.g. Battaglia et al., 2016; Chang et al., 2017). (d) A rigid
body system, in which the balls and walls are nodes, and the underlying graph defines interactions
between the balls and between the balls and the walls (e.g. Battaglia et al., 2016; Chang et al., 2017).
(e) A sentence, in which the words correspond to leaves in a tree, and the other nodes and edges
could be provided by a parser (e.g. Socher et al., 2013). Alternately, a fully connected graph could
be used (e.g. Vaswani et al., 2017). (f) An image, which can be decomposed into image patches
corresponding to nodes in a fully connected graph (e.g. Santoro et al., 2017; Wang et al., 2018c).

of mass of a solar system comprised of n planets, whose attributes (e.g., mass, position, velocity,
etc.) are denoted by {x1,x2, . . . ,xn}. For such a computation, the order in which we consider the
planets does not matter because the state can be described solely in terms of aggregated, averaged
quantities. However, if we were to use a MLP for this task, having learned the prediction for a
particular input (x1,x2, . . . ,xn) would not necessarily transfer to making a prediction for the same
inputs under a di↵erent ordering (xn,x1, . . . ,x2). Since there are n! such possible permutations, in
the worst case, the MLP could consider each ordering as fundamentally di↵erent, and thus require
an exponential number of input/output training examples to learn an approximating function.
A natural way to handle such combinatorial explosion is to only allow the prediction to depend
on symmetric functions of the inputs’ attributes. This might mean computing shared per-object

8

Insight of data generating process informs 
inductive bias on architecture

Image credit: Battaglia, et. al. arXiv:1806.01261  



D y n a m i c a l  s y s t e m s

81

Nodes: bodies

Edges: gravitational forces

Nodes: balls

Edges: rigid collisions between 
            balls, and walls

Nodes: masses

Edges: springs and rigid 

            collisions

Physical systems as graphs

Battaglia et al., 2016, NeurIPS
Peter Battaglia

Battaglia, P., Pascanu, R., Lai, M., Rezende, D. J., et al.  NeurIPS 2016



D y n a m i c a l  s y s t e m s

81

Nodes: bodies

Edges: gravitational forces

Nodes: balls

Edges: rigid collisions between 
            balls, and walls

Nodes: masses

Edges: springs and rigid 

            collisions

Physical systems as graphs

Battaglia et al., 2016, NeurIPS
Peter Battaglia

Battaglia, P., Pascanu, R., Lai, M., Rezende, D. J., et al.  NeurIPS 2016



Stringn-body

M
od

el
Tr

ue

Balls

1000-step rollouts of true (top row) vs predicted (bottom row)

Slides borrowed with permission from Peter Battaglia based on Battaglia et al., 2016, NeurIPS



Stringn-body

M
od

el
Tr

ue

Balls

1000-step rollouts of true (top row) vs predicted (bottom row)

Slides borrowed with permission from Peter Battaglia based on Battaglia et al., 2016, NeurIPS



Stringn-body

M
od

el
Tr

ue

Balls

Zero shot generalisation to larger systems

Slides borrowed with permission from Peter Battaglia based on Battaglia et al., 2016, NeurIPS

Peter Battaglia



Stringn-body

M
od

el
Tr

ue

Balls

Zero shot generalisation to larger systems

Slides borrowed with permission from Peter Battaglia based on Battaglia et al., 2016, NeurIPS

Peter Battaglia



H a m i l t o n i a n  g r a p h  N e t w o r k s

•We incorporated two physically-informed 
inductive biases 

• ODE integrators  

• Hamiltonian mechanics
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Abstract

We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),

Preprint. Under review.

arXiv:1909.12790

Alvaro Sanchez Gonzalez



H a m i l t o n i a n  g r a p h  N e t w o r k s

•We incorporated two physically-informed 
inductive biases 

• ODE integrators  

• Hamiltonian mechanics

84

Hamiltonian Graph Networks with ODE Integrators

Alvaro Sanchez-Gonzalez
DeepMind

London, UK
alvarosg@google.com

Victor Bapst
DeepMind

London, UK
vbapst@google.com

Kyle Cranmer
NYU

New York, USA
kc90@nyu.edu

Peter Battaglia
DeepMind

London, UK
peterbattaglia@google.com

Abstract

We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),

Preprint. Under review.

arXiv:1909.12790

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
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Abstract

We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),

Preprint. Under review.
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<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
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Abstract

We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),
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HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>
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Abstract

We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),

Preprint. Under review.
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: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
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•We incorporated two physically-informed 
inductive biases 

• ODE integrators  

• Hamiltonian mechanics
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Abstract

We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),
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<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>
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Abstract

We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),
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(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

arXiv:1909.12790

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>
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Abstract

We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),

Preprint. Under review.

