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• Note patterns then look for an explanation

• Use machine learning to train a computer to calculate in hep-th

Mathematical Phenomenology

— Mirror symmetry is prototype example

— Black box gives probably approximately correct answers

— Filter interesting cases to investigate further

— Start to dissect how it all works

• No deep theoretical understanding for why machine learning is effective, 
for which problems it is useful, etc.

— Want to bridge this success to new analytic results and methods

h1,1 � h1,2

h1,1 + h1,2



• Note patterns then look for an explanation

Mathematical Phenomenology

— Mirror symmetry is prototype example
h1,1 � h1,2

h1,1 + h1,2

• Learn Hodge numbers of  CICYs from configuration matrices

Bull, He, VJ, Mishra (2018) 
Bull, He, VJ, Mishra (2019)

— Polynomial rather than doubly exponential in time

— Better ways to calculate in algebraic geometry



• Knots

• QCD

Two Case Studies



Please ask questions!



From Jones polynomials 

to Hyperbolic Volumes



Dramatis Personae 

Knot: ; e.g.,S1 ⇢ S3
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unknot

trefoil

figure-eight

cinquefoil

three-twist
01
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Dramatis Personae 

Knot: ; e.g.,S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>

Thistlethwaite unknot Ochiai unknot



Dramatis Personae 

Knot: ; e.g.,

Jones polynomial: JK(q) = (�q
3
4 )w(K) hKi

h�i
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S1 ⇢ S3
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h i h i=h i A +B

w(K) = overhand� underhand
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1
4
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Jones (1985) 

topological invariant: independent of how the knot is drawn

Question: how to calculate these?

Answer: quantum field theory!



Chern–Simons Theory

• Focus on topology instead of  geometry

• What is the simplest non-trivial quantum field theory?

genus 0
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— Chern–Simons theory in three dimensions



Topological Invariants 
• On a manifold        with metric        , a topological invariant enjoys:M
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�

�gµ⌫
hO1 . . .Oni = 0
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• In Chern–Simons theory, the operators are Wilson loops

• The knot invariants are then

SCS =
k

4⇡

Z

M
Tr (A ^ dA+

2

3
A ^A ^A)
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hWK1
R1

. . .WKn
Rn

i = 1

Z(M)

Z
[DA]WK1

R1
. . .WKn

Rn
eiSCS

<latexit sha1_base64="N0sHio9TURRSeeF7keWWxm0OtN0="></latexit>

, Z(M) =

Z
[DA] eiSCS
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, k 2 Z
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W �
R = TrR U� , U� = P exp i

I

�
A
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Dramatis Personae 

Knot: ; e.g.,

Jones polynomial: JK(q) = (�q
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[Volume conjecture]

JK,2 = JK(q)

1

384 Stavros Garoufalidis and Yueheng Lan

Remark 1.3 In [GL, Section 3.2] using properties of R-matrices, Le and the
first author gave a canonical multisum formula for the colored Jones function of
a knot which is presented as the closure of a braid. Specifically, if the braid has
c crossings, then the multisum formula involves summation over c variables. In
the case of the knot K0 , it involves summation over 18 variables, which makes
it intractable, symbolically or numerically.

Remark 1.4 The well-known 3-term skein relation for the Jones polynomial

q
( )

− q−1
( )

= (q1/2 − q−1/2)
( )

allows one to compute naively the Jones polynomial of a knot with c crossings
in 2c steps. By taking parallels, it allows one to compute the n-th colored Jones
polynomial of a knot in 2cn

2

steps. For n = 500, and c = 18, this requires

218×5002 ≈ 101354634

terms.

2 Numerical confirmation of the HVC for K0

Let

VC(n) =
2π

n
log JK0

(n)|
q=e

2πi
n
. (2)

Using a fortran program by the second author (presented in the Appendix),
we have computed VC(n) for n up to 502.

Here is a table of Re(VC(n)) versus n:

50 100 150 200 250

3.5

4

4.5

5

5.5
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Simplest hyperbolic 
non-two bridge knot, 
has 18 crossings

Garoufalidis, Lan (2004)

Vol(K0) = 3.474247 . . .
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382 Stavros Garoufalidis and Yueheng Lan

non-2-bridge knot k31 is the Pretzel knot (−2, 3, 7) requiring 3 ideal tetrahedra,
with same volume as the 52 knot; see [CDW]. However, the colored Jones
function of k31 is rather complicated.

K0 has braid presentation b2(ab)8 , where a = σ1, b = σ2 are the standard
generators of the braid group with 3 strands.

Figure 1: The knot K0 , and an involution which negates its meridian and longitude.

K0 is a positive hyperbolic knot with 18 crossings. SnapPea identifies K0 with
the knot k43 of the new census, also known as m082 in the old census.

The notation k43 reveals that K0 is a hyperbolic knot whose complement can
be triangulated with 4 hyperbolic ideal tetrahedra. It is the simplest hyperbolic
non-2-bridge knot, as was discovered by [CDW].

K0 belongs to a family of twisted torus knots, and this family populates the
census of simplest hyperbolic manifolds other than the family of 2-bridge knots.

The Dowker code of K0 is:

18 1 14 −16 18 −20 22 −24 −26 28 −30 32 −34 36 −12 −2 4 −6 8 −10

K0 has symmetry group Z/2. An involution that negates the meridian and
longitude is shown in Figure 1.

1.3 The quantum topology of K0

Let us define the quantum integer, the quantum factorial and the quantum
binomial coefficients by:

[n] =
qn/2 − q−n/2

q1/2 − q−1/2
[n]! = [1][2] . . . [n]

[

n
k

]

=
[n]!

[k]![n − k]!
,

Algebraic & Geometric Topology, Volume 5 (2005)

�2
1(�1�2)

8
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Khovanov homology: a homology theory        whose graded Euler characteristic 
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Z ⇡/3

0
dt log(2 sin

t

2
)

<latexit sha1_base64="TTrh7hiV5sptxx9S5H27QmW9Taw="></latexit>

⇡ 1.0149416
<latexit sha1_base64="4ZIAIkc8+2W5Yi2KFdlu6w09qyo=">AAAB+3icdVDLSgMxFM34rONrrEs3wSK4GibToY9d0Y3LCvYB7VAyadqGZh4kGWkZ+ituXCji1h9x59+YaSuo6IHA4ZxzuTcnSDiTynE+jI3Nre2d3cKeuX9weHRsnRTbMk4FoS0S81h0AywpZxFtKaY47SaC4jDgtBNMr3O/c0+FZHF0p+YJ9UM8jtiIEay0NLCKZh8niYhnENkO8uoeqgyskmPXaxXXq0DHdpwqclFO3KpX9vLYEiWwRnNgvfeHMUlDGinCsZQ95CTKz7BQjHC6MPuppAkmUzymPU0jHFLpZ8vbF/BCK0M4ioV+kYJL9ftEhkMp52GgkyFWE/nby8W/vF6qRjU/Y1GSKhqR1aJRyqGKYV4EHDJBieJzTTARTN8KyQQLTJSuy9QlfP0U/k/aro3KtnvrlRpX6zoK4Aycg0uAQBU0wA1oghYgYAYewBN4NhbGo/FivK6iG8Z65hT8gPH2CR0Kko0=</latexit>

Witten (1989)

Kashaev (1997) 
Murakami x 2 (2001) 

Gukov (2005)

Dunfield (2000) 
Khovanov (2002)

Dasbach, Lin (2007)

Khovanov (2000)

[Volume conjecture]

,log JK(�1)
<latexit sha1_base64="hLONAA1Z6c19tL1fqFiVBSSBRHk=">AAAB83icdVDLSgMxFM3UV62vqks3wSLUhWVSxba7ohvRTQX7gM5QMmnahmaSIckIZehvuHGhiFt/xp1/Y6atoKIHLhzOuZd77wkizrRx3Q8ns7S8srqWXc9tbG5t7+R391paxorQJpFcqk6ANeVM0KZhhtNOpCgOA07bwfgy9dv3VGkmxZ2ZRNQP8VCwASPYWMnzuBzC695N8QQd9/IFt+S6LkIIpgRVzl1LarVqGVUhSi2LAlig0cu/e31J4pAKQzjWuovcyPgJVoYRTqc5L9Y0wmSMh7RrqcAh1X4yu3kKj6zShwOpbAkDZ+r3iQSHWk/CwHaG2Iz0by8V//K6sRlU/YSJKDZUkPmiQcyhkTANAPaZosTwiSWYKGZvhWSEFSbGxpSzIXx9Cv8nrXIJnZbKt2eF+sUijiw4AIegCBCogDq4Ag3QBARE4AE8gWcndh6dF+d13ppxFjP74Aect09KNZCN</latexit>

JK(q) = anq
n + . . .+ amqm

<latexit sha1_base64="RcMrxqworoPya2HEAn7lSN8rco0="></latexit>

JK,2 = JK(q)

1



Volume-ish Bound 
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Prediction from Volume-ish Bounds
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107% error
<latexit sha1_base64="fXN0QpERRdUaK+Q4WzW8P+qCVEE=">AAAB/XicdVDLSgNBEJyNrxhf8XHzMhgET2F3syR6E714jGBUyIYwO+kkQ2YfzPSKcQn+ihcPinj1P7z5N85qBBUtaCiquunuChIpNNr2m1WYmZ2bXygulpaWV1bXyusb5zpOFYcWj2WsLgOmQYoIWihQwmWigIWBhItgdJz7F1egtIijMxwn0AnZIBJ9wRkaqVvecuwG9Xd96iNcYwZKxWrSLVfs6sF+3fXq1K7adsNxnZy4Da/mUccoOSpkima3/Or3Yp6GECGXTOu2YyfYyZhCwSVMSn6qIWF8xAbQNjRiIehO9nH9hO4apUf7sTIVIf1Qv09kLNR6HAamM2Q41L+9XPzLa6fY3+9kIkpShIh/LuqnkmJM8yhoTyjgKMeGMK6EuZXyIVOMowmsZEL4+pT+T87dqlOruqde5fBoGkeRbJMdskcc0iCH5IQ0SYtwckPuyAN5tG6te+vJev5sLVjTmU3yA9bLO494lLE=</latexit>

111, 521 alternating knots
<latexit sha1_base64="AqTCZ5LJoFYZrhRYZw75P+ETPj0=">AAACCnicdVDLSgMxFM34tr6qLt1Ei+BCyqQ+WndFNy4rWBXaUjLpbQ3NZIbkjliGrt34K25cKOLWL3Dn35jRCip6IHA451xu7gliJS36/ps3Nj4xOTU9M5ubm19YXMovr5zZKDEC6iJSkbkIuAUlNdRRooKL2AAPAwXnQf8o88+vwFgZ6VMcxNAKeU/LrhQcndTOrzPGtvdKrEmbCNeYcoVgtDN1j/Z1hHbYzhf8ou/7Lkgzwsr7viMHB5USq1CWWQ4FMkKtnX9tdiKRhKBRKG5tg/kxtlJuUAoFw1wzsRBz0ec9aDiqeQi2lX6cMqSbTunQbmTc00g/1O8TKQ+tHYSBS4YcL+1vLxP/8hoJdiutVOo4QdDic1E3URQjmvVCO9KAQDVwhAsj3V+puOSGC9eHzbkSvi6l/5OzUpHtFEsnu4Xq4aiOGbJGNsgWYaRMquSY1EidCHJD7sgDefRuvXvvyXv+jI55o5lV8gPeyzst4ZoD</latexit>

(35.6%)
<latexit sha1_base64="hfd7sgm+pRYPdRZzflqbzQgerd0=">AAAB73icdVDLSgMxFM3UV62vqks3wVKomyFptY9d0Y3LCvYB7VAyaaYNzTxMMkIZ+hNuXCji1t9x59+YaSuo6IELh3Pu5d573EhwpRH6sDJr6xubW9nt3M7u3v5B/vCoo8JYUtamoQhlzyWKCR6wtuZasF4kGfFdwbru9Cr1u/dMKh4Gt3oWMccn44B7nBJtpF6pcmFXB8WzYb6AbIQQxhimBNeqyJBGo17GdYhTy6AAVmgN8++DUUhjnwWaCqJUH6NIOwmRmlPB5rlBrFhE6JSMWd/QgPhMOcni3jksGmUEvVCaCjRcqN8nEuIrNfNd0+kTPVG/vVT8y+vH2qs7CQ+iWLOALhd5sYA6hOnzcMQlo1rMDCFUcnMrpBMiCdUmopwJ4etT+D/plG1cscs354Xm5SqOLDgBp6AEMKiBJrgGLdAGFAjwAJ7As3VnPVov1uuyNWOtZo7BD1hvn/oyjqI=</latexit>



Khovanov Homology 
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Prediction from Khovanov Rank
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4.67% error
<latexit sha1_base64="uwxDRKOTFl0+dhYBTJhrs8csNhY=">AAAB/nicdVBNS8NAEN34bf2qiicvi0XwFJIYWr2JXjxWsFVoStlsp3bp5oPdiVhCwb/ixYMiXv0d3vw3btoKKvpg4PHeDDPzwlQKjY7zYc3Mzs0vLC4tl1ZW19Y3yptbTZ1kikODJzJR1yHTIEUMDRQo4TpVwKJQwlU4OCv8q1tQWiTxJQ5TaEfsJhY9wRkaqVPe8e1qjQb7AQ0Q7jAHpRI16pQrjn18VPX8KnVsx6m5nlsQr+Yf+tQ1SoEKmaLeKb8H3YRnEcTIJdO65ToptnOmUHAJo1KQaUgZH7AbaBkaswh0Ox+fP6L7RunSXqJMxUjH6veJnEVaD6PQdEYM+/q3V4h/ea0Me0ftXMRphhDzyaJeJikmtMiCdoUCjnJoCONKmFsp7zPFOJrESiaEr0/p/6Tp2e6h7V34lZPTaRxLZJfskQPikho5IeekThqEk5w8kCfybN1bj9aL9TppnbGmM9vkB6y3TwxPlPI=</latexit>

196, 011 knots
<latexit sha1_base64="eXcl2Wz3uymuwbxppPawA7KHYNg=">AAAB/nicdVDLSgNBEJyNrxhfUfHkZTAIHiTsRMnjFvTiMYJ5QBLC7GSSDJmdXWZ6xbAE/BUvHhTx6nd482+cTSKoaEFDUdVNd5cXSmHAdT+c1NLyyupaej2zsbm1vZPd3WuYINKM11kgA93yqOFSKF4HAZK3Qs2p70ne9MaXid+85dqIQN3AJORdnw6VGAhGwUq97AGpFE9dQjq4A/wO4rEKwEx72Zybd12rE5wQUiq6llQq5QIpY5JYFjm0QK2Xfe/0Axb5XAGT1Jg2cUPoxlSDYJJPM53I8JCyMR3ytqWK+tx049n5U3xslT4eBNqWAjxTv0/E1Ddm4nu206cwMr+9RPzLa0cwKHdjocIIuGLzRYNIYghwkgXuC80ZyIkllGlhb8VsRDVlYBPL2BC+PsX/k0YhT87yhevzXPViEUcaHaIjdIIIKqEqukI1VEcMxegBPaFn5955dF6c13lrylnM7KMfcN4+AeSAlNk=</latexit>

(62.6%)
<latexit sha1_base64="n0NPAmpNnxSieGaWHeMgviV2e60=">AAAB73icdVDLSgMxFM3UV62vqks3wVKomyEZpY9d0Y3LCvYB7VAyaaYNzTxMMkIZ+hNuXCji1t9x59+YaSuo6IELh3Pu5d57vFhwpRH6sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Crzu/dMKh6Ft3oWMzcg45D7nBJtpF6l6tjVQflsWCwhGyGEMYYZwbUqMqTRqDu4DnFmGZTACq1h8X0wimgSsFBTQZTqYxRrNyVScyrYvDBIFIsJnZIx6xsakoApN13cO4dlo4ygH0lToYYL9ftESgKlZoFnOgOiJ+q3l4l/ef1E+3U35WGcaBbS5SI/EVBHMHsejrhkVIuZIYRKbm6FdEIkodpEVDAhfH0K/ycdx8bntnNzUWperuLIgxNwCioAgxpogmvQAm1AgQAP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2Cfo1jqI=</latexit>



Dramatis Personae 

(1921)



Feedforward Neural Networks
Input vector

Neuron

Schematic representation of  feedforward neural network. The top figure denotes the perceptron (a single neuron), 
the bottom, the multiple neurons and multiple layers of  the neural network.

Mathematica 10+

Rosenblatt (1957)



Neural Network 

{J1, . . . , Jn} �! {v1, . . . , vn}
<latexit sha1_base64="/RYxXDxjhWnIfHxf31O0abVyCow="></latexit>

Ji 2 T
<latexit sha1_base64="VpMjJgq3zB1wgx1aZENPYRMFImw=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4KkkV2+6KbsRVhb6kHUomzbShSWZIMkIp/Qo3LhRx6+e482/MtBVU9MCFwzn3cu89QSy4sQh9eJmV1bX1jexmbmt7Z3cvv3/QMlGiKWvSSES6ExDDBFesabkVrBNrRmQgWDsYX6V++55pwyPVsJOY+ZIMFQ85JdZJdzd9DntcwUY/X0BFhBDGGKYEly+QI9VqpYQrEKeWQwEsUe/n33uDiCaSKUsFMaaLUWz9KdGWU8FmuV5iWEzomAxZ11FFJDP+dH7wDJ44ZQDDSLtSFs7V7xNTIo2ZyMB1SmJH5reXin953cSGFX/KVZxYpuhiUZgIaCOYfg8HXDNqxcQRQjV3t0I6IppQ6zLKuRC+PoX/k1apiM+KpdvzQu1yGUcWHIFjcAowKIMauAZ10AQUSPAAnsCzp71H78V7XbRmvOXMIfgB7+0TAtmP5w==</latexit>

{J 0
1, . . . , J

0
m} �! ???

<latexit sha1_base64="pq6ak2ymzHQgz6zu/dwcue3QVhQ="></latexit>

J 0
i 2 T c

<latexit sha1_base64="t7DgiwDIb0G9prW0+Q3F0xqLtgg=">AAAB83icdVDLSsNAFJ34rPVVdelmsIiuQpKGtu6KbsRVhb6giWUynbRDJ5MwMxFK6G+4caGIW3/GnX/jpK2gogcuHM65l3vvCRJGpbKsD2NldW19Y7OwVdze2d3bLx0cdmScCkzaOGax6AVIEkY5aSuqGOklgqAoYKQbTK5yv3tPhKQxb6lpQvwIjTgNKUZKS97NgJ5Bj3LYusODUtkyL+pVx61Cy7Ssmu3YOXFqbsWFtlZylMESzUHp3RvGOI0IV5ghKfu2lSg/Q0JRzMis6KWSJAhP0Ij0NeUoItLP5jfP4KlWhjCMhS6u4Fz9PpGhSMppFOjOCKmx/O3l4l9eP1Vh3c8oT1JFOF4sClMGVQzzAOCQCoIVm2qCsKD6VojHSCCsdExFHcLXp/B/0nFMu2I6t265cbmMowCOwQk4BzaogQa4Bk3QBhgk4AE8gWcjNR6NF+N10bpiLGeOwA8Yb5/s3ZD5</latexit>

Jones polynomials are represented as 18-vectors

Two layer neural network in Mathematica

100⇥ 100
<latexit sha1_base64="cqStbaHY26ciuRMJe546hcNPRHQ=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEInkpSBT0WvXisYD+gDWWz3bRLN5u4OymU0N/hxYMiXv0x3vw3btsctPWFhYd3ZpjZN0ikMOi6387a+sbm1nZhp7i7t39wWDo6bpo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRnezemvMtRGxesRJwv2IDpQIBaNoLd9z3S6KiBtiqVcquxV3LrIKXg5lyFXvlb66/ZilEVfIJDWm47kJ+hnVKJjk02I3NTyhbEQHvGNRUbvIz+ZHT8m5dfokjLV9Csnc/T2R0ciYSRTYzoji0CzXZuZ/tU6K4Y2fCZWkyBVbLApTSTAmswRIX2jOUE4sUKaFvZWwIdWUoc2paEPwlr+8Cs1qxbusVB+uyrXbPI4CnMIZXIAH11CDe6hDAxg8wTO8wpszdl6cd+dj0brm5DMn8EfO5w+zgJDA</latexit>

~J
<latexit sha1_base64="3jBp2G+tZz5MOF2vDzgFKFDZuPk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0Ip4q2A9oQ9lsJ+3SzSbsbgol9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLFSqztGlj1Me6WyW3HnIKvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nAabGbakwoG9EBdiyVNELtZ/Nzp+TcKn0SxsqWNGSu/p7IaKT1JApsZ0TNUC97M/E/r5Oa8MbPuExSg5ItFoWpICYms99JnytkRkwsoUxxeythQ6ooMzahog3BW355lTSrFe+yUn28Ktdu8zgKcApncAEeXEMN7qEODWAwgmd4hTcncV6cd+dj0brm5DMn8AfO5w9tS4+g</latexit>

100⇥ 18
<latexit sha1_base64="ZM9akGqEHInfUHXb6UZRGleIpvw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI9FLx4r2A9oQtlsN+3SzSbsToRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O4WNza3tneJuaW//4PCofHzSNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO7+Z+54lrIxL1iJOUBzEdKhEJRtFKvue6PoqYG+LV++WKW3UXIOvEy0kFcjT75S9/kLAs5gqZpMb0PDfFYEo1Cib5rORnhqeUjemQ9yxV1O4JpoubZ+TCKgMSJdqWQrJQf09MaWzMJA5tZ0xxZFa9ufif18swqgdTodIMuWLLRVEmCSZkHgAZCM0ZyokllGlhbyVsRDVlaGMq2RC81ZfXSbtW9a6qtYfrSuM2j6MIZ3AOl+DBDTTgHprQAgYpPMMrvDmZ8+K8Ox/L1oKTz5zCHzifP05WkI4=</latexit>

100X

a=1
<latexit sha1_base64="OcfSlIoh9zaI/BpEJ7fp0KNJiF8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mqoBeh6MVjBfsBbQyb7aZdutmE3U2hhPwTLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8etVWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjO9mfmdCpWKxeNTThHoRHgoWMoK1kXzb7qs08jN84+ZPmes4uW9XnZozB1olbkGqUKDp21/9QUzSiApNOFaq5zqJ9jIsNSOc5pV+qmiCyRgPac9QgSOqvGx+eY7OjDJAYSxNCY3m6u+JDEdKTaPAdEZYj9SyNxP/83qpDq+9jIkk1VSQxaIw5UjHaBYDGjBJieZTQzCRzNyKyAhLTLQJq2JCcJdfXiXtes29qNUfLquN2yKOMpzAKZyDC1fQgHtoQgsITOAZXuHNyqwX6936WLSWrGLmGP7A+vwBtl+TDQ==</latexit>

f✓( ~JK) =
X

a

�
⇣
W 2

✓ · �(W 1
✓ · ~JK +~b1✓) +~b2✓

⌘a

<latexit sha1_base64="uxNdnfxLCMnhnFdsrCopsEsI4jA="></latexit>

�(x) =
1

1 + e�x
<latexit sha1_base64="mYDuN0KqT9SyAaz069rMQefFTeg="></latexit>

Ji
<latexit sha1_base64="MmvoA4FO3L6wAPlXxxL4sjAhO2k=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0Ip4q2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12P90plt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK955pXp/Ua5d53EU4BhO4Aw8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w8byo2u</latexit>

vi
<latexit sha1_base64="vWSC4V0BJ9QsOnJdAOZS13qk5YI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnu8Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj91Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+5v0uUJmxMQSyhS3txI2pIoyY9Mp2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYDeIZXeHOE8+K8Ox+L1jUnnzmBP3A+fwBe0o3a</latexit>

