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big questions in numerics for strongly 
correlated condensed matter physics 

• How to get good data?  


• How to analyze the data? (symmetry breaking, topological 
order, critical points, dynamical information,...)

the approach outlined here can only help for 
detecting symmetry breaking and local constraints. 

It starts from having good data



gadolinium gallium garnet

two interpenetrating Kagome lattices

shows hidden quadrupolar order

Q = �L � L�cl
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Orders can be complicated
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Ising model, Principal Component Analysis

Ising model, Ising gauge model, (convolutional) neural network, supervised learning

Ising model, Ising gauge model, (convolutional) neural network, supervised learning



Classification of classical ferromagnetic 2D Ising model
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�k = ±1
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high T : M = 0

low T : M=1 or M = -1



quadratic kernel, decision function can be written as:

Ponte, Melko

quadratic separator is average magnetization squared

and this is indeed what is learnt from structure constants Cx

INTERPRETABLE



Classification of classical ferromagnetic 2D Ising model

But there is more!
map spin configuration onto average magnetization per spin:

Tc
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1

-1

all the temperatures above Tc map onto the 
origin; ie they are support vectors with bias =  ±1



The information of the bias can be used to make an UNSUPERVISED graph analysis  

Tc
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for any pair of temperatures : perform a SVM classification, and look at the bias
if the pair is in a different phase : |b| = 1, draw no line

otherwise connect by a line
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SVM

NN

interpretable

black box

universalproblem 
specific

Why would you want to do this?
• read off order parameter as opposed to guessing it, no cooking


• reduce chances of missing an order


• automation: speedup when many parameter axes are involved

for the problem of phase classification:



• so now : more of the same

• but : make it more complicated

• ... a lot more complicated in fact

• all simple orders have been found and identified

• note on parallel tempering:
• state of the art implementation; carefully monitoring round-trips 


• use heatbath algorithm, overrelaxation, global rotorotations etc


• ensemble of states; each one of them can show a manifestation of symmetry breaking in a 
different way



Tensorial-kernel support vector machine

• TK-SVM Decision function

For details see: 
J. Greitemann, Ke Liu, L. Pollet, PRB 99, 060404 (R) (2019) 
 (Editors’ Suggestion); 
Ke Liu, J. Greitemann, L. Pollet, PRB 99, 104410 (2019)

phase  
diagram

hierarchy  
of phases

order  
parameter

local  
constraint

TK-SVMspin config.
x = {Sa

i }

coeff. matrix
CμνDetect general 

O(3)-broken orders 

bias para.
ρ

global shift for 
normalization

capture 

the order

(There are a few more 
technical details involved)

Ke Liu
(刘 科)

Jonas 
Greitemann
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Structure

• classical XXZ model on the pyrochlore lattice 
(benchmarking)


• classical Heisenberg model on the Kagome lattice 
(benchmarking)


• 𝛤K models (Kitaev materials) : some new results



Competing hidden order in classical XXZ pyrochlore magnet

magnetic
hidden  

quadrupolar

QC2h
= ((Sx)2 − (Sy)2

SxSy + SySx )
spin iceclassical 

spin liquid

Finite temperature phase diagram of classical XXZ model 
on the pyrochlore lattice (M. Taillefumier et al., PRX 2017)

materials (spin ice): Ho2Ti2O7 and Dy2Ti2O7





Tensorial-kernel support vector machine

cluster average:

spin in cluster
cluster index

map spins within cluster on monomials of degree n:

aj = x, y, z
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• Detecting magnetic orders  
(Rank-1 TK-SVM)
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• No higher rank orders found 
(no further structure at rank-3 & 4)

• Detecting quadrupolar orders  
(Rank-2 TK-SVM)
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Weighted Graphs
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• Disorder hierarchy

Hierarchy of phases



Rank-1 Tensor : 
reveals an easy-plane 

antiferromagnet

(12x12)

Order parameters : phase I at rank 1



Order parameters : phase IV at rank 2

(144x144)

more complicated! 

but analysis is along similar lines

The matrix in fact shows C2h 
order with two fluctuating fields 
(a biaxial nematic phase)
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spin ice 

Sz
1 + Sz

2 + Sz
3 + Sz

4 = 0

2-in-2-out  
ice rule

classical 
 spin liquid

S(1)
x + S(2)

x + S(3)
x + S(4)

x

S(1)
y + S(2)

y + S(3)
y + S(4)

y

S(1)
z + S(2)

z + S(3)
z + S(4)

z

= (
0
0
0)

Constraint for all 
spin components. 