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

arXiv:1909.12790

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>
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Abstract

We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),
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<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

arXiv:1909.12790

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Alvaro Sanchez Gonzalez
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•We incorporated two physically-informed 
inductive biases 

• ODE integrators  

• Hamiltonian mechanics
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Abstract

We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),
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<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
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<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

arXiv:1909.12790

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>
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Abstract

We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),
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We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),
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OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

HGN
<latexit sha1_base64="+GiKiVx5Wyvrg9UrFArETHNhCfI=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSRV0WXRhV1LBXqANYTKdtkNnJmFmIpSQja/ixoUibn0Md76NkzQLbf1h4OM/5zDn/EHEqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKPCWGLSxiELZS9AijAqSFtTzUgvkgTxgJFuML3J6t1HIhUNxYOeRcTjaCzoiGKkjeXbRwOO9AQjljRTP2fJk9u71LerTs3JBZfBLaAKCrV8+2swDHHMidCYIaX6rhNpL0FSU8xIWhnEikQIT9GY9A0KxInykvyAFJ4aZwhHoTRPaJi7vycSxJWa8cB0ZiuqxVpm/lfrx3p05SVURLEmAs8/GsUM6hBmacAhlQRrNjOAsKRmV4gnSCKsTWYVE4K7ePIydOo197xWv7+oNq6LOMrgGJyAM+CCS9AATdACbYBBCp7BK3iznqwX6936mLeWrGLmEPyR9fkDTlOW3A==</latexit>

GNu
<latexit sha1_base64="SamomLDwGEx5zJoMuY6504uCKCg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZKuiy6EJXUsE+oB2GTJppQ5PMkGSEMs7CX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+QEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc7D0QqGol7PYmJx9FQ0JBipI3k2wd9jvRI8vT6NvOnPAjTJPPtqlNzpoCLxC1IFRRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazSTxSJER6jIekZKhAnykun+TN4bJQBDCNpntBwqv7eSBFXasIDM5knVPNeLv7n9RIdXngpFXGiicCzQ2HCoI5gXgYcUEmwZhNDEJbUZIV4hCTC2lRWMSW4819eJO16zT2t1e/Oqo3Loo4yOARH4AS44Bw0wA1oghbA4BE8g1fwZj1ZL9a79TEbLVnFzj74A+vzB8bUlpc=</latexit>

✓
@HGN

@p
,�

@HGN

@q

◆

<latexit sha1_base64="YWg29ndGFr8JGopJ8w16gm8UHjc="></latexit>

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

fq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

: ODE’s time derivativesfq̇,ṗ
<latexit sha1_base64="UKj57dAMnibB5UDYdPh9m91jHEE=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFcSEmqoMuiG5cV7APaECbTSTt08nBmIpSQP3Djr7hxoYhbt+78GydtFrb1wMDhnHvv3Hu8mDOpLOvHWFpeWV1bL22UN7e2d3bNvf2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujm9xvP1IhWRTeq3FMnQAPQuYzgpWWXPPEd9NeP1JpL8Bq6PnpQ5adoRklzrLMNStW1ZoALRK7IBUo0HDNbz2DJAENFeFYyq5txcpJsVCMcJqVe4mkMSYjPKBdTUMcUOmkk3sydKyVPvIjoV+o0ET925HiQMpx4OnKfEc57+Xif143Uf6Vk7IwThQNyfQjP+FIRSgPB/WZoETxsSaYCKZ3RWSIBSZKR1jWIdjzJy+SVq1qn1drdxeV+nURRwkO4QhOwYZLqMMtNKAJBJ7gBd7g3Xg2Xo0P43NaumQUPQcwA+PrF+Z9ndc=</latexit>

a b c d

e

f

OGN’s fOGN

q̇,ṗ
<latexit sha1_base64="BtDUU8eofJ+0Acwo8AZaJRnQ0qg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDJTFV0WXehKK9gHtLVk0kwbmnmY3BFLmC9x46+4caGI4Er/xvSxsK0HAodzz72597iR4Aps+8dKzc0vLC6llzMrq2vrG9nNrYoKY0lZmYYilDWXKCZ4wMrAQbBaJBnxXcGqbu98UK8+MKl4GNxCP2JNn3QC7nFKwEit7LF3pxvAHkH6+vriKklautEOQTd8Al3X0/dJcoAnlCgxpmzOzttD4FnijEkOjVFqZb/MDBr7LAAqiFJ1x46gqYkETgVLMo1YsYjQHumwuqEB8Zlq6uF5Cd4zSht7oTQvADxU/3Zo4ivV913jHOyopmsD8b9aPQbvtKl5EMXAAjr6yIsFhhAPssJtLhkF0TeEUMnNrph2iSQUTKIZE4IzffIsqRTyzmG+cHOUK56N40ijHbSL9pGDTlARXaISKiOKntALekPv1rP1an1YnyNryhr3bKMJWN+/kkeknw==</latexit>