Logistic sigmoids for the hidden layers

~JK = (min,max, coe↵s, 0, . . . , 0)

<latexit sha1_base64="qJaufHXKW2hh6bx5ZuepauuKqCM="></latexit>

12000 hyperparameters



Neural Network 
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Prediction from Neural Network
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trained on 10% of the 313, 209 knots up to 15 crossings
<latexit sha1_base64="VF5NvZKqHR+PlTTmBoNidtJLG8s="></latexit>

2.45± 0.10% error
<latexit sha1_base64="7UeH6HNRddYVG3GuriwPpfCnFtE=">AAACBnicdVDLSsNAFJ34tr6qLkUYLAVXIUljW3eiG5cK1gpNKZPprQ5OHszciCV05cZfceNCEbd+gzv/xolWUNEDA4dzzuXOPWEqhUbHebMmJqemZ2bn5ksLi0vLK+XVtVOdZIpDiycyUWch0yBFDC0UKOEsVcCiUEI7vDwo/PYVKC2S+ASHKXQjdh6LgeAMjdQrb3q2vxOkEXVs16FBNaABwjXmoFSiRr1yxbF3m3XPr5uA4zRczy2I1/BrPnWNUqBCxjjqlV+DfsKzCGLkkmndcZ0UuzlTKLiEUSnINKSMX7Jz6Bgaswh0N/84Y0SrRunTQaLMi5F+qN8nchZpPYxCk4wYXujfXiH+5XUyHDS7uYjTDCHmn4sGmaSY0KIT2hcKOMqhIYwrYf5K+QVTjKNprmRK+LqU/k9OPdut2d6xX9nbH9cxRzbIFtkmLmmQPXJIjkiLcHJD7sgDebRurXvryXr+jE5Y45l18gPWyzuLt5dU</latexit>



Neural Network 
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Prediction from Neural Network
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trained on 10% of the 313, 209 knots up to 15 crossings
<latexit sha1_base64="VF5NvZKqHR+PlTTmBoNidtJLG8s="></latexit>

2.36± 0.04% error

<latexit sha1_base64="V5BB1iAm/tfkxD+kanNPtMdrXvA=">AAACBXicdVDLSgNBEJz1bXxFPephMAielt3NksdN9OJRwWggG8LspKODsw9mesWw5OLFX/HiQRGv/oM3/8ZZE0FFCxqKqm66u8JUCo2O825NTc/Mzs0vLJaWlldW18rrG2c6yRSHFk9kotoh0yBFDC0UKKGdKmBRKOE8vDos/PNrUFok8SkOU+hG7CIWA8EZGqlX3vbsai1II+rYjh/sBjRAuMEclErUqFeuOHazUfP8WuE7dddzC+LV/apPXaMUqJAJjnvlt6Cf8CyCGLlkWndcJ8VuzhQKLmFUCjINKeNX7AI6hsYsAt3NP78Y0V2j9OkgUaZipJ/q94mcRVoPo9B0Rgwv9W+vEP/yOhkOGt1cxGmGEPPxokEmKSa0iIT2hQKOcmgI40qYWym/ZIpxNMGVTAhfn9L/yZlnu77dPPEr+weTOBbIFtkhe8QldbJPjsgxaRFObsk9eSRP1p31YD1bL+PWKWsys0l+wHr9ADhplzU=</latexit>



Learning Curve 

0.001 0.005 0.010 0.050 0.100 0.500
Training Fraction

0.025
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0.040

0.045

Absolute Error

training on          already improves Khovanov result0.1%
<latexit sha1_base64="cI/sf8kg+YCSNQqecqNebjGmKIE=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LJaCp7BJQ1tvRS8eK5i20Iay2W7bpZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvDDhTGmEPqzCxubW9k5xt7S3f3B4VD4+6ag4lYT6JOax7IVYUc4E9TXTnPYSSXEUctoNZ9e5372nUrFY3Ol5QoMITwQbM4K1kXxkO4PqsFxB9mWz7np1iGyEGo7r5MRteDUPOkbJUQFrtIfl98EoJmlEhSYcK9V3UKKDDEvNCKeL0iBVNMFkhie0b6jAEVVBtjx2AatGGcFxLE0JDZfq94kMR0rNo9B0RlhP1W8vF//y+qkeN4OMiSTVVJDVonHKoY5h/jkcMUmJ5nNDMJHM3ArJFEtMtMmnZEL4+hT+Tzqu7dRs99artK7WcRTBGTgHF8ABDdACN6ANfEAAAw/gCTxbwnq0XqzXVWvBWs+cgh+w3j4Bw7iOAg==</latexit>

(313 out of 313, 209)
<latexit sha1_base64="lLGncOn8NqfVeugwa1yHEjwJo3I="></latexit>



Learning Curve 

0.001 0.005 0.010 0.050 0.100 0.500
Training Fraction

0.025

0.030

0.035

0.040

0.045

Absolute Error

training on          already improves Khovanov result0.1%
<latexit sha1_base64="cI/sf8kg+YCSNQqecqNebjGmKIE=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LJaCp7BJQ1tvRS8eK5i20Iay2W7bpZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvDDhTGmEPqzCxubW9k5xt7S3f3B4VD4+6ag4lYT6JOax7IVYUc4E9TXTnPYSSXEUctoNZ9e5372nUrFY3Ol5QoMITwQbM4K1kXxkO4PqsFxB9mWz7np1iGyEGo7r5MRteDUPOkbJUQFrtIfl98EoJmlEhSYcK9V3UKKDDEvNCKeL0iBVNMFkhie0b6jAEVVBtjx2AatGGcFxLE0JDZfq94kMR0rNo9B0RlhP1W8vF//y+qkeN4OMiSTVVJDVonHKoY5h/jkcMUmJ5nNDMJHM3ArJFEtMtMmnZEL4+hT+Tzqu7dRs99artK7WcRTBGTgHF8ABDdACN6ANfEAAAw/gCTxbwnq0XqzXVWvBWs+cgh+w3j4Bw7iOAg==</latexit>
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(313 out of 313, 209)
<latexit sha1_base64="lLGncOn8NqfVeugwa1yHEjwJo3I="></latexit>



Result 

vi = f(Ji) + small corrections
<latexit sha1_base64="3DQERWSiDDp5fCRtk+jniLv6lig="></latexit>



Ji does not uniquely identify a knot
<latexit sha1_base64="D0qqkdb2BRLC0RFeWgKTOxkG2OE="></latexit>

e.g., 41 and K11n19 have same Jones polynomial, di↵erent volumes
<latexit sha1_base64="m2gBkkUij74bC5R3UOnA0Cpr3TA="></latexit>

Result 

See same behavior with 1,701,903 knots up to 16 crossings
<latexit sha1_base64="jIzsRnGTZ0PGg49T1tcvDVU5K6I="></latexit>

174, 619 unique Jones polynomials
<latexit sha1_base64="o1ateePctxwcGDNKcAEgOguYQDo=">AAACEXicbVA9SwNBEN3z2/gVtbRZDEIKCXcajHZBG7FSMCaQhLC3mcTFvd1zd04MR/6CjX/FxkIRWzs7/42bmEITHww83pthZl4YS2HR97+8qemZ2bn5hcXM0vLK6lp2fePK6sRwqHAttamFzIIUCiooUEItNsCiUEI1vDkZ+NU7MFZodYm9GJoR6yrREZyhk1rZfFAq7h4ERw3aQLjHNFHiNgF6phVYGmvZUzoSTNp+K5vzC/4QdJIEI5IjI5y3sp+NtuZJBAq5ZNbWAz/GZsoMCi6hn2kkFmLGb1gX6o4qFoFtpsOP+nTHKW3a0caVQjpUf0+kLLK2F4WuM2J4bce9gfifV0+wc9hMhYoTBMV/FnUSSVHTQTy0LQxwlD1HGDfC3Ur5NTOMowsx40IIxl+eJFd7hWC/sHdRzJWPR3EskC2yTfIkICVSJqfknFQIJw/kibyQV+/Re/bevPef1ilvNLNJ/sD7+AZa25zJ</latexit>

2.83% average spread in volumes for a Jones polynomial
<latexit sha1_base64="u0K3frG+44C2Y6RFoCDFap8NTio=">AAACKHicbVC7SgNBFJ31GeNr1dJmMAhWYTcKpjNoI1YRjArZEO5OZnVwdmaZuRsMSz7Hxl+xEVEkrV/iJKbwdarDuee+TpxJYTEIRt7M7Nz8wmJpqby8srq27m9sXlqdG8ZbTEttrmOwXArFWyhQ8uvMcEhjya/iu5Nx/arPjRVaXeAg450UbpRIBAN0Utc/qlXr+9FuRCPk91iA88INp3Y8pEeFon0t85RbmmhDgZ5p5Xim5UDpVIAcdv1KUA0moH9JOCUVMkWz679EPc3cSIVMgrXtMMiwU4BBwSQflqPc8gzYnbui7agCt7xTTB4d0l2n9CanJFohnajfOwpIrR2ksXOmgLf2d20s/ldr55jUO4VQWY5csa9FSS4pajpOjfaE4QzlwBFgRrhbKbsFAwxdtmUXQvj75b/kslYN96u184NK43gaR4lskx2yR0JySBrklDRJizDyQJ7IK3nzHr1n790bfVlnvGnPFvkB7+MTDLOmDQ==</latexit>

•  

•  

•  

vi = f(Ji) + small corrections
<latexit sha1_base64="3DQERWSiDDp5fCRtk+jniLv6lig="></latexit>

(database compiled from Knot Atlas and SnapPy)

intrinsic mitigation against overfitting



Result 

• Beyond the volume conjecture in Chern–Simons

weak coupling limit of  
              Chern–Simons

strong coupling limit of  

• Failed experiments (e.g., learning Chern–Simons invariant) also teach us 
something — maybe about the need for underlying homology theory

• Neural network does better than more refined topological invariants

SL(2,C)
<latexit sha1_base64="ZsF4ecUlr3UJHuD/ReuDWo73ezY=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWoICUZxba7YjcuXFS0D2iHkknTNjTzIMkUytA/ceNCEbf+iTv/xkxbQUUPBA7n3Ms9OV4kuNIIfViZldW19Y3sZm5re2d3z94/aKowlpQ1aChC2faIYoIHrKG5FqwdSUZ8T7CWN66lfmvCpOJhcK+nEXN9Mgz4gFOijdSz7bubgnPW9YkeeV5Sm5327DwqIoQwxjAluHSJDKlUyg4uQ5xaBnmwRL1nv3f7IY19FmgqiFIdjCLtJkRqTgWb5bqxYhGhYzJkHUMD4jPlJvPkM3hilD4chNK8QMO5+n0jIb5SU98zk2lE9dtLxb+8TqwHZTfhQRRrFtDFoUEsoA5hWgPsc8moFlNDCJXcZIV0RCSh2pSVMyV8/RT+T5pOEZ8XnduLfPVqWUcWHIFjUAAYlEAVXIM6aAAKJuABPIFnK7EerRfrdTGasZY7h+AHrLdPWFCS2A==</latexit>

SU(2)
<latexit sha1_base64="Ka3WiFI9pxTeUv570a8YZ88DrPk=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BItQLyWpYttb0YvHim5baJeSTbNtaDa7JFmhLP0NXjwo4tUf5M1/Y7atoKIPBh7vzTAzz48F1wahDye3srq2vpHfLGxt7+zuFfcP2jpKFGUujUSkuj7RTHDJXMONYN1YMRL6gnX8yVXmd+6Z0jySd2YaMy8kI8kDTomxknvrlqung2IJVRBCGGOYEVy7QJY0GvUqrkOcWRYlsERrUHzvDyOahEwaKojWPYxi46VEGU4FmxX6iWYxoRMyYj1LJQmZ9tL5sTN4YpUhDCJlSxo4V79PpCTUehr6tjMkZqx/e5n4l9dLTFD3Ui7jxDBJF4uCREATwexzOOSKUSOmlhCquL0V0jFRhBqbT8GG8PUp/J+0qxV8VqnenJeal8s48uAIHIMywKAGmuAatIALKODgATyBZ0c6j86L87pozTnLmUPwA87bJ9pQjhE=</latexit>

{
<latexit sha1_base64="pBlSFPxxoOrJLzo8yIds8kDYw9s=">AAAB+HicdVDLSgNBEJz1GeMjqx69DAbBU9iJYpJb0IvHCOYB2SXMTmaTIbMPZnqFuORLvHhQxKuf4s2/cTaJoKIFDUVVN91dfiKFBsf5sFZW19Y3Ngtbxe2d3b2SvX/Q0XGqGG+zWMaq51PNpYh4GwRI3ksUp6EvedefXOV+944rLeLoFqYJ90I6ikQgGAUjDeySK3kAboZdJUZjqAzsslNxHIcQgnNCaheOIY1GvUrqmOSWQRkt0RrY7+4wZmnII2CSat0nTgJeRhUIJvms6KaaJ5RN6Ij3DY1oyLWXzQ+f4ROjDHEQK1MR4Ln6fSKjodbT0DedIYWx/u3l4l9eP4Wg7mUiSlLgEVssClKJIcZ5CngoFGcgp4ZQpoS5FbMxVZSByapoQvj6FP9POtUKOatUb87LzctlHAV0hI7RKSKohproGrVQGzGUogf0hJ6te+vRerFeF60r1nLmEP2A9fYJtFqTIQ==</latexit>

lim
N!1

2⇡ log JK,N (e
2⇡i
N )

N
= Vol(K) + 2⇡2iCS(K)

<latexit sha1_base64="FcXk4iuPRuToJ5xmtQwiqcGF7sE="></latexit>

• We want a not machine learning knot result

cf. Calabi–Yau Hodge numbers,  
    line bundle cohomology, etc.

Jones polynomial (quantum)             volume (classical) !
<latexit sha1_base64="4GXvn++EqXgNPK23dwYnAOjGW64=">AAAB/HicdVBNSwMxEM3W7/q16tFLsAieyqaKbW+iF48K1hbapWTT7DY0myzJrFKK/hUvHhTx6g/x5r8xqxVU9MHA470ZZuZFmRQWguDNK83Mzs0vLC6Vl1dW19b9jc1Lq3PDeItpqU0nopZLoXgLBEjeyQynaSR5OxqdFH77ihsrtLqAccbDlCZKxIJRcFLf3+pJrRLJYzAiGQI1Rl/3/UpQDYKAEIILQuqHgSPNZqNGGpgUlkMFTXHW9197A83ylCtgklrbJUEG4YQaEEzym3IvtzyjbEQT3nVU0ZTbcPJx/A3edcoAx9q4UoA/1O8TE5paO04j15lSGNrfXiH+5XVziBvhRKgsB67Y56I4lxg0LpLAA2E4Azl2hDIj3K2YDamhDFxeZRfC16f4f3JZq5L9au38oHJ0PI1jEW2jHbSHCKqjI3SKzlALMTRGd+gBPXq33r335D1/tpa86cwW+gHv5R33r5Wj</latexit>

vi = f(Ji) + small corrections
<latexit sha1_base64="3DQERWSiDDp5fCRtk+jniLv6lig="></latexit>



Towards the Volume Conjecture 
• The Volume Conjecture: lim

N!1

2⇡ log |JK,N (e
2⇡ i
N )|

N
= Vol(K)

<latexit sha1_base64="Toh1aoI49JhG2nUENbtA9lKfREQ="></latexit>
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• 11,921 colored Jones polynomials at N = 3
<latexit sha1_base64="e3BQNo8HYrM8h8SeSyC5rwFdPKs=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KptWbHsQil48SUX7Ae1SsmnahmazS5IVytKf4MWDIl79Rd78N2bbCir6YODx3gwz8/xIcG1c98NZWl5ZXVvPbGQ3t7Z3dnN7+00dxoqyBg1FqNo+0UxwyRqGG8HakWIk8AVr+ePL1G/dM6V5KO/MJGJeQIaSDzglxkq31+elXi7vFlzXxRijlODymWtJtVop4grCqWWRhwXqvdx7tx/SOGDSUEG07mA3Ml5ClOFUsGm2G2sWETomQ9axVJKAaS+ZnTpFx1bpo0GobEmDZur3iYQEWk8C33YGxIz0by8V//I6sRlUvITLKDZM0vmiQSyQCVH6N+pzxagRE0sIVdzeiuiIKEKNTSdrQ/j6FP1PmsUCLhWKN6f52sUijgwcwhGcAIYy1OAK6tAACkN4gCd4doTz6Lw4r/PWJWcxcwA/4Lx9AulHjZA=</latexit>



Principal Component Analysis 

• One layer network — error is only slightly worse: 

• Where is the weight matrix most dense? — 500 neurons

2.45± 0.04% error

<latexit sha1_base64="X7hZWGCbCPLoPZ9IOox48PRsXJY=">AAACBXicdVDLSgNBEJz1bXxFPephMAQ8LbvrmsdN9OJRwRghG8LspKODsw9mesWw5OLFX/HiQRGv/oM3/8ZZjaCiBQ1FVTfdXWEqhUbHebMmJqemZ2bn5ksLi0vLK+XVtVOdZIpDiycyUWch0yBFDC0UKOEsVcCiUEI7vDwo/PYVKC2S+ASHKXQjdh6LgeAMjdQrb3q2vxukEXVsxw+qAQ0QrjEHpRI16pUrjt1s1Dy/VvhO3fXcgnh1f8enrlEKVMgYR73ya9BPeBZBjFwyrTuuk2I3ZwoFlzAqBZmGlPFLdg4dQ2MWge7mH1+MaNUofTpIlKkY6Yf6fSJnkdbDKDSdEcML/dsrxL+8ToaDRjcXcZohxPxz0SCTFBNaREL7QgFHOTSEcSXMrZRfMMU4muBKJoSvT+n/5NSzXd9uHvuVvf1xHHNkg2yRbeKSOtkjh+SItAgnN+SOPJBH69a6t56s58/WCWs8s05+wHp5BzhqlzU=</latexit>



No Degrees Needed 
• Jones polynomials were fed in to the neural network as 18-vectors

• Suppose we drop the degrees so that the Jones polynomial is no longer 
recoverable from the input vector

~JK = (min,max, coe↵s, 0, . . . , 0)

<latexit sha1_base64="J/yLLUrYaEKI+ZTtweDAFq1cbhU="></latexit>

• Results are unchanged!

2.36± 0.10% error

<latexit sha1_base64="/qdOFpzAET8REFBDsRcX6fFqBwA=">AAACBXicdVA9SwNBEN3z2/gVtdRiMQhWx93lSLQTbSwVTCLkQtjbTMySvQ9258RwpLHxr9hYKGLrf7Dz37inEVT0wcDjvRlm5oWpFBod582amp6ZnZtfWCwtLa+srpXXN5o6yRSHBk9koi5CpkGKGBooUMJFqoBFoYRWODwu/NYVKC2S+BxHKXQidhmLvuAMjdQtb3t2tRakEXVs1wl2AxogXGMOSiVq3C1XHPtgv+b5NeM7Tt313IJ4db/qU9coBSpkgtNu+TXoJTyLIEYumdZt10mxkzOFgksYl4JMQ8r4kF1C29CYRaA7+ccXY7prlB7tJ8pUjPRD/T6Rs0jrURSazojhQP/2CvEvr51hf7+TizjNEGL+uaifSYoJLSKhPaGAoxwZwrgS5lbKB0wxjia4kgnh61P6P2l6tuvbB2d+5fBoEscC2SI7ZI+4pE4OyQk5JQ3CyQ25Iw/k0bq17q0n6/mzdcqazGySH7Be3gEzrpcy</latexit>
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Volume is determined only by the 
coefficients in the Jones polynomial

~CK = (coe↵s, 0, . . . , 0)

<latexit sha1_base64="D9ElSs7Vc3JoWK04cDHwCERDmxI="></latexit>



Coefficients 

<latexit sha1_base64="NeW6/GgQsQqt7OofHfx2czgIBOU=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hZlgTHILevEYwTwgWcPsZDYZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lxVJog/GHs7K6tr6xmdvKb+/s7u0XDg7bOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrjK/c8+VFlF4a6YxdwM6CoUvGDVW6rTvUlKqzAaFIi5hjAkhKCOkeoEtqddrZVJDJLMsirBEc1B47w8jlgQ8NExSrXsEx8ZNqTKCST7L9xPNY8omdMR7loY04NpN5+fO0KlVhsiPlK3QoLn6fSKlgdbTwLOdATVj/dvLxL+8XmL8mpuKME4MD9likZ9IZCKU/Y6GQnFm5NQSypSwtyI2pooyYxPK2xC+PkX/k3a5RColfHNebFwu48jBMZzAGRCoQgOuoQktYDCBB3iCZyd2Hp0X53XRuuIsZ47gB5y3T8w9jzo=</latexit>

V 1.5
<latexit sha1_base64="9xhG106qnYQHivJNMuVQvXocwYs=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8LTMhmuQW9OIxgnlAsobZySQZMvtgZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lx1Jog/GHs7K6tr6xmdvKb+/s7u0XDg5bOkoU400WyUh1fKq5FCFvGmEk78SK08CXvO1PrjK/fc+VFlF4a6Yx9wI6CsVQMGqs1G7dpSW3POsXitjFGBNCUEZI5QJbUqtVS6SKSGZZFGGJRr/w3htELAl4aJikWncJjo2XUmUEk3yW7yWax5RN6Ih3LQ1pwLWXzs+doVOrDNAwUrZCg+bq94mUBlpPA992BtSM9W8vE//yuokZVr1UhHFieMgWi4aJRCZC2e9oIBRnRk4toUwJeytiY6ooMzahvA3h61P0P2mVXHLu4ptysX65jCMHx3ACZ0CgAnW4hgY0gcEEHuAJnp3YeXRenNdF64qznDmCH3DePgHMP486</latexit>

V 2.4

<latexit sha1_base64="wb12qcxNC3U0Uc/PWzg06gvDPAU=">AAAB7HicdVDLSgMxFL3js9ZX1aWbYBFclaQ+2u6KblxWsA9oa8mkaRuayQxJRihDv8GNC0Xc+kHu/BszbQUVPXDhcM693HuPH0lhLMYf3tLyyuraemYju7m1vbOb29tvmDDWjNdZKEPd8qnhUihet8JK3oo0p4EvedMfX6V+855rI0J1aycR7wZ0qMRAMGqdVG/cJafTXi6PCxhjQghKCSldYEcqlXKRlBFJLYc8LFDr5d47/ZDFAVeWSWpMm+DIdhOqrWCST7Od2PCIsjEd8rajigbcdJPZsVN07JQ+GoTalbJopn6fSGhgzCTwXWdA7cj89lLxL68d20G5mwgVxZYrNl80iCWyIUo/R32hObNy4ghlWrhbERtRTZl1+WRdCF+fov9Jo1gg5wV8c5avXi7iyMAhHMEJEChBFa6hBnVgIOABnuDZU96j9+K9zluXvMXMAfyA9/YJ7AGOxQ==</latexit>