By a similar analysis:

easy plane 
constraint

Local constraints, global phase diagram

C1hC2h





Heisenberg model on Kagome lattice

planar ;  co-planar (order by disorder); 
biaxial spin nematic (D3h)

(we did not look at dipolar order (yet))

J. Greitemann, PhD thesis;

J. Greitemann, K. Liu, L. Pollet, arXiv:2007.01685

• experiments: Y0.5Ca0.5BaCo4O7 and 
deuteronium jarosite (D3O)Fe3(SO4)2(OD)6 
show co-planar phase and seem to realize 
the classical nearest neighbor Heisenberg 
model on the Kagome lattice well. The 
earlier candidate SCGO (SrCr8-xGa4+xO19) 
freezes into a spin liquid below Tf = 3.3K

H = �J

X

hi,ji

Si · Sj
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Chalker 1992, Zhitomirsky 2007



Kitaev materials
intro, see S. Trebst, https://arxiv.org/pdf/1701.07056.pdf

• famously solved exactly by A. Kitaev (2005) using Majorana fermions and a Z2 gauge field


• gapless spin liquid (Majorana semi-metal) if Kx=Ky=Kz


• gapped spin liquid if Kz >> Kx,Ky with Abelian topological order (cf toric code)


• applying a [111]-magnetic field : non-Abelian Ising-type topological order can arise (cf px + i py)


• Jackeli, Khaliullin et al: Iridates (5d5) , Ruthenates (4d5) in the edge sharing geometry can almost 
realize this model


• 𝛼-RuCl3  is generally considered a "proximate spin liquid" 



something interesting happens for RuCl3 in a magnetic field

• observation of a quantized half-integer thermal Hall effect for fields h ≈ 8T

• spin liquid, topological order

• chiral Majorana edge modes (Chern insulator)

• non-abelian statistics, fractionalization Y. Kasahara et al, Nature 559, 227-231 (2018)



• the model is furthermore notoriously difficult to simulate 
(classically, quantum mechanically)

The material 𝛼-RuCl3 

(slide : Ke Liu)

strong disagreements on its description



Application of TK-SVM to 𝛤-K-h model

(slide : Ke Liu)

classical

global CR
6 CS

3
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symmetry

h = 0 : K ! �K,� ! ��, SA ! �SA
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Application of TK-SVM to 𝛤-K-h model: ML phase diagram

• obtained by rank 1 order parameters; dashed line corresponds to rank 2

• Kitaev spin liquid appears stable

• 6 and 18 sublattice phase, novel description in terms of its symmetry (S3xZ3)

• magnetic fields suppress order

• the anti-ferromagnetic Kitaev SL has a global U(1)g phase when subject to an 

intermediate h field

• some questions remain




Application of TK-SVM to 𝛤-K model : phase diagram for h=0





novel spin-lattice modulated orders



local constraint of Kitaev and 𝛤 spin liquid

Kitaev spin liquid:

𝛤- spin liquid:

=
1

2
G1 = ±1
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G�SL =
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2
(G2 ±G3 +G5) = ±1 ; G1 = G4 = G6 = 0
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• ground state constraints


• has local Z2 invariance

• allows to compute the ground state degeneracy 

1.662N

• ground state constraints (involves 24 terms)


• has also Z2 invariance

• allows to compute the ground state degeneracy 2N/6

NEW

note : S3 also has a local constraint



Where to go from here?
• bottleneck: generate MC data

• tough problem: claimed q=W order in breathing pyrochlore + DM? Fragmentation?

https://arxiv.org/pdf/1902.10934.pdf
H. Yan et al

N. Sadoune

🤝

(PRL 2020)

💻



Where to go from here?
• reverse Monte Carlo engineering (S >> 1/2)

determine J1, J2, J3 until phase diagram matches with experimental data

• prescreening of novel classes of materials that have 
not been fabricated yet (S >> 1/2)

• quantum problems (S = 1/2)

• x,y,z components do not commute; only projection on basis possible

• world-line pictures for bosons (FM in imaginary time)? 

• sampling from a DMRG/MPS/PEPS/... ground state?

• taking FCS or all moments of correlation functions to replace snapshots?

input from DFT, spin waves,...

not there yet. how to scale?







Summary and Outlook
SVM

NN

interpretable

black box

universalproblem 
specific
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