HOGN’s fHOGN
q̇,ṗ

<latexit sha1_base64="swbO47kxs472VPbI76CqfMpsqws=">AAACH3icbVDLTgIxFO3gC/GFunTTSExcGDKDRl0SXchKMREwASSd0oGGzsP2jpE08ydu/BU3LjTGuONvLI+FgCdpcnLuubf3HjcSXIFtD6zUwuLS8kp6NbO2vrG5ld3eqaowlpRVaChCee8SxQQPWAU4CHYfSUZ8V7Ca27sc1mtPTCoeBnfQj1jTJ52Ae5wSMFIre+o96AawZ5C+Lt1cXSdJSzfaIeiGT6DrevoxSY7wlBIlxpTN2Xl7BDxPnAnJoQnKreyPmUFjnwVABVGq7tgRNDWRwKlgSaYRKxYR2iMdVjc0ID5TTT26L8EHRmljL5TmBYBH6t8OTXyl+r5rnMMd1WxtKP5Xq8fgnTc1D6IYWEDHH3mxwBDiYVi4zSWjIPqGECq52RXTLpGEgok0Y0JwZk+eJ9VC3jnOF25PcsWLSRxptIf20SFy0BkqohIqowqi6AW9oQ/0ab1a79aX9T22pqxJzy6agjX4BTVrpPE=</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q,p)i
<latexit sha1_base64="1iW3J+4rEiuOg7Rt1ES86wmMwq0=">AAACB3icbVDLSsNAFL2pr1pfUZeCDBahgpSkCrosunFZwT6gDWEynbRDJw9nJkIJ2bnxV9y4UMStv+DOv3HSFtHqgYEz59zLvfd4MWdSWdanUVhYXFpeKa6W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXujy9xv31EhWRTeqHFMnQAPQuYzgpWWXHO/kvYCrIaen95m2TH6/sVZduQy1yxbVWsC9JfYM1KGGRqu+dHrRyQJaKgIx1J2bStWToqFYoTTrNRLJI0xGeEB7Woa4oBKJ53ckaFDrfSRHwn9QoUm6s+OFAdSjgNPV+ZbynkvF//zuonyz52UhXGiaEimg/yEIxWhPBTUZ4ISxceaYCKY3hWRIRaYKB1dSYdgz5/8l7RqVfukWrs+LdcvZnEUYQ8OoAI2nEEdrqABTSBwD4/wDC/Gg/FkvBpv09KCMevZhV8w3r8AWGaZnQ==</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>•Again similarities with 

algorithmic reasoning

Scalar
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Evolution of the tree is latent We only observe the leaves



Q C D - i n s p i r e d  R e c u r s i v e  N e u r a l  N e t w o r k s

93Louppe, Cho, Becot, KC [arXiv:1702.00748]

• Generative process approximately stationary 
Markov Process producing tree of decays 

• algorithms exist to estimate the latent tree 

• TreeRNN performs well on binary classification 
task, has many fewer parameters, and needs 
much less data to train!

SciPost Physics Submission

AUC Acc 1/✏B (✏S = 0.3) #Param
single mean median

CNN [16] 0.981 0.930 914±14 995±15 966±18 610k
ResNeXt [30] 0.984 0.936 1122±47 1246±28 1286±31 1.46M

TopoDNN [18] 0.972 0.916 295±5 378± 5 391 ± 8 59k
Multi-body N -subjettiness 6 [24] 0.979 0.922 792±18 802±12 783±13 57k
Multi-body N -subjettiness 8 [24] 0.981 0.929 867±15 926±20 886±18 58k
TreeNiN [43] 0.982 0.933 1025±11 1209±23 1167±24 34k
P-CNN 0.980 0.930 732±24 838±13 841±14 348k
ParticleNet [47] 0.985 0.938 1298±46 1383±45 1374±41 498k

LBN [19] 0.981 0.931 836±17 852±67 971±20 705k
LoLa [22] 0.980 0.929 722±17 768±11 751±11 127k
Energy Flow Polynomials [21] 0.980 0.932 384 1k
Energy Flow Network [23] 0.979 0.927 633±31 734±13 729±11 82k
Particle Flow Network [23] 0.982 0.932 891±18 1005±21 1005±29 82k