V 3
<latexit sha1_base64="UCwoNgg6AwjvyFhcTYXQk3QyY/g=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4GpJqbbsrunFZwT6gHUsmzbShmcyQZIQy9CPcuFDErd/jzr8x01ZQ0QMXDufcy733+LHg2iD04eRWVtfWN/Kbha3tnd294v5BW0eJoqxFIxGprk80E1yyluFGsG6sGAl9wTr+5CrzO/dMaR7JWzONmReSkeQBp8RYqdO+S8/cymxQLCEXIYQxhhnB1QtkSb1eK+MaxJllUQJLNAfF9/4woknIpKGCaN3DKDZeSpThVLBZoZ9oFhM6ISPWs1SSkGkvnZ87gydWGcIgUrakgXP1+0RKQq2noW87Q2LG+reXiX95vcQENS/lMk4Mk3SxKEgENBHMfodDrhg1YmoJoYrbWyEdE0WosQkVbAhfn8L/Sbvs4oqLbs5LjctlHHlwBI7BKcCgChrgGjRBC1AwAQ/gCTw7sfPovDivi9acs5w5BD/gvH0Cz0uPPA==</latexit>

V 3.5

<latexit sha1_base64="VeBPEXiGDtBaKg7/BWPw2zME6ys=">AAAB73icdVDLSgMxFM34rPVVdekmWARXJSlq212xG5cV7APaoWTSTBuaZMYkI5ShP+HGhSJu/R13/o2ZtoKKHrhwOOde7r0niAU3FqEPb2V1bX1jM7eV397Z3dsvHBy2TZRoylo0EpHuBsQwwRVrWW4F68aaERkI1gkmjczv3DNteKRu7TRmviQjxUNOiXVStzFI+7EszwaFIiohhDDGMCO4cokcqdWqZVyFOLMcimCJ5qDw3h9GNJFMWSqIMT2MYuunRFtOBZvl+4lhMaETMmI9RxWRzPjp/N4ZPHXKEIaRdqUsnKvfJ1IijZnKwHVKYsfmt5eJf3m9xIZVP+UqTixTdLEoTAS0Ecyeh0OuGbVi6gihmrtbIR0TTah1EeVdCF+fwv9Ju1zCFyV0c16sXy3jyIFjcALOAAYVUAfXoAlagAIBHsATePbuvEfvxXtdtK54y5kj8APe2ycfN5AJ</latexit>

C±2
<latexit sha1_base64="nlx6qhh2da10LonhdfzNleb4Ej4=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4Kkl9tN0Vu3FZwT6gHUomTdvQJDMmGaEM/Qk3LhRx6++482/MtBVU9MCFwzn3cu89QSS4sQh9eJmV1bX1jexmbmt7Z3cvv3/QMmGsKWvSUIS6ExDDBFesabkVrBNpRmQgWDuY1FO/fc+04aG6tdOI+ZKMFB9ySqyTOvV+0ovk2ayfL6AiQghjDFOCy5fIkWq1UsIViFPLoQCWaPTz771BSGPJlKWCGNPFKLJ+QrTlVLBZrhcbFhE6ISPWdVQRyYyfzO+dwROnDOAw1K6UhXP1+0RCpDFTGbhOSezY/PZS8S+vG9thxU+4imLLFF0sGsYC2hCmz8MB14xaMXWEUM3drZCOiSbUuohyLoSvT+H/pFUq4osiujkv1K6WcWTBETgGpwCDMqiBa9AATUCBAA/gCTx7d96j9+K9Lloz3nLmEPyA9/YJILyQCg==</latexit>

C±3

<latexit sha1_base64="tDJch6Ev8voEAgazNux70J9EFT0=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4Kkmptt0Vu3FZwT6gHUomTdvQJDMmGaEM/Qk3LhRx6++482/MtBVU9MCFwzn3cu89QSS4sQh9eJm19Y3Nrex2bmd3b/8gf3jUNmGsKWvRUIS6GxDDBFesZbkVrBtpRmQgWCeYNlK/c8+04aG6tbOI+ZKMFR9xSqyTuo1B0o9keT7IF1ARIYQxhinBlUvkSK1WLeEqxKnlUAArNAf59/4wpLFkylJBjOlhFFk/IdpyKtg8148NiwidkjHrOaqIZMZPFvfO4ZlThnAUalfKwoX6fSIh0piZDFynJHZifnup+JfXi+2o6idcRbFlii4XjWIBbQjT5+GQa0atmDlCqObuVkgnRBNqXUQ5F8LXp/B/0i4V8UUR3ZQL9atVHFlwAk7BOcCgAurgGjRBC1AgwAN4As/enffovXivy9aMt5o5Bj/gvX0CIkGQCw==</latexit>

C±4
<latexit sha1_base64="5oZ4ngpBgRzLnHKUZpfqyomlrak=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4Kkmxtt0Vu3FZwT6gHUomTdvQJDMmGaEM/Qk3LhRx6++482/MtBVU9MCFwzn3cu89QSS4sQh9eJm19Y3Nrex2bmd3b/8gf3jUNmGsKWvRUIS6GxDDBFesZbkVrBtpRmQgWCeYNlK/c8+04aG6tbOI+ZKMFR9xSqyTuo1B0o9keT7IF1ARIYQxhinBlUvkSK1WLeEqxKnlUAArNAf59/4wpLFkylJBjOlhFFk/IdpyKtg8148NiwidkjHrOaqIZMZPFvfO4ZlThnAUalfKwoX6fSIh0piZDFynJHZifnup+JfXi+2o6idcRbFlii4XjWIBbQjT5+GQa0atmDlCqObuVkgnRBNqXUQ5F8LXp/B/0i4VcbmIbi4K9atVHFlwAk7BOcCgAurgGjRBC1AgwAN4As/enffovXivy9aMt5o5Bj/gvX0CI8aQDA==</latexit>

C±5
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QCD
Masses in



Quantum Field Theory 

• To define a quantum field theory, we must specify the fields and 
how they interact

�

• Electrons and positrons interact by exchanging photons, for example

• A field has a value at every point in spacetime

• Particles are local excitations of  these fields

e�
e�

e�
e�

�

e+

e� e+

e�

t



Quantum Field Theory 
• Fundamental forces are described by quantum field theory

• Standard Model

electromagnetism 
weak force 
strong force 
Higgs effect

↵�1
exp = 137.035999139(31)

↵�1
th = 137.035999173(35)

everything except gravity

•  LHC has not seen BSM physics 
Nevertheless, SM is incomplete



Quantum Field Theory 
• Fundamental forces are described by quantum field theory

• Standard Model

electromagnetism 
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strong force 
Higgs effect

↵�1
exp = 137.035999139(31)
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th = 137.035999173(35)

everything except gravity

•  
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LHC has not seen BSM physics 
Nevertheless, SM is incomplete



Confinement 
•             ,                  ,                          of                QCDq 2

<latexit sha1_base64="6qyJQtVhQpfaWby8rPySqF9ABhM=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj04rGCaQttKJvtpF262cTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzvz2EyrNE/lgJikGMR1KHnFGjZX8R9Ljsl+pujV3DrJKvIJUoUCzX/nqDRKWxSgNE1TrruemJsipMpwJnJZ7mcaUsjEdYtdSSWPUQT4/dkrOrTIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6DnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzKdsQvOWXV0nrsubVa/X7erVxU8RRglM4gwvw4AoacAdN8IEBh2d4hTdHOi/Ou/OxaF1zipkT+APn8wd2vY53</latexit>

q̄ 2

<latexit sha1_base64="PZstmppMPsfB8R9b1B1Dukl0aLo=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj04rGC/YAklM122y7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMyLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3I2q4FIq3UKDk3VRzGkeSd6Lx7czvPHFtRKIecJLyMKZDJQaCUbSSH0RU549TEgjVq1TdmjsHWSVeQapQoNmrfAX9hGUxV8gkNcb33BTDnGoUTPJpOcgMTykb0yH3LVU05ibM5ydPyblV+mSQaFsKyVz9PZHT2JhJHNnOmOLILHsz8T/Pz3BwHeZCpRlyxRaLBpkkmJDZ/6QvNGcoJ5ZQpoW9lbAR1ZShTalsQ/CWX14l7cuaV6/V7+vVxk0RRwlO4QwuwIMraMAdNKEFDBJ4hld4c9B5cd6dj0XrmlPMnMAfOJ8/PsmRPA==</latexit>

g 2

<latexit sha1_base64="O98dExIQyN6gN2Mg1bq/sAbDEnM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPyJ9oQbVmlt3FyDrxCtIDQq0BtWv/jBhWcwVMkmN6XluikFONQom+azSzwxPKZvQEe9ZqmjMTZAvjp2RC6sMSZRoWwrJQv09kdPYmGkc2s6Y4tisenPxP6+XYXQT5EKlGXLFlouiTBJMyPxzMhSaM5RTSyjTwt5K2JhqytDmU7EheKsvr5P2Vd1r1BsPjVrztoijDGdwDpfgwTU04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wdnbY5t</latexit>

SU(3)

<latexit sha1_base64="95VtN4Emi4y+f3Ip4lkny1J9aFo=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHBC9lVEj0SvXjE6AIJbEi3dKGh2920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxLBtXGcb1RYW9/Y3Cpul3Z29/YPyodHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+Hbmt5+Y0jyWj2aSMD8iQ8lDTomxkvfgVS/P++WKU3PmwKvEzUkFcjT75a/eIKZpxKShgmjddZ3E+BlRhlPBpqVeqllC6JgMWddSSSKm/Wx+7BSfWWWAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE177GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT8mG4C6/vEpaFzW3Xqvf1yuNmzyOIpzAKVTBhStowB00wQMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfP4/Xjd8=</latexit>

• Asymptotic freedom

• Infrared slavery

↵s(k
2) =

g2s(k
2)

4⇡

<latexit sha1_base64="NXUAZIhmQIC7JJN1WD8/BwzeN8k="></latexit>

�(gs) =
@gs

@ logµ
= � g3s

16⇡2
(
11

3
N � 2

3
Nf � 1

3
Ns)

<latexit sha1_base64="Z5DnYl2Yd7ootND9Ms0pQEN4VA4="></latexit>

Gross, Wilczek (1973) 
Politzer (1973)

⇤QCD = 218± 24 MeV

<latexit sha1_base64="+34/kPTBAZEqjpBAei8BGLslJm0="></latexit>

proton neutron

d, s, b : Q = �1

3

<latexit sha1_base64="D9q7eIjqipmAFFKnON+AOtsRNv4=">AAAB/3icbVDLSgNBEOz1GeNrVfDiZTAIHmLY1YAiCEEvHhMwD0iWMDs7mwyZfTAzK4Q1gr/ixYMiXv0Nb/6Nk2QPmljQUFR1093lxpxJZVnfxsLi0vLKam4tv76xubVt7uw2ZJQIQusk4pFouVhSzkJaV0xx2ooFxYHLadMd3Iz95j0VkkXhnRrG1AlwL2Q+I1hpqWvue0Uki8i9fEQ1dIVOOr7AxD7rmgWrZE2A5omdkQJkqHbNr44XkSSgoSIcS9m2rVg5KRaKEU5H+U4iaYzJAPdoW9MQB1Q66eT+ETrSiof8SOgKFZqovydSHEg5DFzdGWDVl7PeWPzPayfKv3BSFsaJoiGZLvITjlSExmEgjwlKFB9qgolg+lZE+lgnoHRkeR2CPfvyPGmcluxyqVwrFyrXWRw5OIBDOAYbzqECt1CFOhB4gGd4hTfjyXgx3o2PaeuCkc3swR8Ynz8JQZOO</latexit>

u, c, t : Q = +
2

3

<latexit sha1_base64="5WDqZ6DGQyu4p5Wt02oCefKN3Fs=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBEAxhNwYUQQh68ZiAeUCyhNnJbDJk9sFMrxDWCP6KFw+KePU3vPk3TpI9aGJBQ1HVTXeXGwmuwLK+jczS8srqWnY9t7G5tb1j7u41VBhLyuo0FKFsuUQxwQNWBw6CtSLJiO8K1nSHNxO/ec+k4mFwB6OIOT7pB9zjlICWuuZBXMC0gOHyEdfwFT7teJLQ0lnXzFtFawq8SOyU5FGKatf86vRCGvssACqIUm3bisBJiAROBRvnOrFiEaFD0mdtTQPiM+Uk0/vH+FgrPeyFUlcAeKr+nkiIr9TId3WnT2Cg5r2J+J/XjsG7cBIeRDGwgM4WebHAEOJJGLjHJaMgRpoQKrm+FdMB0QmAjiynQ7DnX14kjVLRLhfLtXK+cp3GkUWH6AidIBudowq6RVVURxQ9oGf0it6MJ+PFeDc+Zq0ZI53ZR39gfP4AJc+ToA==</latexit>



Hadronic Spectrum 
•             ,                  ,                          of                QCDq 2

<latexit sha1_base64="6qyJQtVhQpfaWby8rPySqF9ABhM=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj04rGCaQttKJvtpF262cTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzvz2EyrNE/lgJikGMR1KHnFGjZX8R9Ljsl+pujV3DrJKvIJUoUCzX/nqDRKWxSgNE1TrruemJsipMpwJnJZ7mcaUsjEdYtdSSWPUQT4/dkrOrTIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6DnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzKdsQvOWXV0nrsubVa/X7erVxU8RRglM4gwvw4AoacAdN8IEBh2d4hTdHOi/Ou/OxaF1zipkT+APn8wd2vY53</latexit>

q̄ 2

<latexit sha1_base64="PZstmppMPsfB8R9b1B1Dukl0aLo=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj04rGC/YAklM122y7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMyLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3I2q4FIq3UKDk3VRzGkeSd6Lx7czvPHFtRKIecJLyMKZDJQaCUbSSH0RU549TEgjVq1TdmjsHWSVeQapQoNmrfAX9hGUxV8gkNcb33BTDnGoUTPJpOcgMTykb0yH3LVU05ibM5ydPyblV+mSQaFsKyVz9PZHT2JhJHNnOmOLILHsz8T/Pz3BwHeZCpRlyxRaLBpkkmJDZ/6QvNGcoJ5ZQpoW9lbAR1ZShTalsQ/CWX14l7cuaV6/V7+vVxk0RRwlO4QwuwIMraMAdNKEFDBJ4hld4c9B5cd6dj0XrmlPMnMAfOJ8/PsmRPA==</latexit>

g 2

<latexit sha1_base64="O98dExIQyN6gN2Mg1bq/sAbDEnM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPyJ9oQbVmlt3FyDrxCtIDQq0BtWv/jBhWcwVMkmN6XluikFONQom+azSzwxPKZvQEe9ZqmjMTZAvjp2RC6sMSZRoWwrJQv09kdPYmGkc2s6Y4tisenPxP6+XYXQT5EKlGXLFlouiTBJMyPxzMhSaM5RTSyjTwt5K2JhqytDmU7EheKsvr5P2Vd1r1BsPjVrztoijDGdwDpfgwTU04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wdnbY5t</latexit>

SU(3)

<latexit sha1_base64="95VtN4Emi4y+f3Ip4lkny1J9aFo=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHBC9lVEj0SvXjE6AIJbEi3dKGh2920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxLBtXGcb1RYW9/Y3Cpul3Z29/YPyodHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+Hbmt5+Y0jyWj2aSMD8iQ8lDTomxkvfgVS/P++WKU3PmwKvEzUkFcjT75a/eIKZpxKShgmjddZ3E+BlRhlPBpqVeqllC6JgMWddSSSKm/Wx+7BSfWWWAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE177GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT8mG4C6/vEpaFzW3Xqvf1yuNmzyOIpzAKVTBhStowB00wQMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfP4/Xjd8=</latexit>

• Mesons and baryons
⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

=

<latexit sha1_base64="sH0JhftX5jQMg+wlJB41Gehf5iY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGa9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2dtkIDRnKCeWUKaFvZWwEdWUoQ2nZEPwll9eJa2Lqler1u5rlfpNHkcRTuAUzsGDS6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gDktIzy</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

3

<latexit sha1_base64="KbgegA229hHxG+Rf5YYNCRfF55g=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxoQZdFNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kNvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftBejkblCtu1Z2DrBIvJxXI0RiUv3rDiCUhSsME1brrubHpp1QZzgTOSr1EY0zZhI6wa6mkIep+Ok88I2dWGZIgUvZJQ+bq742UhlpPQ99OZgn1speJ/3ndxATX/ZTLODEo2eKjIBHERCQ7nwy5QmbE1BLKFLdZCRtTRZmxJZVsCd7yyaukdVH1atXafa1Sv8nrKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDlqaQ3g==</latexit>

3

<latexit sha1_base64="IVTLEMwgsE4zwuPBTzfK2y/RCf8=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUm0oMuiG5cV7AOaUCbTSTt0MgkzE6GEgL/ixoUibv0Od/6NkzYLbT0wcDjnXu6ZEyScKe0439bK6tr6xmZlq7q9s7u3bx8cdlScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG4Lv/tIpWKxeNDThPoRHgkWMoK1kQb2sRcbu9jOvAjrcRBml3k+sGtO3ZkBLRO3JDUo0RrYX94wJmlEhSYcK9V3nUT7GZaaEU7zqpcqmmAywSPaN1TgiCo/m8XP0ZlRhiiMpXlCo5n6eyPDkVLTKDCTRUS16BXif14/1eG1nzGRpJoKMj8UphzpGBVdoCGTlGg+NQQTyUxWRMZYYqJNY1VTgrv45WXSuai7jXrjvlFr3pR1VOAETuEcXLiCJtxBC9pAIINneIU368l6sd6tj/noilXuHMEfWJ8/Er+WNQ==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

=

<latexit sha1_base64="sH0JhftX5jQMg+wlJB41Gehf5iY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGa9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2dtkIDRnKCeWUKaFvZWwEdWUoQ2nZEPwll9eJa2Lqler1u5rlfpNHkcRTuAUzsGDS6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gDktIzy</latexit>

1

<latexit sha1_base64="97E3x1CD9fj9ysObqD+5C4w1VaI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQKuiy6cVnBPrANZTK9aYdOJmFmIpTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OEyrNY/lgpgn6ER1JHnJGjZUe+xE14yDMvNmgUnVr7hxklXgFqUKB5qDy1R/GLI1QGiao1j3PTYyfUWU4Ezgr91ONCWUTOsKepZJGqP1snnhGzq0yJGGs7JOGzNXfGxmNtJ5GgZ3ME+plLxf/83qpCa/9jMskNSjZ4qMwFcTEJD+fDLlCZsTUEsoUt1kJG1NFmbEllW0J3vLJq6R9WfPqtfp9vdq4KeoowSmcwQV4cAUNuIMmtICBhGd4hTdHOy/Ou/OxGF1zip0T+APn8weTnJDc</latexit>

8

<latexit sha1_base64="GECtJOqHxCfaSNQFY2TW3vXACes=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIwS6LblxWsA9sS8mkmTY0kxmSO0IZ+hduXCji1r9x59+YaWehrQcCh3PuJeceP5bCoOt+O4WNza3tneJuaW//4PCofHzSNlGiGW+xSEa661PDpVC8hQIl78aa09CXvONPbzO/88S1EZF6wFnMByEdKxEIRtFKj/2Q4sQP0vp8WK64VXcBsk68nFQgR3NY/uqPIpaEXCGT1Jie58Y4SKlGwSSfl/qJ4TFlUzrmPUsVDbkZpIvEc3JhlREJIm2fQrJQf2+kNDRmFvp2MktoVr1M/M/rJRjUB6lQcYJcseVHQSIJRiQ7n4yE5gzlzBLKtLBZCZtQTRnakkq2BG/15HXSvqp6tWrtvlZp3OR1FOEMzuESPLiGBtxBE1rAQMEzvMKbY5wX5935WI4WnHznFP7A+fwBnj+Q4w==</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

=

<latexit sha1_base64="sH0JhftX5jQMg+wlJB41Gehf5iY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGa9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2dtkIDRnKCeWUKaFvZWwEdWUoQ2nZEPwll9eJa2Lqler1u5rlfpNHkcRTuAUzsGDS6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gDktIzy</latexit>

3

<latexit sha1_base64="KbgegA229hHxG+Rf5YYNCRfF55g=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxoQZdFNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kNvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftBejkblCtu1Z2DrBIvJxXI0RiUv3rDiCUhSsME1brrubHpp1QZzgTOSr1EY0zZhI6wa6mkIep+Ok88I2dWGZIgUvZJQ+bq742UhlpPQ99OZgn1speJ/3ndxATX/ZTLODEo2eKjIBHERCQ7nwy5QmbE1BLKFLdZCRtTRZmxJZVsCd7yyaukdVH1atXafa1Sv8nrKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDlqaQ3g==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

3

<latexit sha1_base64="KbgegA229hHxG+Rf5YYNCRfF55g=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxoQZdFNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kNvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftBejkblCtu1Z2DrBIvJxXI0RiUv3rDiCUhSsME1brrubHpp1QZzgTOSr1EY0zZhI6wa6mkIep+Ok88I2dWGZIgUvZJQ+bq742UhlpPQ99OZgn1speJ/3ndxATX/ZTLODEo2eKjIBHERCQ7nwy5QmbE1BLKFLdZCRtTRZmxJZVsCd7yyaukdVH1atXafa1Sv8nrKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDlqaQ3g==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

3

<latexit sha1_base64="KbgegA229hHxG+Rf5YYNCRfF55g=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxoQZdFNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kNvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftBejkblCtu1Z2DrBIvJxXI0RiUv3rDiCUhSsME1brrubHpp1QZzgTOSr1EY0zZhI6wa6mkIep+Ok88I2dWGZIgUvZJQ+bq742UhlpPQ99OZgn1speJ/3ndxATX/ZTLODEo2eKjIBHERCQ7nwy5QmbE1BLKFLdZCRtTRZmxJZVsCd7yyaukdVH1atXafa1Sv8nrKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDlqaQ3g==</latexit>

=

<latexit sha1_base64="sH0JhftX5jQMg+wlJB41Gehf5iY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGa9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2dtkIDRnKCeWUKaFvZWwEdWUoQ2nZEPwll9eJa2Lqler1u5rlfpNHkcRTuAUzsGDS6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gDktIzy</latexit>

1

<latexit sha1_base64="97E3x1CD9fj9ysObqD+5C4w1VaI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQKuiy6cVnBPrANZTK9aYdOJmFmIpTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OEyrNY/lgpgn6ER1JHnJGjZUe+xE14yDMvNmgUnVr7hxklXgFqUKB5qDy1R/GLI1QGiao1j3PTYyfUWU4Ezgr91ONCWUTOsKepZJGqP1snnhGzq0yJGGs7JOGzNXfGxmNtJ5GgZ3ME+plLxf/83qpCa/9jMskNSjZ4qMwFcTEJD+fDLlCZsTUEsoUt1kJG1NFmbEllW0J3vLJq6R9WfPqtfp9vdq4KeoowSmcwQV4cAUNuIMmtICBhGd4hTdHOy/Ou/OxGF1zip0T+APn8weTnJDc</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

2

<latexit sha1_base64="XW0qcPrccSfI7onjbbF2xR2gGy4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6LHoxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterVJr1sr12zyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBfmeMvQ==</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

2⇥ 8

<latexit sha1_base64="9eG1R2wFUBmzya7DdrHSvBOXMLw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4Kkkp2GXRjcsK9gFNKJPppB06mYSZiVJiP8WNC0Xc+iXu/BsnbRbaemDgcM693DMnSDhT2nG+rY3Nre2d3dJeef/g8OjYrpx0VZxKQjsk5rHsB1hRzgTtaKY57SeS4ijgtBdMb3K/90ClYrG417OE+hEeCxYygrWRhnal7mkWUeVFWE+CMGvOh3bVqTkLoHXiFqQKBdpD+8sbxSSNqNCEY6UGrpNoP8NSM8LpvOyliiaYTPGYDgwV2Jzzs0X0ObowygiFsTRPaLRQf29kOFJqFgVmMk+oVr1c/M8bpDps+hkTSaqpIMtDYcqRjlHeAxoxSYnmM0MwkcxkRWSCJSbatFU2JbirX14n3XrNbdQad41q67qoowRncA6X4MIVtOAW2tABAo/wDK/wZj1ZL9a79bEc3bCKnVP4A+vzB05SlAo=</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

10

<latexit sha1_base64="nk1fwIr54HQp7TDt5HxVyDlYMtM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLoxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBSRhlvjcfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kkMTNBtog8dy+sMnIjpe2T6C7U3xsZiY2ZxaGdzCOaVS8X//P6KUY3QcZlkiKTdPlRlAoXlZvf7464ZhTFzBJCNbdZXTohmlC0LVVsCf7qyeukc1X3G/XGQ6PWvC3qKMMZnMMl+HANTbiHFrSBgoJneIU3B50X5935WI6WnGLnFP7A+fwBBQuRFg==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

=

<latexit sha1_base64="sH0JhftX5jQMg+wlJB41Gehf5iY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGa9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2dtkIDRnKCeWUKaFvZWwEdWUoQ2nZEPwll9eJa2Lqler1u5rlfpNHkcRTuAUzsGDS6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gDktIzy</latexit>

1

<latexit sha1_base64="97E3x1CD9fj9ysObqD+5C4w1VaI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQKuiy6cVnBPrANZTK9aYdOJmFmIpTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OEyrNY/lgpgn6ER1JHnJGjZUe+xE14yDMvNmgUnVr7hxklXgFqUKB5qDy1R/GLI1QGiao1j3PTYyfUWU4Ezgr91ONCWUTOsKepZJGqP1snnhGzq0yJGGs7JOGzNXfGxmNtJ5GgZ3ME+plLxf/83qpCa/9jMskNSjZ4qMwFcTEJD+fDLlCZsTUEsoUt1kJG1NFmbEllW0J3vLJq6R9WfPqtfp9vdq4KeoowSmcwQV4cAUNuIMmtICBhGd4hTdHOy/Ou/OxGF1zip0T+APn8weTnJDc</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

2

<latexit sha1_base64="XW0qcPrccSfI7onjbbF2xR2gGy4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6LHoxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterVJr1sr12zyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBfmeMvQ==</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

2⇥ 8

<latexit sha1_base64="9eG1R2wFUBmzya7DdrHSvBOXMLw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4Kkkp2GXRjcsK9gFNKJPppB06mYSZiVJiP8WNC0Xc+iXu/BsnbRbaemDgcM693DMnSDhT2nG+rY3Nre2d3dJeef/g8OjYrpx0VZxKQjsk5rHsB1hRzgTtaKY57SeS4ijgtBdMb3K/90ClYrG417OE+hEeCxYygrWRhnal7mkWUeVFWE+CMGvOh3bVqTkLoHXiFqQKBdpD+8sbxSSNqNCEY6UGrpNoP8NSM8LpvOyliiaYTPGYDgwV2Jzzs0X0ObowygiFsTRPaLRQf29kOFJqFgVmMk+oVr1c/M8bpDps+hkTSaqpIMtDYcqRjlHeAxoxSYnmM0MwkcxkRWSCJSbatFU2JbirX14n3XrNbdQad41q67qoowRncA6X4MIVtOAW2tABAo/wDK/wZj1ZL9a79bEc3bCKnVP4A+vzB05SlAo=</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

10

<latexit sha1_base64="OWvCFgNyEkQp44cmqM7jAler0bY=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWRgi6LblxWsA9oQplMJ+3QySTMTIQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c4KEM6Ud59taWV1b39isbFW3d3b39u2Dw46KU0lom8Q8lr0AK8qZoG3NNKe9RFIcBZx2g8lN4XcfqFQsFvd6mlA/wiPBQkawNtLAPvZiYxfbmRdhPQ7CzHXyfGDXnLozA1ombklqUKI1sL+8YUzSiApNOFaq7zqJ9jMsNSOc5lUvVTTBZIJHtG+owBFVfjbLn6MzowxRGEvzhEYz9fdGhiOlplFgJouMatErxP+8fqrDKz9jIkk1FWR+KEw50jEqykBDJinRfGoIJpKZrIiMscREm8qqpgR38cvLpHNRdxv1xl2j1rwu66jACZzCObhwCU24hRa0gcAjPMMrvFlP1ov1bn3MR1escucI/sD6/AGFs5Zt</latexit>

3

<latexit sha1_base64="IVTLEMwgsE4zwuPBTzfK2y/RCf8=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUm0oMuiG5cV7AOaUCbTSTt0MgkzE6GEgL/ixoUibv0Od/6NkzYLbT0wcDjnXu6ZEyScKe0439bK6tr6xmZlq7q9s7u3bx8cdlScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG4Lv/tIpWKxeNDThPoRHgkWMoK1kQb2sRcbu9jOvAjrcRBml3k+sGtO3ZkBLRO3JDUo0RrYX94wJmlEhSYcK9V3nUT7GZaaEU7zqpcqmmAywSPaN1TgiCo/m8XP0ZlRhiiMpXlCo5n6eyPDkVLTKDCTRUS16BXif14/1eG1nzGRpJoKMj8UphzpGBVdoCGTlGg+NQQTyUxWRMZYYqJNY1VTgrv45WXSuai7jXrjvlFr3pR1VOAETuEcXLiCJtxBC9pAIINneIU368l6sd6tj/noilXuHMEfWJ8/Er+WNQ==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

3

<latexit sha1_base64="IVTLEMwgsE4zwuPBTzfK2y/RCf8=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUm0oMuiG5cV7AOaUCbTSTt0MgkzE6GEgL/ixoUibv0Od/6NkzYLbT0wcDjnXu6ZEyScKe0439bK6tr6xmZlq7q9s7u3bx8cdlScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG4Lv/tIpWKxeNDThPoRHgkWMoK1kQb2sRcbu9jOvAjrcRBml3k+sGtO3ZkBLRO3JDUo0RrYX94wJmlEhSYcK9V3nUT7GZaaEU7zqpcqmmAywSPaN1TgiCo/m8XP0ZlRhiiMpXlCo5n6eyPDkVLTKDCTRUS16BXif14/1eG1nzGRpJoKMj8UphzpGBVdoCGTlGg+NQQTyUxWRMZYYqJNY1VTgrv45WXSuai7jXrjvlFr3pR1VOAETuEcXLiCJtxBC9pAIINneIU368l6sd6tj/noilXuHMEfWJ8/Er+WNQ==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

3

<latexit sha1_base64="IVTLEMwgsE4zwuPBTzfK2y/RCf8=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUm0oMuiG5cV7AOaUCbTSTt0MgkzE6GEgL/ixoUibv0Od/6NkzYLbT0wcDjnXu6ZEyScKe0439bK6tr6xmZlq7q9s7u3bx8cdlScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG4Lv/tIpWKxeNDThPoRHgkWMoK1kQb2sRcbu9jOvAjrcRBml3k+sGtO3ZkBLRO3JDUo0RrYX94wJmlEhSYcK9V3nUT7GZaaEU7zqpcqmmAywSPaN1TgiCo/m8XP0ZlRhiiMpXlCo5n6eyPDkVLTKDCTRUS16BXif14/1eG1nzGRpJoKMj8UphzpGBVdoCGTlGg+NQQTyUxWRMZYYqJNY1VTgrv45WXSuai7jXrjvlFr3pR1VOAETuEcXLiCJtxBC9pAIINneIU368l6sd6tj/noilXuHMEfWJ8/Er+WNQ==</latexit>

qai q̄a,j

<latexit sha1_base64="fmC16AUo0z/3CH4DL/m0rEZnJn8=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCBwm7cUniLejFYwTzgCQuvZNJMmb2kZlZISzxV7x4UMSrH+LNv3E2RlDRgoaiqpvuLi/iTCrLejcyS8srq2vZ9dzG5tb2jrm715RhLAhtkJCHou2BpJwFtKGY4rQdCQq+x2nLG5+nfuuWCsnC4EpNI9rzYRiwASOgtOSa+YnLrgF3PRDJZOYmcHwzc82CVTytlktOGVtFy6rYJTslpYpz4mBbKykKaIG6a751+yGJfRoowkHKjm1FqpeAUIxwOst1Y0kjIGMY0o6mAfhU9pL58TN8qJU+HoRCV6DwXP0+kYAv5dT3dKcPaiR/e6n4l9eJ1aDaS1gQxYoG5HPRIOZYhThNAveZoETxqSZABNO3YjICAUTpvHI6hK9P8f+kWSraTtG5dAq1s0UcWbSPDtARslEF1dAFqqMGImiK7tEjejLujAfj2Xj5bM0Yi5k8+gHj9QMTlpUS</latexit>

✏abcq
a
i q

b
jq

c
k

<latexit sha1_base64="yqpFmSMhXD3LDbPLp9BZLuawhP8=">AAACCXicdVC7TsMwFHXKq5RXgJHFokJiipIQtWWrYGEsEn1IbYkc12lNHSfYDlIVdWXhV1gYQIiVP2Djb3BKkQDBkXx1dM69ur4nSBiVyrbfjcLC4tLySnG1tLa+sbllbu+0ZJwKTJo4ZrHoBEgSRjlpKqoY6SSCoChgpB2MT3O/fUOEpDG/UJOE9CM05DSkGCkt+SbskURSpmmGAjyF15fIp7oG/pWu2B/7Ztm2jmsV16tA27LtquM6OXGr3pEHHa3kKIM5Gr751hvEOI0IV5ghKbuOnah+hoSimJFpqZdKkiA8RkPS1ZSjiMh+NrtkCg+0MoBhLPTjCs7U7xMZiqScRIHujJAayd9eLv7ldVMV1voZ5UmqCMefi8KUQRXDPBY4oIJgxSaaICyo/ivEIyQQVjq8kg7h61L4P2m5luNZ3rlXrp/M4yiCPbAPDoEDqqAOzkADNAEGt+AePIIn4854MJ6Nl8/WgjGf2QU/YLx+AK0GmlU=</latexit>

✏abcq̄a,iq̄b,j q̄c,k

<latexit sha1_base64="sMQ6KCkNrOzAGqa8lT1k2jZ8a+I="></latexit>

meson in QCD

quark/antiquark pair

held together by gluons
}

<latexit sha1_base64="iFT2bZjbtqojDQDqOi3qyy+1yG4=">AAAB6XicdVBNSwMxEJ2tX7V+VT16CRbBU9mUYttb0YvHKvYD2qVk02wbms0uSVYoS/+BFw+KePUfefPfmG0rqOiDgcd7M8zM82PBtXHdDye3tr6xuZXfLuzs7u0fFA+POjpKFGVtGolI9XyimeCStQ03gvVixUjoC9b1p1eZ371nSvNI3plZzLyQjCUPOCXGSreD+bBYcsuu62KMUUZw7cK1pNGoV3Ad4cyyKMEKrWHxfTCKaBIyaaggWvexGxsvJcpwKti8MEg0iwmdkjHrWypJyLSXLi6dozOrjFAQKVvSoIX6fSIlodaz0LedITET/dvLxL+8fmKCupdyGSeGSbpcFCQCmQhlb6MRV4waMbOEUMXtrYhOiCLU2HAKNoSvT9H/pFMp42q5cVMtNS9XceThBE7hHDDUoAnX0II2UAjgAZ7g2Zk6j86L87pszTmrmWP4AeftE+9ijak=</latexit>

color 
confinement



Hadronic Spectrum 
•             ,                  ,                          of                QCDq 2

<latexit sha1_base64="6qyJQtVhQpfaWby8rPySqF9ABhM=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj04rGCaQttKJvtpF262cTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzvz2EyrNE/lgJikGMR1KHnFGjZX8R9Ljsl+pujV3DrJKvIJUoUCzX/nqDRKWxSgNE1TrruemJsipMpwJnJZ7mcaUsjEdYtdSSWPUQT4/dkrOrTIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6DnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzKdsQvOWXV0nrsubVa/X7erVxU8RRglM4gwvw4AoacAdN8IEBh2d4hTdHOi/Ou/OxaF1zipkT+APn8wd2vY53</latexit>

q̄ 2

<latexit sha1_base64="PZstmppMPsfB8R9b1B1Dukl0aLo=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj04rGC/YAklM122y7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMyLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3I2q4FIq3UKDk3VRzGkeSd6Lx7czvPHFtRKIecJLyMKZDJQaCUbSSH0RU549TEgjVq1TdmjsHWSVeQapQoNmrfAX9hGUxV8gkNcb33BTDnGoUTPJpOcgMTykb0yH3LVU05ibM5ydPyblV+mSQaFsKyVz9PZHT2JhJHNnOmOLILHsz8T/Pz3BwHeZCpRlyxRaLBpkkmJDZ/6QvNGcoJ5ZQpoW9lbAR1ZShTalsQ/CWX14l7cuaV6/V7+vVxk0RRwlO4QwuwIMraMAdNKEFDBJ4hld4c9B5cd6dj0XrmlPMnMAfOJ8/PsmRPA==</latexit>

g 2

<latexit sha1_base64="O98dExIQyN6gN2Mg1bq/sAbDEnM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSPyJ9oQbVmlt3FyDrxCtIDQq0BtWv/jBhWcwVMkmN6XluikFONQom+azSzwxPKZvQEe9ZqmjMTZAvjp2RC6sMSZRoWwrJQv09kdPYmGkc2s6Y4tisenPxP6+XYXQT5EKlGXLFlouiTBJMyPxzMhSaM5RTSyjTwt5K2JhqytDmU7EheKsvr5P2Vd1r1BsPjVrztoijDGdwDpfgwTU04R5a4AMDAc/wCm+Ocl6cd+dj2VpyiplT+APn8wdnbY5t</latexit>

SU(3)

<latexit sha1_base64="95VtN4Emi4y+f3Ip4lkny1J9aFo=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHBC9lVEj0SvXjE6AIJbEi3dKGh2920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxLBtXGcb1RYW9/Y3Cpul3Z29/YPyodHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+Hbmt5+Y0jyWj2aSMD8iQ8lDTomxkvfgVS/P++WKU3PmwKvEzUkFcjT75a/eIKZpxKShgmjddZ3E+BlRhlPBpqVeqllC6JgMWddSSSKm/Wx+7BSfWWWAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE177GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT8mG4C6/vEpaFzW3Xqvf1yuNmzyOIpzAKVTBhStowB00wQMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfP4/Xjd8=</latexit>

• Mesons and baryons
⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

=

<latexit sha1_base64="sH0JhftX5jQMg+wlJB41Gehf5iY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGa9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2dtkIDRnKCeWUKaFvZWwEdWUoQ2nZEPwll9eJa2Lqler1u5rlfpNHkcRTuAUzsGDS6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gDktIzy</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

3

<latexit sha1_base64="KbgegA229hHxG+Rf5YYNCRfF55g=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxoQZdFNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kNvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftBejkblCtu1Z2DrBIvJxXI0RiUv3rDiCUhSsME1brrubHpp1QZzgTOSr1EY0zZhI6wa6mkIep+Ok88I2dWGZIgUvZJQ+bq742UhlpPQ99OZgn1speJ/3ndxATX/ZTLODEo2eKjIBHERCQ7nwy5QmbE1BLKFLdZCRtTRZmxJZVsCd7yyaukdVH1atXafa1Sv8nrKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDlqaQ3g==</latexit>

3

<latexit sha1_base64="IVTLEMwgsE4zwuPBTzfK2y/RCf8=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUm0oMuiG5cV7AOaUCbTSTt0MgkzE6GEgL/ixoUibv0Od/6NkzYLbT0wcDjnXu6ZEyScKe0439bK6tr6xmZlq7q9s7u3bx8cdlScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG4Lv/tIpWKxeNDThPoRHgkWMoK1kQb2sRcbu9jOvAjrcRBml3k+sGtO3ZkBLRO3JDUo0RrYX94wJmlEhSYcK9V3nUT7GZaaEU7zqpcqmmAywSPaN1TgiCo/m8XP0ZlRhiiMpXlCo5n6eyPDkVLTKDCTRUS16BXif14/1eG1nzGRpJoKMj8UphzpGBVdoCGTlGg+NQQTyUxWRMZYYqJNY1VTgrv45WXSuai7jXrjvlFr3pR1VOAETuEcXLiCJtxBC9pAIINneIU368l6sd6tj/noilXuHMEfWJ8/Er+WNQ==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

=

<latexit sha1_base64="sH0JhftX5jQMg+wlJB41Gehf5iY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGa9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2dtkIDRnKCeWUKaFvZWwEdWUoQ2nZEPwll9eJa2Lqler1u5rlfpNHkcRTuAUzsGDS6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gDktIzy</latexit>

1

<latexit sha1_base64="97E3x1CD9fj9ysObqD+5C4w1VaI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQKuiy6cVnBPrANZTK9aYdOJmFmIpTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OEyrNY/lgpgn6ER1JHnJGjZUe+xE14yDMvNmgUnVr7hxklXgFqUKB5qDy1R/GLI1QGiao1j3PTYyfUWU4Ezgr91ONCWUTOsKepZJGqP1snnhGzq0yJGGs7JOGzNXfGxmNtJ5GgZ3ME+plLxf/83qpCa/9jMskNSjZ4qMwFcTEJD+fDLlCZsTUEsoUt1kJG1NFmbEllW0J3vLJq6R9WfPqtfp9vdq4KeoowSmcwQV4cAUNuIMmtICBhGd4hTdHOy/Ou/OxGF1zip0T+APn8weTnJDc</latexit>

8

<latexit sha1_base64="GECtJOqHxCfaSNQFY2TW3vXACes=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIwS6LblxWsA9sS8mkmTY0kxmSO0IZ+hduXCji1r9x59+YaWehrQcCh3PuJeceP5bCoOt+O4WNza3tneJuaW//4PCofHzSNlGiGW+xSEa661PDpVC8hQIl78aa09CXvONPbzO/88S1EZF6wFnMByEdKxEIRtFKj/2Q4sQP0vp8WK64VXcBsk68nFQgR3NY/uqPIpaEXCGT1Jie58Y4SKlGwSSfl/qJ4TFlUzrmPUsVDbkZpIvEc3JhlREJIm2fQrJQf2+kNDRmFvp2MktoVr1M/M/rJRjUB6lQcYJcseVHQSIJRiQ7n4yE5gzlzBLKtLBZCZtQTRnakkq2BG/15HXSvqp6tWrtvlZp3OR1FOEMzuESPLiGBtxBE1rAQMEzvMKbY5wX5935WI4WnHznFP7A+fwBnj+Q4w==</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

=

<latexit sha1_base64="sH0JhftX5jQMg+wlJB41Gehf5iY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGa9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2dtkIDRnKCeWUKaFvZWwEdWUoQ2nZEPwll9eJa2Lqler1u5rlfpNHkcRTuAUzsGDS6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gDktIzy</latexit>

3

<latexit sha1_base64="KbgegA229hHxG+Rf5YYNCRfF55g=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxoQZdFNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kNvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftBejkblCtu1Z2DrBIvJxXI0RiUv3rDiCUhSsME1brrubHpp1QZzgTOSr1EY0zZhI6wa6mkIep+Ok88I2dWGZIgUvZJQ+bq742UhlpPQ99OZgn1speJ/3ndxATX/ZTLODEo2eKjIBHERCQ7nwy5QmbE1BLKFLdZCRtTRZmxJZVsCd7yyaukdVH1atXafa1Sv8nrKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDlqaQ3g==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

3

<latexit sha1_base64="KbgegA229hHxG+Rf5YYNCRfF55g=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxoQZdFNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kNvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftBejkblCtu1Z2DrBIvJxXI0RiUv3rDiCUhSsME1brrubHpp1QZzgTOSr1EY0zZhI6wa6mkIep+Ok88I2dWGZIgUvZJQ+bq742UhlpPQ99OZgn1speJ/3ndxATX/ZTLODEo2eKjIBHERCQ7nwy5QmbE1BLKFLdZCRtTRZmxJZVsCd7yyaukdVH1atXafa1Sv8nrKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDlqaQ3g==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

3

<latexit sha1_base64="KbgegA229hHxG+Rf5YYNCRfF55g=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxoQZdFNy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kNvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftBejkblCtu1Z2DrBIvJxXI0RiUv3rDiCUhSsME1brrubHpp1QZzgTOSr1EY0zZhI6wa6mkIep+Ok88I2dWGZIgUvZJQ+bq742UhlpPQ99OZgn1speJ/3ndxATX/ZTLODEo2eKjIBHERCQ7nwy5QmbE1BLKFLdZCRtTRZmxJZVsCd7yyaukdVH1atXafa1Sv8nrKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDlqaQ3g==</latexit>

=

<latexit sha1_base64="sH0JhftX5jQMg+wlJB41Gehf5iY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGa9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2dtkIDRnKCeWUKaFvZWwEdWUoQ2nZEPwll9eJa2Lqler1u5rlfpNHkcRTuAUzsGDS6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gDktIzy</latexit>

1

<latexit sha1_base64="97E3x1CD9fj9ysObqD+5C4w1VaI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQKuiy6cVnBPrANZTK9aYdOJmFmIpTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OEyrNY/lgpgn6ER1JHnJGjZUe+xE14yDMvNmgUnVr7hxklXgFqUKB5qDy1R/GLI1QGiao1j3PTYyfUWU4Ezgr91ONCWUTOsKepZJGqP1snnhGzq0yJGGs7JOGzNXfGxmNtJ5GgZ3ME+plLxf/83qpCa/9jMskNSjZ4qMwFcTEJD+fDLlCZsTUEsoUt1kJG1NFmbEllW0J3vLJq6R9WfPqtfp9vdq4KeoowSmcwQV4cAUNuIMmtICBhGd4hTdHOy/Ou/OxGF1zip0T+APn8weTnJDc</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