GoaT 0.985 0.939 1368±140 1549±208 35k

Table 1: Single-number performance metrics for all algorithms evaluated on the test sam-
ple. We quote the area under the ROC curve (AUC), the accuracy, and the background
rejection at a signal e�ciency of 30%. For the background rejection we also show the
mean and median from an ensemble tagger setup. The number of trainable parameters of
the model is given as well. Performance metrics for the GoaT meta-tagger are based on a
subset of events.

els for each tagger and define 84 ensemble taggers by combining six of them. This set
allows us to evaluate the spread of di↵erent ensemble taggers. For each subset, we obtain
the mean-of-ensemble and median-of-ensemble tagger results. This approach leads to a
5 ... 15% improvement in performance compared to the single-model, depending on the
algorithm. For the uncertainty estimate of the background rejection we remove the out-
liers. In Fig. (1) we see that for the background rejection there exists a sizeable variation
from around 1/600 to better than 1/1000. Again, the ParticleNet, ResNeXt50, TreeNiN,
and PFN approaches lead to the best results, corresponding to an improvement of the
signal-to-background ratio by a factor ✏S/✏B > 300, and vastly exceeding the current top
tagging performance in ATLAS and CMS.

Altogether, in Fig. 5 and Tab. 1 we see that some of the physics-motivated setups
remain competitive with the technically much more advanced ResNeXt50 and ParticleNet
networks. This suggests that even for a straightforward task like top tagging in fat jets
we can develop competitive and e�cient physics-specific tools. While their performance
does not quite match the state of the art standard networks, it is close enough to test
both approaches on key requirements in particle physics, like treatment of uncertainties,
stability with respect to detector e↵ects, etc.

The obvious question in any deep-learning analysis is if the tagger captures all relevant
information. At this point we have checked that including full or partial information on
the event-level kinematics of the fat jets in the event sample has no visible impact on
our quoted performance metrics. We can then test how correlated the classifier output
of the di↵erent taggers are. We show the pair-wise correlations for a subset of classifier
outputs in Fig. 6, with the correlation matrix given in Tab. 2. As expected from strong
classifier performances, most jets are clustered in the bottom left and top right corners,
corresponding to identification as background and signal, respectively. The largest spread

14

arXiv:1902.09914
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Figure 2: With any fixed clustering algorithm, the probability distribution over final-state

momenta can be decomposed into a product of distributions. Each factor in the product

corresponds to a di↵erent step in the clustering tree. Subsequent probabilities are conditioned

on the outcomes from previous steps, so this decomposition entails no loss of generality.

We will now formalize this discussion into explicit equations. For the rest of this section

we assume that the clustering tree is determined by a fixed jet algorithm (e.g. any of the

generalized kt algorithms [58, 59]). The particular algorithm chosen is theoretically inconse-

quential to the model, as the same probability distribution over final states will be learned

for any choice. Practically speaking, however, certain algorithms may have advantages over

others. We will discuss the choice of clustering algorithm further in Secs. 5.2 and 5.3.

The application of a clustering algorithm on the jet constituents p1, . . . , pn defines a

sequence of “intermediate states” k(t)
1

, . . . , k(t)
t . Here the superscript t = 1, . . . , n labels the

intermediate state after the (t � 1)th branching in the tree (where counting starts at 1) and

the subscript i = 1, . . . , n enumerates momenta in that state. To be explicit,

• the “initial state” consists of a single momentum: k(1)

1
= p1 + · · · + pn;

• at subsequent steps {k(t)
1

, . . . , k(t)
t } is gotten from {k(t�1)

1
, . . . , k(t�1)

t�1
} by a single momentum-

conserving 1 ! 2 branching;

• after the final branching, the state is the physical jet: {k(n)

1
, . . . , k(n)

n } = {p1, . . . , pn}.

In this notation, the probability of the jet (as shown in Fig. 2) can be written as

Pjet({p1, . . . pn}) =

"
n�1Y

t=1

Pt
�
k(t+1)

1
, . . . , k(t+1)

t+1

��k(t)
1

, . . . , k(t)
t

�
#

(2.2)

⇥ Pn
�
end

��k(n)

1
, . . . , k(n)

n

�
.

Eq. (2.2) allows for a natural, sequential description of the jet. However, it obscures

the factorization of QCD which predicts an approximately self-similar splitting evolution.