2

<latexit sha1_base64="XW0qcPrccSfI7onjbbF2xR2gGy4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6LHoxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterVJr1sr12zyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBfmeMvQ==</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

2⇥ 8

<latexit sha1_base64="9eG1R2wFUBmzya7DdrHSvBOXMLw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4Kkkp2GXRjcsK9gFNKJPppB06mYSZiVJiP8WNC0Xc+iXu/BsnbRbaemDgcM693DMnSDhT2nG+rY3Nre2d3dJeef/g8OjYrpx0VZxKQjsk5rHsB1hRzgTtaKY57SeS4ijgtBdMb3K/90ClYrG417OE+hEeCxYygrWRhnal7mkWUeVFWE+CMGvOh3bVqTkLoHXiFqQKBdpD+8sbxSSNqNCEY6UGrpNoP8NSM8LpvOyliiaYTPGYDgwV2Jzzs0X0ObowygiFsTRPaLRQf29kOFJqFgVmMk+oVr1c/M8bpDps+hkTSaqpIMtDYcqRjlHeAxoxSYnmM0MwkcxkRWSCJSbatFU2JbirX14n3XrNbdQad41q67qoowRncA6X4MIVtOAW2tABAo/wDK/wZj1ZL9a79bEc3bCKnVP4A+vzB05SlAo=</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

10

<latexit sha1_base64="nk1fwIr54HQp7TDt5HxVyDlYMtM=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLoxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBSRhlvjcfVmte3VvAXSd+QWpQoDWsfg1GiqYxk0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kkMTNBtog8dy+sMnIjpe2T6C7U3xsZiY2ZxaGdzCOaVS8X//P6KUY3QcZlkiKTdPlRlAoXlZvf7464ZhTFzBJCNbdZXTohmlC0LVVsCf7qyeukc1X3G/XGQ6PWvC3qKMMZnMMl+HANTbiHFrSBgoJneIU3B50X5935WI6WnGLnFP7A+fwBBQuRFg==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

=

<latexit sha1_base64="sH0JhftX5jQMg+wlJB41Gehf5iY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eGa9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MrPhEpS5IotFoWpJBiT2dtkIDRnKCeWUKaFvZWwEdWUoQ2nZEPwll9eJa2Lqler1u5rlfpNHkcRTuAUzsGDS6jDHTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gDktIzy</latexit>

1

<latexit sha1_base64="97E3x1CD9fj9ysObqD+5C4w1VaI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQKuiy6cVnBPrANZTK9aYdOJmFmIpTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OEyrNY/lgpgn6ER1JHnJGjZUe+xE14yDMvNmgUnVr7hxklXgFqUKB5qDy1R/GLI1QGiao1j3PTYyfUWU4Ezgr91ONCWUTOsKepZJGqP1snnhGzq0yJGGs7JOGzNXfGxmNtJ5GgZ3ME+plLxf/83qpCa/9jMskNSjZ4qMwFcTEJD+fDLlCZsTUEsoUt1kJG1NFmbEllW0J3vLJq6R9WfPqtfp9vdq4KeoowSmcwQV4cAUNuIMmtICBhGd4hTdHOy/Ou/OxGF1zip0T+APn8weTnJDc</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

2

<latexit sha1_base64="XW0qcPrccSfI7onjbbF2xR2gGy4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6LHoxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterVJr1sr12zyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBfmeMvQ==</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

2⇥ 8

<latexit sha1_base64="9eG1R2wFUBmzya7DdrHSvBOXMLw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4Kkkp2GXRjcsK9gFNKJPppB06mYSZiVJiP8WNC0Xc+iXu/BsnbRbaemDgcM693DMnSDhT2nG+rY3Nre2d3dJeef/g8OjYrpx0VZxKQjsk5rHsB1hRzgTtaKY57SeS4ijgtBdMb3K/90ClYrG417OE+hEeCxYygrWRhnal7mkWUeVFWE+CMGvOh3bVqTkLoHXiFqQKBdpD+8sbxSSNqNCEY6UGrpNoP8NSM8LpvOyliiaYTPGYDgwV2Jzzs0X0ObowygiFsTRPaLRQf29kOFJqFgVmMk+oVr1c/M8bpDps+hkTSaqpIMtDYcqRjlHeAxoxSYnmM0MwkcxkRWSCJSbatFU2JbirX14n3XrNbdQad41q67qoowRncA6X4MIVtOAW2tABAo/wDK/wZj1ZL9a79bEc3bCKnVP4A+vzB05SlAo=</latexit>

�

<latexit sha1_base64="BSksTTSdGvYxQF2mDS1/jndwB5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzqRqe2Vyn7Fn4OskiAnZchR75W+un3N0pgrZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVNGY2zCbXzsl507pk4E2rhSSufp7IqOxtZM4cp0xxZFd9mbif14nxcF1mAmVpMgVWywapJKgJrPXSV8YzlBOHKHMCHcrYSNqKEMXUNGFECy/vEqal5WgWqneV8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kD0kSPTA==</latexit>

10

<latexit sha1_base64="OWvCFgNyEkQp44cmqM7jAler0bY=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWRgi6LblxWsA9oQplMJ+3QySTMTIQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c4KEM6Ud59taWV1b39isbFW3d3b39u2Dw46KU0lom8Q8lr0AK8qZoG3NNKe9RFIcBZx2g8lN4XcfqFQsFvd6mlA/wiPBQkawNtLAPvZiYxfbmRdhPQ7CzHXyfGDXnLozA1ombklqUKI1sL+8YUzSiApNOFaq7zqJ9jMsNSOc5lUvVTTBZIJHtG+owBFVfjbLn6MzowxRGEvzhEYz9fdGhiOlplFgJouMatErxP+8fqrDKz9jIkk1FWR+KEw50jEqykBDJinRfGoIJpKZrIiMscREm8qqpgR38cvLpHNRdxv1xl2j1rwu66jACZzCObhwCU24hRa0gcAjPMMrvFlP1ov1bn3MR1escucI/sD6/AGFs5Zt</latexit>

3

<latexit sha1_base64="IVTLEMwgsE4zwuPBTzfK2y/RCf8=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUm0oMuiG5cV7AOaUCbTSTt0MgkzE6GEgL/ixoUibv0Od/6NkzYLbT0wcDjnXu6ZEyScKe0439bK6tr6xmZlq7q9s7u3bx8cdlScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG4Lv/tIpWKxeNDThPoRHgkWMoK1kQb2sRcbu9jOvAjrcRBml3k+sGtO3ZkBLRO3JDUo0RrYX94wJmlEhSYcK9V3nUT7GZaaEU7zqpcqmmAywSPaN1TgiCo/m8XP0ZlRhiiMpXlCo5n6eyPDkVLTKDCTRUS16BXif14/1eG1nzGRpJoKMj8UphzpGBVdoCGTlGg+NQQTyUxWRMZYYqJNY1VTgrv45WXSuai7jXrjvlFr3pR1VOAETuEcXLiCJtxBC9pAIINneIU368l6sd6tj/noilXuHMEfWJ8/Er+WNQ==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

3

<latexit sha1_base64="IVTLEMwgsE4zwuPBTzfK2y/RCf8=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUm0oMuiG5cV7AOaUCbTSTt0MgkzE6GEgL/ixoUibv0Od/6NkzYLbT0wcDjnXu6ZEyScKe0439bK6tr6xmZlq7q9s7u3bx8cdlScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG4Lv/tIpWKxeNDThPoRHgkWMoK1kQb2sRcbu9jOvAjrcRBml3k+sGtO3ZkBLRO3JDUo0RrYX94wJmlEhSYcK9V3nUT7GZaaEU7zqpcqmmAywSPaN1TgiCo/m8XP0ZlRhiiMpXlCo5n6eyPDkVLTKDCTRUS16BXif14/1eG1nzGRpJoKMj8UphzpGBVdoCGTlGg+NQQTyUxWRMZYYqJNY1VTgrv45WXSuai7jXrjvlFr3pR1VOAETuEcXLiCJtxBC9pAIINneIU368l6sd6tj/noilXuHMEfWJ8/Er+WNQ==</latexit>

⌦

<latexit sha1_base64="KpY8TP61STpYkY4kq2z1urSX7/k=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4bu63n7ixQqtHnKQ8TOhQiVgwik5q9zSKhNt+ueJX/QXIOglyUoEcjX75qzfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuGUAYm1caWQLNTfE1OaWDtJIteZUBzZVW8u/ud1M4xvwqlQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15XXSuqoGtWrtoVap3+ZxFOEMzuESAriGOtxDA5rAYAzP8ApvXuq9eO/ex7K14OUzp/AH3ucPiDGPtA==</latexit>

3

<latexit sha1_base64="IVTLEMwgsE4zwuPBTzfK2y/RCf8=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUm0oMuiG5cV7AOaUCbTSTt0MgkzE6GEgL/ixoUibv0Od/6NkzYLbT0wcDjnXu6ZEyScKe0439bK6tr6xmZlq7q9s7u3bx8cdlScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG4Lv/tIpWKxeNDThPoRHgkWMoK1kQb2sRcbu9jOvAjrcRBml3k+sGtO3ZkBLRO3JDUo0RrYX94wJmlEhSYcK9V3nUT7GZaaEU7zqpcqmmAywSPaN1TgiCo/m8XP0ZlRhiiMpXlCo5n6eyPDkVLTKDCTRUS16BXif14/1eG1nzGRpJoKMj8UphzpGBVdoCGTlGg+NQQTyUxWRMZYYqJNY1VTgrv45WXSuai7jXrjvlFr3pR1VOAETuEcXLiCJtxBC9pAIINneIU368l6sd6tj/noilXuHMEfWJ8/Er+WNQ==</latexit>

qai q̄a,j

<latexit sha1_base64="fmC16AUo0z/3CH4DL/m0rEZnJn8=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCBwm7cUniLejFYwTzgCQuvZNJMmb2kZlZISzxV7x4UMSrH+LNv3E2RlDRgoaiqpvuLi/iTCrLejcyS8srq2vZ9dzG5tb2jrm715RhLAhtkJCHou2BpJwFtKGY4rQdCQq+x2nLG5+nfuuWCsnC4EpNI9rzYRiwASOgtOSa+YnLrgF3PRDJZOYmcHwzc82CVTytlktOGVtFy6rYJTslpYpz4mBbKykKaIG6a751+yGJfRoowkHKjm1FqpeAUIxwOst1Y0kjIGMY0o6mAfhU9pL58TN8qJU+HoRCV6DwXP0+kYAv5dT3dKcPaiR/e6n4l9eJ1aDaS1gQxYoG5HPRIOZYhThNAveZoETxqSZABNO3YjICAUTpvHI6hK9P8f+kWSraTtG5dAq1s0UcWbSPDtARslEF1dAFqqMGImiK7tEjejLujAfj2Xj5bM0Yi5k8+gHj9QMTlpUS</latexit>

✏abcq
a
i q

b
jq

c
k

<latexit sha1_base64="yqpFmSMhXD3LDbPLp9BZLuawhP8=">AAACCXicdVC7TsMwFHXKq5RXgJHFokJiipIQtWWrYGEsEn1IbYkc12lNHSfYDlIVdWXhV1gYQIiVP2Djb3BKkQDBkXx1dM69ur4nSBiVyrbfjcLC4tLySnG1tLa+sbllbu+0ZJwKTJo4ZrHoBEgSRjlpKqoY6SSCoChgpB2MT3O/fUOEpDG/UJOE9CM05DSkGCkt+SbskURSpmmGAjyF15fIp7oG/pWu2B/7Ztm2jmsV16tA27LtquM6OXGr3pEHHa3kKIM5Gr751hvEOI0IV5ghKbuOnah+hoSimJFpqZdKkiA8RkPS1ZSjiMh+NrtkCg+0MoBhLPTjCs7U7xMZiqScRIHujJAayd9eLv7ldVMV1voZ5UmqCMefi8KUQRXDPBY4oIJgxSaaICyo/ivEIyQQVjq8kg7h61L4P2m5luNZ3rlXrp/M4yiCPbAPDoEDqqAOzkADNAEGt+AePIIn4854MJ6Nl8/WgjGf2QU/YLx+AK0GmlU=</latexit>

✏abcq̄a,iq̄b,j q̄c,k

<latexit sha1_base64="sMQ6KCkNrOzAGqa8lT1k2jZ8a+I="></latexit>

• Most of  hadron’s mass from strong coupling effects (viz., confinement)

• In large-   , baryons are solitons in meson spectrumN

<latexit sha1_base64="/k69/Los9i+KBxGcSHn58KGcUOM=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hiaOut6MWTtGBboQ1ls920azcf7G6EEvoLvHhQxKs/yZv/xk1bQUUfDDzem2Fmnp9wJpVlfRiFldW19Y3iZmlre2d3r7x/0JFxKghtk5jH4tbHknIW0bZiitPbRFAc+px2/cll7nfvqZAsjm7UNKFeiEcRCxjBSkut60G5Ypnn9arjVpFlWlbNduycODX3zEW2VnJUYInmoPzeH8YkDWmkCMdS9mwrUV6GhWKE01mpn0qaYDLBI9rTNMIhlV42P3SGTrQyREEsdEUKzdXvExkOpZyGvu4MsRrL314u/uX1UhXUvYxFSapoRBaLgpQjFaP8azRkghLFp5pgIpi+FZExFpgonU1Jh/D1KfqfdBzTdk235VYaF8s4inAEx3AKNtSgAVfQhDYQoPAAT/Bs3BmPxovxumgtGMuZQ/gB4+0TCPWNGw==</latexit>

Witten (1979)

mesons essentially free particles with couplings O(
1

N
)

<latexit sha1_base64="iS4HeU9PNdAv1dnbah0l7UwYmZc=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1iEuilJDG3dFd240gr2AU0ok+mkHTp5MDMRSgj4K25cKOLW73Dn3zhpK6jogQuHc+7l3nu8mFEhDeNDKywtr6yuFddLG5tb2zv67l5HRAnHpI0jFvGehwRhNCRtSSUjvZgTFHiMdL3JRe537wgXNApv5TQmboBGIfUpRlJJA/0gdTBi8DqrOD5HODWz9Co7Gehlo3rWqFl2DRpVw6iblpkTq26f2tBUSo4yWKA10N+dYYSTgIQSMyRE3zRi6aaIS4oZyUpOIkiM8ASNSF/REAVEuOns/AweK2UI/YirCiWcqd8nUhQIMQ081RkgORa/vVz8y+sn0m+4KQ3jRJIQzxf5CYMygnkWcEg5wZJNFUGYU3UrxGOkYpAqsZIK4etT+D/pWFXTrto3drl5voijCA7BEagAE9RBE1yCFmgDDFLwAJ7As3avPWov2uu8taAtZvbBD2hvn9t8lXE=</latexit>

baryons monopole-like excitations with masses O(N)

<latexit sha1_base64="8BVRw0Gy+bPqe9crIzgYzfDr7+w=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0Wom5DE0NZd0Y0rrWAfkIYymU7aoZNJmJkIJfQz3LhQxK1f486/cdJWUNEDFw7n3Mu99wQJo1JZ1odRWFldW98obpa2tnd298r7Bx0ZpwKTNo5ZLHoBkoRRTtqKKkZ6iSAoChjpBpPL3O/eEyFpzO/UNCF+hEachhQjpSUv62PE4M2sen06KFcs87xRc9watEzLqtuOnROn7p650NZKjgpYojUov/eHMU4jwhVmSErPthLlZ0goihmZlfqpJAnCEzQinqYcRUT62fzkGTzRyhCGsdDFFZyr3ycyFEk5jQLdGSE1lr+9XPzL81IVNvyM8iRVhOPFojBlUMUw/x8OqSBYsakmCAuqb4V4jATCSqdU0iF8fQr/Jx3HtF3TvXUrzYtlHEVwBI5BFdigDprgCrRAG2AQgwfwBJ4NZTwaL8brorVgLGcOwQ8Yb5+B45DD</latexit>



Hadronic Spectrum 
• 196 mesons, 43 baryons — mesons are bosons, baryons are fermions

• Valence quark content from Monte Carlo analysis described in 
Particle Data Book

• Include:                     ; do not include                 width due to elisionsI , J , P

<latexit sha1_base64="2LPCY74u+tF/WPfBLkpx8i7dQgg=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgQsqMDOiy6EZdVbAPaAfJpJk2NJMZk0yhDO1vuHGhiFs/xp1/YzqdhbYeSDiccy65OX7MmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QVNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/vB65rdGVCoWiQc9jqkX4r5gASNYG8m7RdOzKbrL7vpjuWJX7QxomTg5qUAOk//q9iKShFRowrFSHceOtZdiqRnhdFLqJorGmAxxn3YMFTikykuzpSfoxCg9FETSHKFRpv6eSHGo1Dj0TTLEeqAWvZn4n9dJdHDppUzEiaaCzB8KEo50hGYNoB6TlGg+NgQTycyuiAywxESbnkqmBGfxy8ukeV513Kp771ZqV3kdRTiCYzgFBy6gBjdQhwYQeIJneIU3a2S9WO/WxzxasPKZQ/gD6/MHn5CQtg==</latexit>

G , C ,

<latexit sha1_base64="sA/XQ0qQj7WSSzL3bxm2sxWysFs=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFcSJmRgi6LXeiygn3AdCiZNNOGZpIhyQhlaP/CjQtF3Po17vwb03YW2nog4XDOvdx7T5hwpo3rfjtr6xubW9uFneLu3v7BYenouKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdjuozv/1ElWZSPJpxQoMYDwSLGMHGSv4dml5OUX3290plt+LOgVaJl5My5Gj0Sl/dviRpTIUhHGvte25iggwrwwink2I31TTBZIQH1LdU4JjqIJuvPEHnVumjSCr7hEFz9XdHhmOtx3FoK2NshnrZm4n/eX5qopsgYyJJDRVkMShKOTISze5HfaYoMXxsCSaK2V0RGWKFibEpFW0I3vLJq6R1VfGqlepDtVy7zeMowCmcwQV4cA01uIcGNIGAhGd4hTfHOC/Ou/OxKF1z8p4T+APn8weXVZAp</latexit>

• Optimize architecture of  neural network based on training with 80% of  
mesons to predict masses

• Test the neural network on baryons

• Predict tetraquark, pentaquark masses; discriminate composition hypotheses

(integer spin) (half-integer spin)



AdS/ML 
• Beautiful recent work by Hashimoto, et al.

• Train on lattice data for chiral condensate vev vs. quark mass

• Obtain metric from parameters in neural network and follow AdS/QCD 
dictionary despite not being in large-     limit

• Predict form of  quark–antiquark potential

N

<latexit sha1_base64="TuI4H4uSJQt41qP5CqwsvE8ICww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiSBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUr+uVUvUmiyMPJ3AK5+DBJVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6pxjN4=</latexit>

Hashimoto, Sugishita, Tanaka, Tomiya (2018) 
Hashimoto (2019) 

Akutagawa, Hashimoto, Sugimoto (2020)

• We do something similar: we train on one data set and predict on a different 
data set



Neural Network 

hadrons as 13-vectors

Monolayer neural network in Mathematica

�(x) =
1

1 + e�x
<latexit sha1_base64="mYDuN0KqT9SyAaz069rMQefFTeg="></latexit>

Logistic sigmoids for the hidden layer

{~v1, . . . ,~vn} �! {m1, . . .mn}

<latexit sha1_base64="ZVWeI15oDAiMSqRUQYj4jjdCcgk="></latexit>

baryons for testing, predict pentaquarks, etc.

~v

<latexit sha1_base64="K8v19M6mLpPE1c8KrYIhLETZDVo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2A9oQ9lsJ+3SzSbsbgol9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST+4XfmaLSPJZPZpagH9GR5CFn1Fip058iy6bzQbniVt0lyCbxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwXuqnGhPKJnSEPUsljVD72fLcObmyypCEsbIlDVmqvycyGmk9iwLbGVEz1uveQvzP66UmvPUzLpPUoGSrRWEqiInJ4ncy5AqZETNLKFPc3krYmCrKjE2oZEPw1l/eJO2bqler1h5rlcZdHkcRLuASrsGDOjTgAZrQAgYTeIZXeHMS58V5dz5WrQUnnzmHP3A+fwCxH4/P</latexit>

50⇥ 13

<latexit sha1_base64="139rVulNwXv7IOvpwtj/dsIG7P8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48V7AekoWy2m3bpZhN2J0Ip/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g5HdzO//cS1EYl6xHHKg5gOlIgEo2gl/8rtooi5Id5lr1xxq+4cZJV4OalAjkav/NXtJyyLuUImqTG+56YYTKhGwSSflrqZ4SllIzrgvqWK2j3BZH7ylJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//z/Ayjm2AiVJohV2yxKMokwYTM/id9oTlDObaEMi3srYQNqaYMbUolG4K3/PIqaV1UvVq19lCr1G/zOIpwAqdwDh5cQx3uoQFNYJDAM7zCm4POi/PufCxaC04+cwx/4Hz+AN4akFY=</latexit>

50X

a=1

<latexit sha1_base64="dYqkivxJBaXuf0ez8WldI4pzykA=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVRKp6EYounFZwT6gjWEynbRDZyZhHkIN+RI3LhRx66e482+ctllo64ELh3Pu5d57opRRpT3v21lZXVvf2Cxtlbd3dvcq7v5BWyVGYtLCCUtkN0KKMCpIS1PNSDeVBPGIkU40vpn6nUciFU3EvZ6kJOBoKGhMMdJWCt1KXxkeZujKzx+ycy8P3apX82aAy8QvSBUUaIbuV3+QYMOJ0JghpXq+l+ogQ1JTzEhe7htFUoTHaEh6lgrEiQqy2eE5PLHKAMaJtCU0nKm/JzLElZrwyHZypEdq0ZuK/3k9o+PLIKMiNZoIPF8UGwZ1AqcpwAGVBGs2sQRhSe2tEI+QRFjbrMo2BH/x5WXSPqv59Vr9rl5tXBdxlMAROAanwAcXoAFuQRO0AAYGPINX8OY8OS/Ou/Mxb11xiplD8AfO5w9KT5La</latexit>

~v = (d, d̄, u, ū, s, s̄, c, c̄, b, b̄, I, J, P )

<latexit sha1_base64="yXG9cfhzTGtAtneZ1HkwLoSJ59M="></latexit>

{~v01, . . . ,~v0`} �! ???

<latexit sha1_base64="IZ1JQrvykqg0jwmLAH02LiZ53q4="></latexit>

~vi

<latexit sha1_base64="SddlVAQnyQ3PWWWmnLi/DwADZPs=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9pQ9lsJ+3S3STsbgol9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU8epYthgsYhVO6AaBY+wYbgR2E4UUhkIbAWju5nfGqPSPI4ezSRBX9JBxEPOqLHSU3eMLBtPe7xXrrhVdw6ySrycVCBHvVf+6vZjlkqMDBNU647nJsbPqDKcCZyWuqnGhLIRHWDH0ohK1H42P3hKzqzSJ2GsbEWGzNXfExmVWk9kYDslNUO97M3E/7xOasJrP+NRkhqM2GJRmApiYjL7nvS5QmbExBLKFLe3EjakijJjMyrZELzll1dJ86LqXVZvHi4rtds8jiKcwCmcgwdXUIN7qEMDGEh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/MkiQsA==</latexit>

mi

<latexit sha1_base64="yvUc/ajfX3W6OPgH6gM4FrhPW5U=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvXisaD+gXUo2zbahSXZJskJZ+hO8eFDEq7/Im//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfq0U4SFkgyVDzilFgnPcg+75crXtWbA68SPycVyNHol796g5imkilLBTGm63uJDTKiLaeCTUu91LCE0DEZsq6jikhmgmx+6hSfOWWAo1i7UhbP1d8TGZHGTGToOiWxI7PszcT/vG5qo6sg4ypJLVN0sShKBbYxnv2NB1wzasXEEUI1d7diOiKaUOvSKbkQ/OWXV0nrourXqtf3tUr9Jo+jCCdwCufgwyXU4Q4a0AQKQ3iGV3hDAr2gd/SxaC2gfOYY/gB9/gBTro3Z</latexit>

fix architecture training on 80% of  mesons

700 hyperparameters



Gaussian Process 

• Stochastic process such that every finite collection of  random variables has a 
multivariate normal distribution

• Can be used as a prior probability distribution in Bayesian inference

• Interpolation and statistical inference via kriging or Wiener—
Kolmogorov prediction

• Infinite width limit of  single hidden layer, fully connected neural network
Neal (1994)



Gaussian Process 
• Choose kernel Kij := k(xi, xj)

<latexit sha1_base64="pK8W5Y630YPY229/8U6rip+yRbI=">AAAB/nicbVDJSgNBEK2JW4zbqHjy0hiECBJmJOACQtCL4CWCWSAZhp5OJ+mkZ6G7RxKGgL/ixYMiXv0Ob/6NnWQOGn1Q8Hiviqp6XsSZVJb1ZWQWFpeWV7KrubX1jc0tc3unJsNYEFolIQ9Fw8OSchbQqmKK00YkKPY9Tuve4Hri1x+okCwM7tUooo6PuwHrMIKVllxz79ZNWH+MLi7RoDB02TEauv0j18xbRWsK9JfYKclDioprfrbaIYl9GijCsZRN24qUk2ChGOF0nGvFkkaYDHCXNjUNsE+lk0zPH6NDrbRRJxS6AoWm6s+JBPtSjnxPd/pY9eS8NxH/85qx6pw5CQuiWNGAzBZ1Yo5UiCZZoDYTlCg+0gQTwfStiPSwwETpxHI6BHv+5b+kdlK0S8Xzu1K+fJXGkYV9OIAC2HAKZbiBClSBQAJP8AKvxqPxbLwZ77PWjJHO7MIvGB/fANSUPg==</latexit>

kSE(xi, xj) = �2
f exp

✓
�1

2
(xi � xj)

T⇤�1 (xi � xj)

◆

<latexit sha1_base64="3pEV9eVyrUJTv9odYSUDQDrU2Y0="></latexit>

kRQ(xi, xj) = �2
f

✓
1 +

1

2↵
(xi � xj)

T⇤�1 (xi � xj)

◆�↵

<latexit sha1_base64="vMxApY+XPiuk61AiOZXDDKi1lpI="></latexit>

diagonal matrix

• Define covariance cov(xi, xj) := k(xi, xj) +Nij , Nij = �2
n�ij

<latexit sha1_base64="OAh6bfFvBMHrlEJFTGhzew5IdG8="></latexit>

• Maximize log marginal likelihood to fix hyperparameters

• Let                    , xi 7! yi

<latexit sha1_base64="PmmJmDiYKBxcq+RX0q172I9fnmE=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiBfVW9OKxgv2ANoTNdtMu3WzC7kaMob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLOlHacb6u0tr6xuVXeruzs7u1X7YPDjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyc3M7z5QqVgs7nWWUC/CI8FCRrA2km9XH32GBhFOlI5R5jPfrjl1Zw60StyC1KBAy7e/BsOYpBEVmnCsVN91Eu3lWGpGOJ1WBqmiCSYTPKJ9QwWOqPLy+eFTdGqUIQpjaUpoNFd/T+Q4UiqLAtMZYT1Wy95M/M/rpzq89HImklRTQRaLwpQj8+QsBTRkkhLNM0MwkczcisgYS0y0yapiQnCXX14lnfO626hf3TVqzesijjIcwwmcgQsX0IRbaEEbCKTwDK/wZj1ZL9a79bFoLVnFzBH8gfX5A3mckv4=</latexit>

log p(y|X) := �1

2
yT (K +N)�1y � 1

2
log |K +N |� M

2
log(2⇡)

<latexit sha1_base64="lL8egN9iveN52FOcBrmn/N13XMw="></latexit>

i = 1, . . . ,M

<latexit sha1_base64="I5WIHrcejX8YkbDQ+gtEQo6PzUs=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KGVXCupBKHrxIlSwH9CuJZtN29BssiRZpSz9H148KOLV/+LNf2Pa7kFbHww83pthZl4Qc6aN6347S8srq2vruY385tb2zm5hb7+hZaIIrRPJpWoFWFPOBK0bZjhtxYriKOC0GQyvJ37zkSrNpLg3o5j6Ee4L1mMEGys9MHSJvFKHh9Lo0m23UHTL7hRokXgZKUKGWrfw1QklSSIqDOFY67bnxsZPsTKMcDrOdxJNY0yGuE/blgocUe2n06vH6NgqIepJZUsYNFV/T6Q40noUBbYzwmag572J+J/XTkzv3E+ZiBNDBZkt6iUcGYkmEaCQKUoMH1mCiWL2VkQGWGFibFB5G4I3//IiaZyWvUr54q5SrF5lceTgEI7gBDw4gyrcQA3qQEDBM7zCm/PkvDjvzsesdcnJZg7gD5zPH5vQkVA=</latexit>

small data



Gaussian Process 
• Let        be a new vector;                                    defines an      -vectorx?

<latexit sha1_base64="4wXJq/5ODSCJFid3MwCXoz1wsNE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtqlm03YnYgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789iPXRsTqAScJ9yM6VCIUjKKV2k/9nkGq++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1atVr+9rlfpNHkcRTuAUzsGDS6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCJ64+5</latexit>

k?,i = k(x?, xi)

<latexit sha1_base64="6AG26GlKKbowu6fRagNRT9Etij8=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCBSkzUlAXQtGNywr2Ae0wZNJMG5p5kGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4eSce8m9x4s5k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWSUCELrJOKRaHlYUs5CWldMcdqKBcWBx2nTG9xM/OYDFZJF4b0axdQJcC9kPiNYack1Dwdu2pEKi1M2RldoUEJDd/YeuuzENYtW2ZoCLRI7I0XIUHPNr043IklAQ0U4lrJtW7FyUiwUI5yOC51E0hiTAe7RtqYhDqh00ukZY3SslS7yI6ErVGiq/p5IcSDlKPB0Z4BVX857E/E/r50o/8JJWRgnioZk9pGfcKQiNMkEdZmgRPGRJpgIpndFpI8FJkonV9Ah2PMnL5LGWdmulC/vKsXqdRZHHg7gCEpgwzlU4RZqUAcCj/AMr/BmPBkvxrvxMWvNGdnMPvyB8fkDo5eX+A==</latexit>

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

• We predict the mean and variance

µ? = k?
T (K +N)�1y

<latexit sha1_base64="yOtrPycRzs23szK7DYRjIDOoopU="></latexit>

var? = k(x?, x?)� kT? (K +N)�1k?

<latexit sha1_base64="hsSk8xH8IUtK/HSQVET6ogn2LXY="></latexit>

• Implemented with GPML 4.2 in Matlab R2019_b
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<latexit sha1_base64="DF0/bWOacCt1VcypHdoZjvkZ1Bw=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxC3ZQkhj4WQtGNywr2AU0pk+mkHTqZhJmJtNQu/BU3LhRx62+482+ctBVU9MCFwzn3cu89fsyoVJb1YSwtr6yurWc2sptb2zu75t5+Q0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpr+8DL1m7dESBrxGzWOSSdEfU4DipHSUtc8DPKjU3gOPUm5FwiEvZg6cNQ1c1ahUi46bhFaBcsq2Y6dEqfknrnQ1kqKHFig1jXfvV6Ek5BwhRmSsm1bsepMkFAUMzLNeokkMcJD1CdtTTkKiexMZvdP4YlWejCIhC6u4Ez9PjFBoZTj0NedIVID+dtLxb+8dqKCcmdCeZwowvF8UZAwqCKYhgF7VBCs2FgThAXVt0I8QDoFpSPL6hC+PoX/k4ZTsN1C5drNVS8WcWTAETgGeWCDEqiCK1ADdYDBHXgAT+DZuDcejRfjdd66ZCxmDsAPGG+faVKVHg==</latexit>

PRIOR
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<latexit sha1_base64="DF0/bWOacCt1VcypHdoZjvkZ1Bw=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxC3ZQkhj4WQtGNywr2AU0pk+mkHTqZhJmJtNQu/BU3LhRx62+482+ctBVU9MCFwzn3cu89fsyoVJb1YSwtr6yurWc2sptb2zu75t5+Q0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpr+8DL1m7dESBrxGzWOSSdEfU4DipHSUtc8DPKjU3gOPUm5FwiEvZg6cNQ1c1ahUi46bhFaBcsq2Y6dEqfknrnQ1kqKHFig1jXfvV6Ek5BwhRmSsm1bsepMkFAUMzLNeokkMcJD1CdtTTkKiexMZvdP4YlWejCIhC6u4Ez9PjFBoZTj0NedIVID+dtLxb+8dqKCcmdCeZwowvF8UZAwqCKYhgF7VBCs2FgThAXVt0I8QDoFpSPL6hC+PoX/k4ZTsN1C5drNVS8WcWTAETgGeWCDEqiCK1ADdYDBHXgAT+DZuDcejRfjdd66ZCxmDsAPGG+faVKVHg==</latexit>

confidence99%

<latexit sha1_base64="dflIEOIgO+b46hoC0Ti21wC33aQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CZaCp7Irhdpb0YvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305ha3tnd6+4Xzo4PDo+KZ+edXWUKEI7JOKR6gdYU84k7RhmOO3HimIRcNoLZneZ33uiSrNIPpp5TH2BJ5KFjGCTSc3msDoqV9yauwTaJF5OKpCjPSp/DccRSQSVhnCs9cBzY+OnWBlGOF2UhommMSYzPKEDSyUWVPvp8tYFqlpljMJI2ZIGLdXfEykWWs9FYDsFNlO97mXif94gMeGNnzIZJ4ZKsloUJhyZCGWPozFTlBg+twQTxeytiEyxwsTYeEo2BG/95U3Sva559VrzoV5p3eZxFOECLuEKPGhAC+6hDR0gMIVneIU3RzgvzrvzsWotOPnMOfyB8/kDFM6NoQ==</latexit>

POSTERIOR



Mesons 

������ ����	�


13.0% error

<latexit sha1_base64="cR7aIP/UCBhUJZV80c/k/5kRiZw=">AAAB/XicdVDLSgNBEJz1bXzFx83LYBA8hRkNJrkFvXhUMEbIhjA76ejg7IOZXjEuwV/x4kERr/6HN//GWRNBRQsaiqpuuruCRCuLjL17E5NT0zOzc/OFhcWl5ZXi6tqZjVMjoSljHZvzQFjQKoImKtRwnhgQYaChFVwd5n7rGoxVcXSKgwQ6obiIVF9JgU7qFjf4Xpn52z71EW4wA2NiM+wWS6zMGOOc05zw6j5zpF6v7fIa5bnlUCJjHHeLb34vlmkIEUotrG1zlmAnEwaV1DAs+KmFRMgrcQFtRyMRgu1kn9cP6bZTerQfG1cR0k/1+0QmQmsHYeA6Q4GX9reXi3957RT7tU6moiRFiORoUT/VFGOaR0F7yoBEPXBESKPcrVReCiMkusAKLoSvT+n/5Gy3zCvl+kml1DgYxzFHNskW2SGcVEmDHJFj0iSS3JJ78kievDvvwXv2XkatE954Zp38gPf6AY62lLc=</latexit>

pions
�SB

<latexit sha1_base64="B9H8ye7JIh0lzXlAC9415Ub5En4=">AAAB9HicdVDJSgNBEO2JW4xb1KOXxiB4CjNxyHIL8eIxolkgM4SeTidp0rPYXRMMQ77DiwdFvPox3vwbe5IIKvqg4PFeFVX1vEhwBab5YWTW1jc2t7LbuZ3dvf2D/OFRW4WxpKxFQxHKrkcUEzxgLeAgWDeSjPieYB1vcpn6nSmTiofBLcwi5vpkFPAhpwS05Dp0zB1g95DcNOb9fMEs1qrlkl3GZtE0K1bJSkmpYl/Y2NJKigJaodnPvzuDkMY+C4AKolTPMiNwEyKBU8HmOSdWLCJ0Qkasp2lAfKbcZHH0HJ9pZYCHodQVAF6o3ycS4is18z3d6RMYq99eKv7l9WIYVt2EB1EMLKDLRcNYYAhxmgAecMkoiJkmhEqub8V0TCShoHPK6RC+PsX/k3apaNnF2rVdqDdWcWTRCTpF58hCFVRHV6iJWoiiO/SAntCzMTUejRfjddmaMVYzx+gHjLdPYUeSiA==</latexit>



Baryons 

d, u, s

<latexit sha1_base64="pSk4EPQjep6wXjj0QPNyCdnMMAA=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8hDATgkluQS8eI5gHJEuYncwmQ2YfzMwKYclHePGgiFe/x5t/42wSQUULGoqqbrq7vFgKbTD+cNbWNza3tnM7+d29/YPDwtFxR0eJYrzNIhmpnkc1lyLkbSOM5L1YcRp4kne96XXmd++50iIK78ws5m5Ax6HwBaPGSt1RCSUlpIeFIi5jjAkhKCOkdoktaTTqFVJHJLMsirBCa1h4H4wilgQ8NExSrfsEx8ZNqTKCST7PDxLNY8qmdMz7loY04NpNF+fO0blVRsiPlK3QoIX6fSKlgdazwLOdATUT/dvLxL+8fmL8upuKME4MD9lykZ9IZCKU/Y5GQnFm5MwSypSwtyI2oYoyYxPK2xC+PkX/k06lTKrl6m212LxaxZGDUziDCyBQgybcQAvawGAKD/AEz07sPDovzuuydc1ZzZzADzhvn0BijuE=</latexit>

c

<latexit sha1_base64="BO4gBPipNFvTuZA9GihlhpDSC/E=">AAAB6HicdVBNS0JBFL3Pvsy+rJZthiRoJTMiqTupTUuFNEEfMm+cp5PzPpiZF8jDX9CmRRFt+0nt+jfNU4OKOnDhcM693HuPF0uhDcYfTm5tfWNzK79d2Nnd2z8oHh51dZQoxjsskpHqeVRzKULeMcJI3osVp4En+a03vcr823uutIjCGzOLuRvQcSh8waixUpsNiyVcxhgTQlBGSO0CW9Jo1CukjkhmWZRghdaw+D4YRSwJeGiYpFr3CY6Nm1JlBJN8XhgkmseUTemY9y0NacC1my4OnaMzq4yQHylboUEL9ftESgOtZ4FnOwNqJvq3l4l/ef3E+HU3FWGcGB6y5SI/kchEKPsajYTizMiZJZQpYW9FbEIVZcZmU7AhfH2K/ifdSplUy9V2tdS8XMWRhxM4hXMgUIMmXEMLOsCAwwM8wbNz5zw6L87rsjXnrGaO4Qect08VsI0k</latexit>

b

<latexit sha1_base64="vmGCjIIQaqoo44vOsdoZbhTW9U8=">AAAB6HicdVBNS0JBFL3Pvsy+rJZthiRoJTMiqTupTUuFNEEfMm+cp5PzPpiZF8jDX9CmRRFt+0nt+jfNU4OKOnDhcM693HuPF0uhDcYfTm5tfWNzK79d2Nnd2z8oHh51dZQoxjsskpHqeVRzKULeMcJI3osVp4En+a03vcr823uutIjCGzOLuRvQcSh8waixUtsbFku4jDEmhKCMkNoFtqTRqFdIHZHMsijBCq1h8X0wilgS8NAwSbXuExwbN6XKCCb5vDBINI8pm9Ix71sa0oBrN10cOkdnVhkhP1K2QoMW6veJlAZazwLPdgbUTPRvLxP/8vqJ8etuKsI4MTxky0V+IpGJUPY1GgnFmZEzSyhTwt6K2IQqyozNpmBD+PoU/U+6lTKplqvtaql5uYojDydwCudAoAZNuIYWdIABhwd4gmfnznl0XpzXZWvOWc0cww84b58ULI0j</latexit>

����������	
��

9.7% error

<latexit sha1_base64="XhTm5539cu3zNKSIeBniH0J0ibo=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCp7AjwSS3oBePEYwK2SXMTjo6OPtgplcMS/wVLx4U8eqHePNvnI0RVLSgoajqprsrTJU06HnvTmlufmFxqbxcWVldW99wN7fOTJJpAT2RqERfhNyAkjH0UKKCi1QDj0IF5+H1UeGf34A2MolPcZxCEPHLWI6k4GilgVtt15v+rk99hFvMQetETwZuzat7nscYowVhzQPPkna7tc9alBWWRY3M0B24b/4wEVkEMQrFjekzL8Ug5xqlUDCp+JmBlItrfgl9S2MegQny6fETumuVIR0l2laMdKp+n8h5ZMw4Cm1nxPHK/PYK8S+vn+GoFeQyTjOEWHwuGmWKYkKLJOhQahCoxpZwoaW9lYorrrlAm1fFhvD1Kf2fnO3XWaPePmnUOoezOMpkm+yQPcJIk3TIMemSHhFkTO7JI3ly7pwH59l5+WwtObOZKvkB5/UDMDiUiQ==</latexit>



Error Analysis 
• We do                           ; effectively divide mass by ~vi 7! logmi

<latexit sha1_base64="3/gDTRO2y0pwrkv59losvutRem4=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZmRgrorunFZwdZCZxgyaaYNzWNIMoUyFNz4K25cKOLWn3Dn35i2s9DWA4HDOfdyc06cMqqN5307pZXVtfWN8mZla3tnd8/dP2hrmSlMWlgyqTox0oRRQVqGGkY6qSKIx4w8xMObqf8wIkpTKe7NOCUhR31BE4qRsVLkHgUjgvPRJKIw4CjVRsKAyT7kEY3cqlfzZoDLxC9IFRRoRu5X0JM440QYzJDWXd9LTZgjZShmZFIJMk1ShIeoT7qWCsSJDvNZhgk8tUoPJlLZJwycqb83csS1HvPYTnJkBnrRm4r/ed3MJJdhTkWaGSLw/FCSMWiTTguBPaoINmxsCcKK2r9CPEAKYWNrq9gS/MXIy6R9XvPrtau7erVxXdRRBsfgBJwBH1yABrgFTdACGDyCZ/AK3pwn58V5dz7moyWn2DkEf+B8/gDfeZeu</latexit>

• Posterior distribution has mean      and variance  µ

<latexit sha1_base64="pYfJvTBJuJKtINEzsx40nlqEqmQ=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIY+tgV3bisaB/QhjKZTtqhM5MwMxFK6Ce4caGIW7/InX/jpK2gogcuHM65l3vvCRNGlXacD6uwtr6xuVXcLu3s7u0flA+POipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG06vc794TqWgs7vQsIQFHY0EjipE20u2Ap8NyxbEb9arnV6FjO07N9dyceDX/woeuUXJUwAqtYfl9MIpxyonQmCGl+q6T6CBDUlPMyLw0SBVJEJ6iMekbKhAnKsgWp87hmVFGMIqlKaHhQv0+kSGu1IyHppMjPVG/vVz8y+unOqoHGRVJqonAy0VRyqCOYf43HFFJsGYzQxCW1NwK8QRJhLVJp2RC+PoU/k86nu36duPGrzQvV3EUwQk4BefABTXQBNegBdoAgzF4AE/g2WLWo/VivS5bC9Zq5hj8gPX2CcFNjiQ=</latexit>

�

<latexit sha1_base64="XCOOCDbtPMvUn0am6PnpZp5M7fA=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIY+tgV3bisYB/QhjKZTtqxM5MwMxFK6D+4caGIW//HnX/jpK2gogcuHM65l3vvCRNGlXacD6uwtr6xuVXcLu3s7u0flA+POipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG06vc794TqWgsbvUsIQFHY0EjipE2Umeg6JijYbni2I161fOr0LEdp+Z6bk68mn/hQ9coOSpghdaw/D4YxTjlRGjMkFJ910l0kCGpKWZkXhqkiiQIT9GY9A0ViBMVZItr5/DMKCMYxdKU0HChfp/IEFdqxkPTyZGeqN9eLv7l9VMd1YOMiiTVRODloihlUMcwfx2OqCRYs5khCEtqboV4giTC2gRUMiF8fQr/Jx3Pdn27ceNXmperOIrgBJyCc+CCGmiCa9ACbYDBHXgAT+DZiq1H68V6XbYWrNXMMfgB6+0TAF2PcQ==</latexit>
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• We predict                                                      from log normal distributionm = eµ+�2/2

<latexit sha1_base64="i0nfFD9N5ASGWSkAaB9UY+2sPAs=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBKHOlIK6EIpuXFawD+hMSybNtKFJZkgyQhm78FfcuFDErb/hzr8xbWehrQcuHM65l3vvCWJGlXacbyu3tLyyupZfL2xsbm3v2Lt7DRUlEpM6jlgkWwFShFFB6ppqRlqxJIgHjDSD4c3Ebz4QqWgk7vUoJj5HfUFDipE2Utc+4PAKkk7q8eTUU7TPUad8Vh537aJTcqaAi8TNSBFkqHXtL68X4YQToTFDSrVdJ9Z+iqSmmJFxwUsUiREeoj5pGyoQJ8pPp/eP4bFRejCMpCmh4VT9PZEirtSIB6aTIz1Q895E/M9rJzq88FMq4kQTgWeLwoRBHcFJGLBHJcGajQxBWFJzK8QDJBHWJrKCCcGdf3mRNMolt1K6vKsUq9dZHHlwCI7ACXDBOaiCW1ADdYDBI3gGr+DNerJerHfrY9aas7KZffAH1ucPQmWU/w==</latexit>