Thus we decompose the model further, so that each Pt in Eq. (2.2) is described by a 1 ! 2

branching function that only indirectly receives information about the rest of the jet. The

latter is achieved via an unobserved representation vector h(t) of the global state of the jet at

step t. To be explicit, let k(t)
m ! k(t+1)

d1
k(t+1)

d2
denote the branching of a mother into daughters

that achieves the transition from k(t)
1

, . . . , k(t)
t to k(t+1)

1
, . . . , k(t+1)

t+1
in the clustering tree. Then

– 8 –

Andreassen, Feige, Frye, Schwartz  arXiv:1804.09720

JUNIPR is an autoregressive generative model 
for jets with a tractable likelihood

Introduction Jet Physics Previous work Proposed model Experiments Conclusions
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Figure 10: Branching function modelled by a deep undirected energy model over continuous

variables z, ✓, �, � that parameterize the branching. Shown is the marginalized distribution

over z, averaged over all t steps. Comparison is made between actual outcomes in the vali-

dation set of Pythia jets and Junipr’s probabilistic predictions for these jets.

any reasonable importance distribution q. Indeed, we found that a uniform distribution over

the transformed coordinates of Eq. (3.2) is a fine choice for q.

In Fig. 10 we show results for Junipr trained with the continuous branching function as

described above. In this case, we can use arbitrarily high-resolution binning, as Junipr has

learned a fully continuous probability density. Fig. 10 can be roughly compared to Fig. 9,

where we were required to use 10 bins for each dimension of x.

To close this section, we note that in most cases, we expect the discretized branching

function with 10 bins per dimension of x to be su�cient, especially if one performs a linear

interpolation on the output cells. This simple case is certainly faster to train and does not

require the technique described here to avoid biased gradient estimates.

4 Applications and Results

With Junipr trained and validated, we turn to some of the most interesting results it enables.

Given a jet, Junipr can compute the probability density associated with the momenta inside

the jet, conditioned on the criteria used to select the training data. To visualize this, we show

a C/A-clustered Pythia jet in Fig. 11 with the Junipr-computed probability associated

with each branching written near that node in the tree. Note that these are small discretized

probabilities due to the discretized implementation of Junipr’s branching function described

in Sec. 2. This is shown primarily to conceptualize the model, which is constructed to be quite

interpretable as it is broken down to compute the probability of each step in the clustering

history of a jet.

A direct and powerful application of the Junipr framework, enabled by having access to

separate probabilistic models of di↵erent data sources, is in discrimination based on likelihood

– 20 –

Latent variables are interpretable

Autoregressive structure matches causal 
structure in traditional physics simulators

See also GInkgo by Sebastian Macaluso and Duccio Pappadopulo, and KC 
https://github.com/SebastianMacaluso/ToyJetsShower

← alignment!
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Physical systems are a good testbed for AI research



Towards understanding deep learning
• What is a good model to consider (analog of the stochastic block 

model for neural networks)? 
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Hard to analyze the effect of data structure for real-world data sources. 
Toy models are useful!

* Lenka Zdeborova:  
Talk: https://ml4physicalsciences.github.io  
Position piece: https://rdcu.be/b4p1m 

SIMPLER QUESTION: WHEN CAN A NEURAL 
NETWORK LEARN A TEACHER-NEURAL NETWORK? 
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KC adapting from Lenka Zdeborova 

Teacher → Causal, Generative Model (Simulator)
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Richer set of problems can be investigated.



A  p r o f o u n d  s h i f t

•Scientific simulators are based on well-motivated mechanistic models 

• However, the aggregate effect of many interactions between their low-level 
components leads to intractable inverse problems 

•The developments in machine learning have the potential to effectively bridge the 
microscopic - macroscopic divide & aid in these inverse problems 

• They can provide effective models for macroscopic (emergent) phenomena that 
are tied back to the low-level microscopic (reductionist) model 

•Hybrid approaches align architectural components with causal mechanism 

• A path to AI that can learn causal mechanism, generate hypotheses, and design 
future experiments
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C o n c l u s i o n

•Physical models are highly-structured causal models:  

• Insight of data generating process informs inductive bias on architecture 

• There is growing empirical evidence that this inductive bias is helpful in terms of sample 
complexity and generalization 

• Identification of semantics of physical system with network components is easy to take for 
granted, but has many important consequences. (vis-à-vis “alignment”) 

•Simulators for physical systems provide families of problems that can be scaled to a complexity 
beyond the reach of current ML systems.  

• They provide controlled experiments 

• Some of problems have known solutions or strong baselines that aid theoretical and 
experimental analysis 

• Ideal to probe interplay between architecture, data, & algorithms.
100



A n  I PA M  w o r k s h o p

•Highly recommended: 

http://www.ipam.ucla.edu/programs/workshops/deep-learning-and-combinatorial-optimization/ 
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