�2
m = (e�

2

� 1)e2µ+�2

<latexit sha1_base64="RAEY8tPBdofUJBg9yzWV5yqnLY8=">AAACF3icbZBNS8MwGMfT+TbnW9Wjl+AQJmJpy0A9CEMvHie4F1i3kWbpFpa0JUmFUfYtvPhVvHhQxKve/DZmWxHd/EPgn9/zPCTP348Zlcq2v4zc0vLK6lp+vbCxubW9Y+7u1WWUCExqOGKRaPpIEkZDUlNUMdKMBUHcZ6ThD68n9cY9EZJG4Z0axaTNUT+kAcVIadQ1LU/SPkdd3nHhJSyRTjoDHXd86hzrq+vx5OSHdc2ibdlTwUXjZKYIMlW75qfXi3DCSagwQ1K2HDtW7RQJRTEj44KXSBIjPER90tI2RJzIdjrdawyPNOnBIBL6hApO6e+JFHEpR9zXnRypgZyvTeB/tVaigvN2SsM4USTEs4eChEEVwUlIsEcFwYqNtEFYUP1XiAdIIKx0lAUdgjO/8qKpu5ZTti5uy8XKVRZHHhyAQ1ACDjgDFXADqqAGMHgAT+AFvBqPxrPxZrzPWnNGNrMP/sj4+AbaPJ6D</latexit>

• Use 1000 runs

training vectors do not uniquely identify a meson

1 MeV

<latexit sha1_base64="PHZAFGEDZZs6hm+hEnmUh+khJQo=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CXrwIEcwDskuYnfQmQ2YfzvQGw5Lv8OJBEa9+jDf/xkmyB00saCiquunu8hMpNNr2t1VYWV1b3yhulra2d3b3yvsHTR2nikODxzJWbZ9pkCKCBgqU0E4UsNCX0PKHN1O/NQKlRRw94DgBL2T9SASCMzSS57jURXjC7A6ak265YlftGegycXJSITnq3fKX24t5GkKEXDKtO46doJcxhYJLmJTcVEPC+JD1oWNoxELQXjY7ekJPjNKjQaxMRUhn6u+JjIVaj0PfdIYMB3rRm4r/eZ0Ug0svE1GSIkR8vihIJcWYThOgPaGAoxwbwrgS5lbKB0wxjiankgnBWXx5mTTPqs559er+vFK7zuMokiNyTE6JQy5IjdySOmkQTh7JM3klb9bIerHerY95a8HKZw7JH1ifP1JSkdY=</latexit>

mp

<latexit sha1_base64="caEQY1K9FwUqNeUC4+Au5kzRyW0=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4Kkkptt0V3bisaB/QDiWTZtrQJDMkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUMVGiKWvTSES6FxDDBFesbbkVrBdrRmQgWDeYXmV+955pwyN1Z2cx8yUZKx5ySqyTbuUwHhZLqIwQwhjDjODaBXKk0ahXcB3izHIogRVaw+L7YBTRRDJlqSDG9DGKrZ8SbTkVbF4YJIbFhE7JmPUdVUQy46eLU+fwzCkjGEbalbJwoX6fSIk0ZiYD1ymJnZjfXib+5fUTG9b9lKs4sUzR5aIwEdBGMPsbjrhm1IqZI4Rq7m6FdEI0odalU3AhfH0K/yedShlXy42baql5uYojD07AKTgHGNRAE1yDFmgDCsbgATyBZ094j96L97pszXmrmWPwA97bJ6tAjhY=</latexit>



Constituent Quark Model 

u : 336 MeV

d : 340 MeV

s : 486 MeV

c : 1550 MeV

b : 4730 MeV

<latexit sha1_base64="zfjBLQx8gfabwpyUoOQ7A5FtYOA="></latexit>

Constituent quark mass = QCD binding energy
= amount of  energy to add to spontaneously emit meson containing given valence quark

The neural network is doing something else!
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39.3% error

<latexit sha1_base64="FUOAQwr/l0BRpmo8T6A6iuIosXM=">AAAB/XicdVDLSgNBEJz1bXzFx83LYBA8LbObBLM30YtHBaNCNoTZSUcHZx/M9IpxCf6KFw+KePU/vPk3TmIEFS1oKKq66e6KMiUNMvbuTExOTc/Mzs2XFhaXllfKq2unJs21gKZIVarPI25AyQSaKFHBeaaBx5GCs+jqYOifXYM2Mk1OsJ9BO+YXiexJwdFKnfJGNXCr4XZIQ4QbLEDrVA865Qpzg4DVanXK3Drzfb9hCav6jcCjnstGqJAxjjrlt7CbijyGBIXixrQ8lmG74BqlUDAohbmBjIsrfgEtSxMeg2kXo+sHdNsqXdpLta0E6Uj9PlHw2Jh+HNnOmOOl+e0Nxb+8Vo69RruQSZYjJOJzUS9XFFM6jIJ2pQaBqm8JF1raW6m45JoLtIGVbAhfn9L/yanvejU3OK5V9vbHccyRTbJFdohHdskeOSRHpEkEuSX35JE8OXfOg/PsvHy2TjjjmXXyA87rB70TlNU=</latexit>

8.7% error

<latexit sha1_base64="TORzxSDCz99D5BwBFGNQYukUPp4=">AAAB/HicdVDLSgNBEJz1bXxFc/QyGARPy+yakOQmevEYwUQhG8LspKODsw9mesWwxF/x4kERr36IN//GyUNQ0YKGoqqb7q4wVdIgYx/O3PzC4tLyymphbX1jc6u4vdM2SaYFtESiEn0ZcgNKxtBCiQouUw08ChVchDcnY//iFrSRSXyOwxS6Eb+K5UAKjlbqFUt1txbsBzRAuMMctE70qFcsM7fRYJVKlTK3ynzfr1vCDv16w6OeyyYokxmaveJ70E9EFkGMQnFjOh5LsZtzjVIoGBWCzEDKxQ2/go6lMY/AdPPJ8SO6b5U+HSTaVox0on6fyHlkzDAKbWfE8dr89sbiX14nw0G9m8s4zRBiMV00yBTFhI6ToH2pQaAaWsKFlvZWKq655gJtXgUbwten9H/S9l2v4jbOKuWj41kcK2SX7JED4pEaOSKnpElaRJAheSBP5Nm5dx6dF+d12jrnzGZK5Aect09LkZSb</latexit>

13.0% error

<latexit sha1_base64="cR7aIP/UCBhUJZV80c/k/5kRiZw=">AAAB/XicdVDLSgNBEJz1bXzFx83LYBA8hRkNJrkFvXhUMEbIhjA76ejg7IOZXjEuwV/x4kERr/6HN//GWRNBRQsaiqpuuruCRCuLjL17E5NT0zOzc/OFhcWl5ZXi6tqZjVMjoSljHZvzQFjQKoImKtRwnhgQYaChFVwd5n7rGoxVcXSKgwQ6obiIVF9JgU7qFjf4Xpn52z71EW4wA2NiM+wWS6zMGOOc05zw6j5zpF6v7fIa5bnlUCJjHHeLb34vlmkIEUotrG1zlmAnEwaV1DAs+KmFRMgrcQFtRyMRgu1kn9cP6bZTerQfG1cR0k/1+0QmQmsHYeA6Q4GX9reXi3957RT7tU6moiRFiORoUT/VFGOaR0F7yoBEPXBESKPcrVReCiMkusAKLoSvT+n/5Gy3zCvl+kml1DgYxzFHNskW2SGcVEmDHJFj0iSS3JJ78kievDvvwXv2XkatE954Zp38gPf6AY62lLc=</latexit>

9.7% error

<latexit sha1_base64="XhTm5539cu3zNKSIeBniH0J0ibo=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCp7AjwSS3oBePEYwK2SXMTjo6OPtgplcMS/wVLx4U8eqHePNvnI0RVLSgoajqprsrTJU06HnvTmlufmFxqbxcWVldW99wN7fOTJJpAT2RqERfhNyAkjH0UKKCi1QDj0IF5+H1UeGf34A2MolPcZxCEPHLWI6k4GilgVtt15v+rk99hFvMQetETwZuzat7nscYowVhzQPPkna7tc9alBWWRY3M0B24b/4wEVkEMQrFjekzL8Ug5xqlUDCp+JmBlItrfgl9S2MegQny6fETumuVIR0l2laMdKp+n8h5ZMw4Cm1nxPHK/PYK8S+vn+GoFeQyTjOEWHwuGmWKYkKLJOhQahCoxpZwoaW9lYorrrlAm1fFhvD1Kf2fnO3XWaPePmnUOoezOMpkm+yQPcJIk3TIMemSHhFkTO7JI3ly7pwH59l5+WwtObOZKvkB5/UDMDiUiQ==</latexit>

Mesons Baryons



Gaussian Process 
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3.4% error

<latexit sha1_base64="pPL4qyuF1lN+Kdy0askL94Rpk4o=">AAAB/HicdVDLSgNBEJyN7/iKevQyGARPYScGk9yCXjwqGCNkQ5iddJIhsw9mesVlib/ixYMiXv0Qb/6NsxpBRQsaiqpuurv8WEmDrvvmFObmFxaXlleKq2vrG5ulre1LEyVaQFtEKtJXPjegZAhtlKjgKtbAA19Bx5+c5H7nGrSRUXiBaQy9gI9COZSCo5X6pZ3DSs3b96iHcIMZaB3pab9Udiuu6zLGaE5Y/ci1pNlsVFmDstyyKJMZzvqlV28QiSSAEIXixnSZG2Mv4xqlUDAteomBmIsJH0HX0pAHYHrZx/FTum+VAR1G2laI9EP9PpHxwJg08G1nwHFsfnu5+JfXTXDY6GUyjBOEUHwuGiaKYkTzJOhAahCoUku40NLeSsWYay7Q5lW0IXx9Sv8nl9UKq1Wa57Vy63gWxzLZJXvkgDBSJy1ySs5ImwiSkjvyQB6dW+feeXKeP1sLzmxmh/yA8/IOIfiUgA==</latexit>

13.5% error

<latexit sha1_base64="e1y/K1MXAW1+SPvUKzb7BujuCcc=">AAAB/XicdVDLSgNBEJyNrxhf8XHzMhgET2EnRpPcgl48RjAqZEOYnXR0cPbBTK8Yl+CvePGgiFf/w5t/46yJoKIFDUVVN91dfqykQdd9d3JT0zOzc/n5wsLi0vJKcXXt1ESJFtAWkYr0uc8NKBlCGyUqOI818MBXcOZfHWb+2TVoI6PwBIcxdAN+EcqBFByt1CtusN3ynrftUQ/hBlPQOtKjXrHkll3XZYzRjLDavmtJo1GvsDplmWVRIhO0esU3rx+JJIAQheLGdJgbYzflGqVQMCp4iYGYiyt+AR1LQx6A6aaf14/otlX6dBBpWyHST/X7RMoDY4aBbzsDjpfmt5eJf3mdBAf1birDOEEIxXjRIFEUI5pFQftSg0A1tIQLLe2tVFxyzQXawAo2hK9P6f/ktFJm1XLjuFpqHkziyJNNskV2CCM10iRHpEXaRJBbck8eyZNz5zw4z87LuDXnTGbWyQ84rx+WmpS8</latexit>

39.3% error

<latexit sha1_base64="FUOAQwr/l0BRpmo8T6A6iuIosXM=">AAAB/XicdVDLSgNBEJz1bXzFx83LYBA8LbObBLM30YtHBaNCNoTZSUcHZx/M9IpxCf6KFw+KePU/vPk3TmIEFS1oKKq66e6KMiUNMvbuTExOTc/Mzs2XFhaXllfKq2unJs21gKZIVarPI25AyQSaKFHBeaaBx5GCs+jqYOifXYM2Mk1OsJ9BO+YXiexJwdFKnfJGNXCr4XZIQ4QbLEDrVA865Qpzg4DVanXK3Drzfb9hCav6jcCjnstGqJAxjjrlt7CbijyGBIXixrQ8lmG74BqlUDAohbmBjIsrfgEtSxMeg2kXo+sHdNsqXdpLta0E6Uj9PlHw2Jh+HNnOmOOl+e0Nxb+8Vo69RruQSZYjJOJzUS9XFFM6jIJ2pQaBqm8JF1raW6m45JoLtIGVbAhfn9L/yanvejU3OK5V9vbHccyRTbJFdohHdskeOSRHpEkEuSX35JE8OXfOg/PsvHy2TjjjmXXyA87rB70TlNU=</latexit>

8.7% error

<latexit sha1_base64="TORzxSDCz99D5BwBFGNQYukUPp4=">AAAB/HicdVDLSgNBEJz1bXxFc/QyGARPy+yakOQmevEYwUQhG8LspKODsw9mesWwxF/x4kERr36IN//GyUNQ0YKGoqqb7q4wVdIgYx/O3PzC4tLyymphbX1jc6u4vdM2SaYFtESiEn0ZcgNKxtBCiQouUw08ChVchDcnY//iFrSRSXyOwxS6Eb+K5UAKjlbqFUt1txbsBzRAuMMctE70qFcsM7fRYJVKlTK3ynzfr1vCDv16w6OeyyYokxmaveJ70E9EFkGMQnFjOh5LsZtzjVIoGBWCzEDKxQ2/go6lMY/AdPPJ8SO6b5U+HSTaVox0on6fyHlkzDAKbWfE8dr89sbiX14nw0G9m8s4zRBiMV00yBTFhI6ToH2pQaAaWsKFlvZWKq655gJtXgUbwten9H/S9l2v4jbOKuWj41kcK2SX7JED4pEaOSKnpElaRJAheSBP5Nm5dx6dF+d12jrnzGZK5Aect09LkZSb</latexit>

Mesons Baryons

• Train with 14-vectors — augment     with rank to account for degenerate inputs~v

<latexit sha1_base64="HLxWfJVDHyacOCknQvtwQe7Lm44=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZTtqlm03Y3RRK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7G93O/PUGleSyfzDRBP6JDyUPOqLFSuzdBlk1m/XLFrboLkHXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgrNRLNSaUjekQu5ZKGqH2s8W5M3JhlQEJY2VLGrJQf09kNNJ6GgW2M6JmpFe9ufif101NeONnXCapQcmWi8JUEBOT+e9kwBUyI6aWUKa4vZWwEVWUGZtQyYbgrb68TlpXVa9WvX2sVep3eRxFOINzuAQPrqEOD9CAJjAYwzO8wpuTOC/Ou/OxbC04+cwp/IHz+QOyuY/U</latexit>

• Use                      kernel — 17 hyperparameterskRQ(xi, xj)

<latexit sha1_base64="/mTv7Ijy6K+iHEURuCNYrpjcp48=">AAAB/XicdVBdSwJBFJ21L7Mv+3jrZUiCgpBdWzLfpF561EgTVJbZcdTJ2Q9m7oa2SH+llx6K6LX/0Vv/plk1qKgDFw7n3Mu997ih4ApM88NIzc0vLC6llzMrq2vrG9nNrboKIklZjQYikA2XKCa4z2rAQbBGKBnxXMGu3cF54l/fMql44F/BKGRtj/R83uWUgJac7M7AaQEbQnxZHR8MHX40dG4OnWzOzJdOTwr2CTbzplm0ClZCCkX72MaWVhLk0AwVJ/ve6gQ08pgPVBClmpYZQjsmEjgVbJxpRYqFhA5IjzU19YnHVDueXD/G+1rp4G4gdfmAJ+r3iZh4So08V3d6BPrqt5eIf3nNCLqn7Zj7YQTMp9NF3UhgCHASBe5wySiIkSaESq5vxbRPJKGgA8voEL4+xf+TeiFv2flS1c6Vz2ZxpNEu2kMHyEJFVEYXqIJqiKI79ICe0LNxbzwaL8brtDVlzGa20Q8Yb597DZVF</latexit>



Light Baryons 
It is illuminating to examine the predictions of the neural network on the lightest

baryons. After 103 runs, we consider the ordering in mass for the seven lightest baryons.

The results are presented in Table 1.

p n ⇤
0

⌃
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⌃
0

⌃
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�
++

#1 22.4 10.7 1.3 11.0 0.0 4.9 7.1

#2 17.1 13.2 2.3 11.1 1.6 7.2 7.6

#3 15.8 12.6 5.1 7.8 3.1 7.3 6.7

#4 10.2 10.8 6.3 8.6 4.2 8.3 6.9

#5 8.0 10.3 8.3 8.2 4.4 9.8 5.9

#6 5.3 7.7 8.3 6.5 7.0 9.0 6.1

#7 4.9 4.3 9.6 6.9 7.2 7.9 5.6

p n ⇤
0

⌃
+

⌃
0

⌃
�

�
++

#1 79.0 2.0 0.0 4.6 0.0 2.5 5.3

#2 13.9 26.7 0.0 12.5 1.2 5.5 22.5

#3 4.5 21.7 0.3 15.9 2.2 8.6 14.7

#4 1.9 14.7 0.6 17.3 5.7 8.5 13.6

#5 0.6 11.1 2.3 15.6 6.2 11.8 9.2

#6 0.1 9.1 3.9 9.6 8.0 10.7 5.8

#7 0.0 4.8 6.7 7.9 11.0 9.8 5.6

Table 1: Probabilities for obtaining the correct ordering in ascending mass for the seven

lightest baryons in the spectrum. The left side corresponds to the results for network

training with 80% of the mesonic data. The right table corresponds to the results after

training with all mesons. (The numbers in a row or a column do not always sum to

100 because other outcomes sometimes occur.)

We observe that when training with 80% of the mesonic data, the proton has the

highest probability of being the lightest particle. When we use the full meson dataset

for training, this probability increases from 22.4% to 79.0%. The neutron has the

highest probability of being the second lightest particle, but this probability is only

26.7% upon training with the full mesonic spectrum. For the remaining particles, the

probabilities are in tension with observation. For instance, it appears very unlikely for

the neural network to predict ⇤0 as the third lightest particle. Using all mesons for

training, the neural network predicts

NN: mp = 1068± 183 MeV , mn = 1205± 206 MeV , (4.1)

which are accurate to 13.9% and 28.2% of the measured values.7 While the ordering

is correct, the mass di↵erence is significantly larger than we expect. The Gaussian

process, meanwhile, yields superior predictions:

GP: mp = 893.8± 194.4 MeV , mn = 892.8± 193.9 MeV ; (4.2)

these are within 4.7% and 5.0% of the measured values. Noting the error bars, the

Gaussian process predicts the proton and neutron to be almost degenerate.

7 The measured masses of the proton and neutron are mp = 938.28 MeV and mn = 939.57 MeV.
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NN: mp = 1068± 183 MeV , mn = 1205± 206 MeV , (4.1)

which are accurate to 13.9% and 28.2% of the measured values.7 While the ordering

is correct, the mass di↵erence is significantly larger than we expect. The Gaussian

process, meanwhile, yields superior predictions:
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mp = 1068± 183 MeV

<latexit sha1_base64="3jVO+xck/YbjinFwQSSWpd74NjQ=">AAACBnicbVA9SwNBEN2LXzF+nVqKsBgEq3CnorEQRBsbIYKJQu4Ie5uJWbJ7d+zOieFIZeNfsbFQxNbfYOe/cRNT+PVg4PHeDDPzolQKg5734RQmJqemZ4qzpbn5hcUld3mlYZJMc6jzRCb6KmIGpIihjgIlXKUamIokXEa9k6F/eQPaiCS+wH4KoWLXsegIztBKLXddtVJ6SH1vrxqkivrVnYAGCLeYn0Fj0HLLXsUbgf4l/piUyRi1lvsetBOeKYiRS2ZM0/dSDHOmUXAJg1KQGUgZ77FraFoaMwUmzEdvDOimVdq0k2hbMdKR+n0iZ8qYvopsp2LYNb+9ofif18ywUw1zEacZQsy/FnUySTGhw0xoW2jgKPuWMK6FvZXyLtOMo02uZEPwf7/8lzS2K/5u5eB8t3x0PI6jSNbIBtkiPtknR+SU1EidcHJHHsgTeXbunUfnxXn9ai0445lV8gPO2yf55Zbz</latexit>

mn = 1205± 206 MeV

<latexit sha1_base64="G7GQDKhFvgg7JGj/8sjDw9MZ6F0=">AAACBnicbVA9SwNBEN2L3/ErainCYhCswl3wsxBEGxtBwcRALoS9zcQs2d07dufEcKSy8a/YWChi62+w89+4iSk0+mDg8d4MM/OiRAqLvv/p5SYmp6ZnZufy8wuLS8uFldWqjVPDocJjGZtaxCxIoaGCAiXUEgNMRRKuo+7pwL++BWNFrK+wl0BDsRst2oIzdFKzsKGamh7RoOzvhomiZX8vpCHCHWbnUO03C0W/5A9B/5JgRIpkhItm4SNsxTxVoJFLZm098BNsZMyg4BL6+TC1kDDeZTdQd1QzBbaRDd/o0y2ntGg7Nq400qH6cyJjytqeilynYtix495A/M+rp9g+aGRCJymC5t+L2qmkGNNBJrQlDHCUPUcYN8LdSnmHGcbRJZd3IQTjL/8l1XIp2CkdXu4Uj09GccySdbJJtklA9skxOSMXpEI4uSeP5Jm8eA/ek/fqvX235rzRzBr5Be/9C+VAluY=</latexit>

mn = 939.57 MeV

<latexit sha1_base64="TR6eQmvfQBQXmicRSkDsNRJ5P74=">AAACAXicdVBNS8NAEN34bf2qehG8LBbBU0hqtPYgiF68CAq2Cm0pm+1Ul242YXcillAv/hUvHhTx6r/w5r9xoxVU9MHA470ZZuaFiRQGPe/NGRkdG5+YnJouzMzOzS8UF5fqJk41hxqPZazPQ2ZACgU1FCjhPNHAolDCWdg7yP2zK9BGxOoU+wm0InahRFdwhlZqF1eitqK7tLpZdbcqTdpEuMbsCOqDdrHkudWd7XKwTT3X8yp+2c9JuRJsBtS3So4SGeK4XXxtdmKeRqCQS2ZMw/cSbGVMo+ASBoVmaiBhvMcuoGGpYhGYVvbxwYCuW6VDu7G2pZB+qN8nMhYZ049C2xkxvDS/vVz8y2uk2N1pZUIlKYLin4u6qaQY0zwO2hEaOMq+JYxrYW+l/JJpxtGGVrAhfH1K/yf1susHbvUkKO3tD+OYIqtkjWwQn1TIHjkkx6RGOLkhd+SBPDq3zr3z5Dx/to44w5ll8gPOyzspe5V8</latexit>

mp = 938.28 MeV

<latexit sha1_base64="/tBYvlvv2IeqXGijgsuagBEmT8Q=">AAACAXicdVDLSgNBEJz1GeMr6kXwMhgET8vuupjkIAS9eBEUTBSSEGYnHR0y+2CmVwxLvPgrXjwo4tW/8ObfOKsRVLSgoajqprsrSKTQ6Dhv1sTk1PTMbGGuOL+wuLRcWllt6jhVHBo8lrE6D5gGKSJooEAJ54kCFgYSzoLBQe6fXYHSIo5OcZhAJ2QXkegLztBI3dJ62E3oHq3tVG2v2qZthGvMjqA56pbKjl2r7nr+LnVsx6m4npsTr+Lv+NQ1So4yGeO4W3pt92KehhAhl0zrlusk2MmYQsEljIrtVEPC+IBdQMvQiIWgO9nHByO6ZZQe7cfKVIT0Q/0+kbFQ62EYmM6Q4aX+7eXiX14rxX61k4koSREi/rmon0qKMc3joD2hgKMcGsK4EuZWyi+ZYhxNaEUTwten9H/S9GzXt2snfrm+P46jQDbIJtkmLqmQOjkkx6RBOLkhd+SBPFq31r31ZD1/tk5Y45k18gPWyzsn95V7</latexit>

Gaussian process gives mp ⇡ mn ⇡ 893± 194 MeV
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CQM gives mp = 1012 MeV , mn = 1016 MeV
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Light Baryons 

mp = 1068± 183 MeV
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the components of ~v. In the particle datasets we consider in this paper, v1i10 2 {0, 1, 2, 3, 4},

I 2 {0, 12 , 1,
3
2}, J 2 {0, 12 , 1,

3
2 , . . . , 4}, and P 2 {�1, 1}. Because of the incompleteness of

measurements, we do not include G-parity, C-parity, or width. There are no known hadrons

with t or t̄ valence quarks. The charge of the particle is the sum of the charges of the valence

quarks (+2
3 for up and charm and �1

3 for down, strange, and bottom), and is therefore redundant

information that is not included. The charges of the antiquarks, denoted with a bar, are the

opposite of the charges of the quarks.

We thus encode the charged pions, ⇡+ = ud̄ and ⇡� = ūd, as

⇡+ = (0, 1, 1,~07, 1, 0,�1) , ⇡� = (1,~02, 1,~06, 1, 0,�1) , (S10)

where~0k is a zero vector of length k. For mesons that are linear combinations of pairs of quarks

and antiquarks, we adhere to the numbering scheme in the Particle Data Book (19) to specify

the valence quarks. Of note, according to these conventions, the quark numbers of the isotriplet

mesons (⇡0, ⇢0, . . .) are (1, 1,~08, I, J, P ), the quark numbers for the lighter isosinglet mesons

(⌘, !, . . .) are (~02, 1, 1,~06, I, J, P ), and the quark numbers for the heavier isosinglet mesons

(⌘0, �, . . .) are (~04, 1, 1,~04, I, J, P ). In total, there are 196 mesons in the dataset. Particles and

antiparticles such as ⇡+ and ⇡� are counted separately in this enumeration. We do not ab initio

insist that particles and their antiparticles have the same mass; this is a fact that we leave to the

machine to learn.

The labeling scheme we have chosen has an inherent ambiguity. The light mesons are linear

combinations of qq̄ pairs.
0
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CA
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@
|dd̄i
|uūi
|ss̄i

1

A . (S11)

We are treating ⇡0 as if it was simply a dd̄ pair. If we interpret Eq. (S11) as a system of linear

equations that expresses mdd̄, muū, and mss̄ in terms of the masses of the physical mesons,

7

• PDG’s numbering scheme treats       (lightest meson)  as dd
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⇡0
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• Proton is               and neutron is         

• Neural network learns this subtlety



Pentaquarks 

uudcc̄ I (JP ) Measured Mass (MeV) NN Pred (MeV) GP Pred (MeV) CQM Pred (MeV)

Pc(4312)+
1
2 (

1
2

+
) 4311.9± 0.7+6.8

�0.6 (4.2± 1.2)⇥ 103 3544± 923

4112Pc(4440)+
1
2 (

1
2

�
) 4440.3± 1.3+4.1

�4.7 (4.1± 1.1)⇥ 103 3253± 846

Pc(4457)+
1
2 (

3
2

�
) 4457.3± 0.6+4.1

�1.7 (4.5± 1.1)⇥ 103 3581± 932

Table 1: Machine learning and baseline constituent quark model predictions for pentaquarks. The

mean errors in the machine learning predictions are 3.7% (neural network) and 21.3% (Gaussian pro-

cess). In comparison, the constituent quark model has an error of 6.5%.

We can also study additional QCD resonances. In many cases, the effective theoretical mod-

els do not permit us to disentangle the constituents of a given particle. Also, since a resonance

could result from non-trivial mixings, it might be that the features of a given experimental peak

could have simultaneous contributions from, say, a tetraquark and a hybrid meson. Since in our

case the input variables are taken to be global features of a resonance, we consider only parti-

cles that are made out of quarks such as the tetraquarks and pentaquarks. As we cannot specify

whether a particle is compact or molecular, we simply give the quark content as an input along

with I, J, P quantum numbers (1, 4, 5).

We find that machine learning can discriminate between different composition hypotheses.

For example, the resonances a0(980) and f0(980), which lie slightly below the KK thresh-

old, can either be modeled as a mesonic resonance or as a tetraquark (KK) molecule. The

predictions of both the neural network and the Gaussian process favor the mesonic hypothesis.

Machine learning predictions on pentaquark states (Table 1) slightly outperform the constituent

quark model.

We seek to learn how a machine learns. Disentangling how a neural network evaluates data

is a notoriously difficult problem. The dominant contributions in the hidden layer’s weight ma-

trix are due to charm and bottom. Isospin has an intermediate contribution while the smallest

contributions come from down, up, and strange as well as parity and angular momentum. De-
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Tetraquarks? 

Light–Light systems: Here, we concentrate on the a0(980) and f0(980), which lie

slightly below the KK threshold. Their composition still remains an open question:

they could be conventional mesons, tetraquark states, KK molecules, or a meson–

meson system mixed with a scalar glueball. Here, we test how the neural network and

the Gaussian process perform on two hypotheses: conventional meson vs. tetraquark.

The results of this experiment are given in Table 2.

I (JP
) Measured mass (MeV) Composition NN Pred (MeV) GP Pred (MeV) CQM Pred (MeV)

a0(980) 1 (0
+
) 980 ± 20

uū 1277 ± 246 511 ± 34 680

uūss̄ (KK) 2172 ± 466 1713 ± 68 1652

f0(980) 0 (0
+
) 990 ± 20

dd̄ 921 ± 117 977 ± 37 672

dd̄ss̄ (KK) 1592 ± 401 1132 ± 312 1644

Table 2: Machine learning and baseline constituent quark model predictions for light–light

systems.

Heavy–Light systems: In the heavy–light sector, we consider theD⇤
s0(2317)

± as well

as the Ds1(2460), which have been interpreted as tetraquarks or DK (D⇤K) molecules.

The results of this experiment are given in Table 3.

I (JP
) Measured mass (MeV) Composition NN Pred (MeV) GP Pred (MeV) CQM Pred (MeV)

D⇤
s0(2317)

±
0 (0

+
) 2317.8 ± 0.5

cs̄ 2640 ± 433 2434 ± 700 2036

cūus̄ (DK) 4326 ± 925 2474 ± 826 2858

Ds1(2460)
±

0 (1
+
) 2459.5 ± 0.6

cs̄ 2547 ± 39 2535 ± 0.003 2036

cūus̄ (D⇤K) 3431 ± 544 2560 ± 788 2858

Table 3: Machine learning and baseline constituent quark model predictions for heavy–light

systems.

Heavy–Heavy systems: We consider some of the states of the charmonium sec-

tor: X(3872), Y (4260), Y (4360), and Y (4460) as well as the charged ones Zc(3900)±,

Zc(4020)±, Zc(4200)± and Zc(4430)±. Similarly, for the bottomonium sector, we have

Zb(10650)±. The results of this experiment are given in Table 4.

Pentaquarks: We consider the three so-called charmonium pentaquarks observed by

the LHCb experiment. These states have been identified as sharp resonances appearing

as intermediate states in ⇤b baryon decays and have been interpreted either as compact

pentaquarks or as baryon–meson molecules. For our purposes, it su�ces to describe

their quark composition as uudcc̄ and the corresponding quantum numbers and masses

– 17 –

• Discriminate between composition hypotheses for new QCD resonances
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Zb(10650)±. The results of this experiment are given in Table 4.

Pentaquarks: We consider the three so-called charmonium pentaquarks observed by

the LHCb experiment. These states have been identified as sharp resonances appearing
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• Tetraquarks are disfavored by both neural network and Gaussian process



Semi-Empirical Mass Formula 
• Mass of  atomic nucleus with A = Z +N
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m(Z,N) = Zmp +Nmn � EB(Z,N)
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EB(Z,N) = aV A� aSA
2
3 � aC

Z(Z � 1)

A
1
3

� aA
(A� 2Z)2

A
� �(Z,N)
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volume surface Coulomb asymmetry pairing

• Does such a formula exist for baryons?

�(Z,N) =

8
<

:

+�0 Z,N even
��0 Z,N odd
0 otherwise

, �0 = aPA
� 1

2
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• Machine learning experiments suggest there is an             formulam(~v)
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Weizsäcker (1935)



Semi-Empirical Mass Formula 
• In large-     limit, interaction between quarks given by Hartree–Fock potentialN
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Witten (1979)

• In nucleus, density does not increase with number of  particles

Density grows as number of  particles increases

In fact, binding energy term negligible as           get largeZ,N
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• In baryon case, interaction energy grows with N

<latexit sha1_base64="TuI4H4uSJQt41qP5CqwsvE8ICww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiSBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUr+uVUvUmiyMPJ3AK5+DBJVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6pxjN4=</latexit>

• The formula is therefore more complicated than in liquid drop model



Universal Approximation Theorem 
• Suppose some more complicated formula exists

• Feedforward neural network, sigmoid activation function, single hidden layer 
with finite number of  neurons can approximate continuous functions on 
compact subsets of   Rn

<latexit sha1_base64="Vpi98dbbnf8s0sO58PoxEOgvZlM=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBFcDTN16GNXdOOyin1AW0smzbShmcyQZIQy9DfcuFDErT/jzr8x01ZQ0QOBwzn3ck+OH3OmtON8WCura+sbm7mt/PbO7t5+4eCwpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/cpn57XsqFYvErZ7GtB/ikWABI1gbqdcLsR77fnozuxODQtGxa9VyySsjx3aciltyM1KqeOceco2SoQhLNAaF994wIklIhSYcK9V1nVj3Uyw1I5zO8r1E0RiTCR7RrqECh1T103nmGTo1yhAFkTRPaDRXv2+kOFRqGvpmMsuofnuZ+JfXTXRQ7adMxImmgiwOBQlHOkJZAWjIJCWaTw3BRDKTFZExlphoU1PelPD1U/Q/aZVs17Nr116xfrGsIwfHcAJn4EIF6nAFDWgCgRge4AmercR6tF6s18XoirXcOYIfsN4+AakQkiA=</latexit>

Cybenko (1989) 
Hornyk (1991)

• Surprise here is simplicity: 50 neurons, 196 meson dataset for training

• Principal component analysis indicates                         count most, thenc, c, b, b

<latexit sha1_base64="UX6yYdFyQiZONVQxZolJCUYuAEs=">AAACDHicdVDLSgMxFM34rPVVdekmWAQXMszUoY9d0Y3LCvYBnaFk0kwbmpkMSUYow3yAG3/FjQtF3PoB7vwbM20FK3ogcHLuuTe5x48ZlcqyPo2V1bX1jc3CVnF7Z3dvv3Rw2JE8EZi0MWdc9HwkCaMRaSuqGOnFgqDQZ6TrT67yeveOCEl5dKumMfFCNIpoQDFSWhqUyvjchS7XlnxCijN99ZckP9Muy2zUqxWnCi3Tsmp2xc5JpeZcONDWSo4yWKA1KH24Q46TkEQKMyRl37Zi5aVIKIoZyYpuIkmM8ASNSF/TCIVEeulsmQyeamUIAy70iRScqT87UhRKOQ197QyRGsvftVz8q9ZPVFD3UhrFiSIRnj8UJAwqDvNk4JAKghWbaoKwoPqvEI+RQFjp/Io6hO9N4f+kUzFtx2zcOOXm5SKOAjgGJ+AM2KAGmuAatEAbYHAPHsEzeDEejCfj1XibW1eMRc8RWILx/gVtL5tJ</latexit>

I

<latexit sha1_base64="ILylepLWesol2k7IYQ9DpLzStMw=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmbGIcst6EVvCZgFkiH0dHqSNj0L3T1CCPkCLx4U8eonefNv7EkiqOiDgsd7VVTV8xPOpLKsDyO3tr6xuZXfLuzs7u0fFA+P2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT64yv3NPhWRxdKumCfVCPIpYwAhWWmreDIoly6xVy45bRpZpWRXbsTPiVNwLF9layVCCFRqD4nt/GJM0pJEiHEvZs61EeTMsFCOczgv9VNIEkwke0Z6mEQ6p9GaLQ+foTCtDFMRCV6TQQv0+McOhlNPQ150hVmP528vEv7xeqoKqN2NRkioakeWiIOVIxSj7Gg2ZoETxqSaYCKZvRWSMBSZKZ1PQIXx9iv4nbce0XbPWdEv1y1UceTiBUzgHGypQh2toQAsIUHiAJ3g27oxH48V4XbbmjNXMMfyA8fYJAvuNGw==</latexit>

• Antibaryon masses to within         of  baryon masses; so machine learning 
figures out antiparticles on its own

6%

<latexit sha1_base64="9XDk5331RNLriLuB2WBq3WRY/6I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBkPAU9iV4OMW9OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKDxfdcq9YcivuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNStkqfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0zytetXJ9Xy3VbrI48nACp3AGHlxCDe6gDg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDlDaNWw==</latexit>



Witten (1979)

Baryons as Solitons 
• Mesons have mass that scales like

1

N

<latexit sha1_base64="KqAVXTAXY2Fd94mYAlSvyIpBzPA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxJBfsBaSib7aZdutkNuxuhhPwMLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0w408Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKkLbRHKpeiHWlDNB24YZTnuJojgOOe2Gk9uZ332iSjMpHs00oUGMR4JFjGBjJb8fKUwyL8/u80G15tbdOdAq8QpSgwKtQfWrP5QkjakwhGOtfc9NTJBhZRjhNK/0U00TTCZ4RH1LBY6pDrL5yTk6s8oQRVLZEgbN1d8TGY61nsah7YyxGetlbyb+5/mpia6CjIkkNVSQxaIo5chINPsfDZmixPCpJZgoZm9FZIxtCsamVLEheMsvr5LORd1r1K8fGrXmTRFHGU7gFM7Bg0towh20oA0EJDzDK7w5xnlx3p2PRWvJKWaO4Q+czx9nrJFb</latexit>

• In real world QCD,            is a small parameter; perturbation theory works
#

N2

<latexit sha1_base64="Ueom0z2EOx1/f6oCYm0Q2WCzNC4=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0FwFZIY+tgV3biSCtYWmrRMppN26OTBzEQpIf/hxoUibv0Xd/6Nk7aCih64cDjnXu69x08YFdI0P7TSyura+kZ5s7K1vbO7V90/uBVxyjHp4JjFvOcjQRiNSEdSyUgv4QSFPiNdf3pR+N07wgWNoxs5S4gXonFEA4qRVNLADTjCmavn2dXAzodV3TSajZrt1KBpmGbdsq2C2HXnzIGWUgroYIn2sPrujmKchiSSmCEh+paZSC9DXFLMSF5xU0EShKdoTPqKRigkwsvmV+fwRCkjGMRcVSThXP0+kaFQiFnoq84QyYn47RXiX14/lUHDy2iUpJJEeLEoSBmUMSwigCPKCZZspgjCnKpbIZ4gFYRUQVVUCF+fwv/JrW1YjtG8dvTW+TKOMjgCx+AUWKAOWuAStEEHYMDBA3gCz9q99qi9aK+L1pK2nDkEP6C9fQKUpJKZ</latexit>

• Leads to approximate decoupling of  degrees of  freedom in S-matrix picture

• Machine learning baryon spectrum from mesons is consistent with this 
picture



Prospectus 
• Glueballs

• Learn Regge trajectories

• Towards QCD string

• Gell-Mann–Okubo mass formula

• Better chiral perturbation theory

• Faster than lattice QCD, but certainly doesn’t supplant it



Collaborators 

Damián Kaloni Mayorga Peña Challenger Mishra

arXiv:2003.10445

Yarin Gal



Challenge
• How does a black box learn semantics without knowing syntax?

— Generally unpublished failed experiments indicate what doesn’t work

— Knowing that there are approximate functions            and m(~v)

<latexit sha1_base64="FD6WJKYXuKtEDqN9vvv6a7peCnQ=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMYB6YLGF20kmGzM4uM7OBsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmM7mZ+c4xK80g+mkmMfkgHkvc5o8ZKT2GpM0aWjqcX3ULRLbtzkFXiZaQIGWrdwlenF7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjegA25ZKGqL20/nFU3JulR7pR8qWNGSu/p5Iaaj1JAxsZ0jNUC97M/E/r52Y/rWfchknBiVbLOongpiIzN4nPa6QGTGxhDLF7a2EDamizNiQ8jYEb/nlVdK4LHuV8s1DpVi9zeLIwSmcQQk8uIIq3EMN6sBAwjO8wpujnRfn3flYtK452cwJ/IHz+QNJwpCw</latexit>

can we find analytic expressions by opening the black box?

f( ~J)

<latexit sha1_base64="+7a0XUb6j34HoLccyvm1v5kJhqo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQLyWRgnorehFPFewHtqFstpN26WYTdjeFEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZya+sbm1v57cLO7t7+QfHwqKmiRFJs0IhHsu0ThZwJbGimObZjiST0Obb80e3Mb41RKhaJRz2J0QvJQLCAUaKN9BSUu2Ok6f30vFcsORVnDnuVuBkpQYZ6r/jV7Uc0CVFoyolSHdeJtZcSqRnlOC10E4UxoSMywI6hgoSovHR+8dQ+M0rfDiJpSmh7rv6eSEmo1CT0TWdI9FAtezPxP6+T6ODKS5mIE42CLhYFCbd1ZM/et/tMItV8YgihkplbbTokklBtQiqYENzll1dJ86LiVivXD9VS7SaLIw8ncAplcOESanAHdWgABQHP8ApvlrJerHfrY9Gas7KZY/gD6/MH+9CQfQ==</latexit>



Challenge
• How does a black box learn semantics without knowing syntax?

— Generally unpublished failed experiments indicate what doesn’t work

• Can artificial intelligence do interesting research?

— Proofs in real analysis Ganesalingam, Gowers (2013)

— cf. new joseki in go

— Proof  assistants Voevodsky (2014)

— Knowing that there are approximate functions            and m(~v)

<latexit sha1_base64="FD6WJKYXuKtEDqN9vvv6a7peCnQ=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMYB6YLGF20kmGzM4uM7OBsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glhwbVz321lb39jc2s7t5Hf39g8OC0fHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmM7mZ+c4xK80g+mkmMfkgHkvc5o8ZKT2GpM0aWjqcX3ULRLbtzkFXiZaQIGWrdwlenF7EkRGmYoFq3PTc2fkqV4UzgNN9JNMaUjegA25ZKGqL20/nFU3JulR7pR8qWNGSu/p5Iaaj1JAxsZ0jNUC97M/E/r52Y/rWfchknBiVbLOongpiIzN4nPa6QGTGxhDLF7a2EDamizNiQ8jYEb/nlVdK4LHuV8s1DpVi9zeLIwSmcQQk8uIIq3EMN6sBAwjO8wpujnRfn3flYtK452cwJ/IHz+QNJwpCw</latexit>

can we find analytic expressions by opening the black box?

f( ~J)

<latexit sha1_base64="+7a0XUb6j34HoLccyvm1v5kJhqo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQLyWRgnorehFPFewHtqFstpN26WYTdjeFEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZya+sbm1v57cLO7t7+QfHwqKmiRFJs0IhHsu0ThZwJbGimObZjiST0Obb80e3Mb41RKhaJRz2J0QvJQLCAUaKN9BSUu2Ok6f30vFcsORVnDnuVuBkpQYZ6r/jV7Uc0CVFoyolSHdeJtZcSqRnlOC10E4UxoSMywI6hgoSovHR+8dQ+M0rfDiJpSmh7rv6eSEmo1CT0TWdI9FAtezPxP6+T6ODKS5mIE42CLhYFCbd1ZM/et/tMItV8YgihkplbbTokklBtQiqYENzll1dJ86LiVivXD9VS7SaLIw8ncAplcOESanAHdWgABQHP8ApvlrJerHfrY9Gas7KZY/gD6/MH+9CQfQ==</latexit>

AlphaGo Zero (2017)



hep-th
• Use machine learning to classify papers into arXiv categories

• 65% success at exact subject, 87% success at formal vs. phenomenology

Paris� France + Italy = Rome
<latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit><latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit><latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit><latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit>

king �man + woman = queen
<latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit><latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit><latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit><latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit>

He, VJ, Nelson (2018)

• Mapping words to vectors contextually, we discover syntactic identities



hep-th
• Use machine learning to classify papers into arXiv categories

• 65% success at exact subject, 87% success at formal vs. phenomenology

• An idea generating machine for hep-th:

Paris� France + Italy = Rome
<latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit><latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit><latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit><latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit>

king �man + woman = queen
<latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit><latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit><latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit><latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit>

symmetry + black hole = Killing
<latexit sha1_base64="MnLF7ue/WV3jDmWSiDlE51ah11E="></latexit><latexit sha1_base64="MnLF7ue/WV3jDmWSiDlE51ah11E="></latexit><latexit sha1_base64="MnLF7ue/WV3jDmWSiDlE51ah11E="></latexit><latexit sha1_base64="MnLF7ue/WV3jDmWSiDlE51ah11E="></latexit>

symmetry + algebra = group
<latexit sha1_base64="PTuiuafhv5pVGvXYduOywHdwp2k="></latexit><latexit sha1_base64="PTuiuafhv5pVGvXYduOywHdwp2k="></latexit><latexit sha1_base64="PTuiuafhv5pVGvXYduOywHdwp2k="></latexit><latexit sha1_base64="PTuiuafhv5pVGvXYduOywHdwp2k="></latexit>

black hole + QCD = plasma
<latexit sha1_base64="WLqiSdiMMge6pk92qGm5hLaaeTY="></latexit><latexit sha1_base64="WLqiSdiMMge6pk92qGm5hLaaeTY="></latexit><latexit sha1_base64="WLqiSdiMMge6pk92qGm5hLaaeTY="></latexit><latexit sha1_base64="WLqiSdiMMge6pk92qGm5hLaaeTY="></latexit>

spacetime + inflation = cosmological constant
<latexit sha1_base64="jzYQZB6zvgMHOlU0xTwK4R52Rfw="></latexit><latexit sha1_base64="jzYQZB6zvgMHOlU0xTwK4R52Rfw="></latexit><latexit sha1_base64="jzYQZB6zvgMHOlU0xTwK4R52Rfw="></latexit><latexit sha1_base64="jzYQZB6zvgMHOlU0xTwK4R52Rfw="></latexit>

string theory + Calabi�Yau = M�theory +G2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Mapping words to vectors contextually, we discover syntactic identities

He, VJ, Nelson (2018)



Thank You!


