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Many observations in our Universe can be explained with just four 
fundamental forces

Gravity EM Weak Strong 

Fundamental interactions



Two theories to describe these four forces.

General 
Relativity

Quantum Field Theory 
(Yang-Mills Theory)

Fundamental interactions

[Image Source: wikipedia]
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Fundamental interactions
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“… so don’t combine them” 



…however, we need a unified description to study physics at high energies

What happened at 
the Big Bang?  

What is Dark Energy?

Combining the descriptions
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…however, we need a unified description to study physics at high energies

What happened at 
the Big Bang?  

What is Dark Energy?

What happens at the 
event horizon of a  

black hole?

Do all particles and 
forces come from a 

Grand Unified Theory?

Combining the descriptions



Introduction to String Theory



‣ One promising candidate for a unified description of General Relativity and 
Quantum Field Theory: String Theory 

‣ Basic assumption: Fundamental constituents of the particles that mediate the 
four forces and of all matter are not-point-like, but one-dimensional, 
extended strings

String Theory



‣ Requires ten space-time dimensions 

This has far-reaching consequences!

String Theory - Compactifications



“… last time I checked the world 
was 3D” 



‣ Requires ten space-time dimensions 
 

‣ We only observe 3, so 6 have to be small  
to evade detection      compactifications 
 

‣ The equations of motion put stringent constraints on the compactification 
geometry. The compact 6D space has to be a Calabi-Yau manifold

This has far-reaching consequences!

String Theory - Compactifications
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“…ok, but how do we describe the 
extra dimensions?” 



‣ It is often easier to describe spaces inside larger ambient spaces: 
 
 
 
Sphere     inside       : 
 
 
 
 
Torus      inside          :

Description of compact extra dimensions
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x2 + y2 + z2 = R2
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Radius

Shape
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x3 + y3 + z3 =  xyz
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‣ Metrics measure distances, but the choice is not unique 

Metrics

[Source: wikipedia] [Source: google maps]



‣ Metrics measure distances, but the choice is not unique 

‣ If space is curved, metric depends on the point you are at. It also depends on volume/shape 

Metrics

[Photo Credit: Jimmy Chin]

[Source: wikipedia] [Source: google maps]



‣ Consider e.g. spherical coordinates  
 
 

‣ From this we can compute the volume of the 3D ball 

Metrics and integration
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ds2 = dr2 + r2d✓2 + r2 sin2 ✓d'2
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gab =

0

@
1 0 0
0 r2 0
0 0 r2 sin2 ✓

1
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Think of a metric     as a function
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and optimize a NN to represent this function



‣ Calabi-Yau spaces are spaces on which a metric exists that is “flat 
enough”, i.e. their Ricci tensor vanishes

Calabi-Yau Metrics

<latexit sha1_base64="4x3MKNUcwakrhZLfZYat3Ibh40M="></latexit>
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Introduction to Calabi-Yau manifolds



CY metrics - Existence and Uniqueness

[Calabi `54]

If some topological conditions are satisfied, I 
conjecture a Ricci-flat metric exists. I cannot 
prove that it exists, but I know it will be unique.

[Image Source: wikipedia]



CY metrics - Existence and Uniqueness

[Calabi `54]

[Yau `77]

I can prove that such a metric exists, but I can  
neither tell you what it looks like nor how to 
construct it.

[Image Source: wikipedia]

If some topological conditions are satisfied, I 
conjecture a Ricci-flat metric exists. I cannot 
prove that it exists, but I know it will be unique.



CY metrics - Existence and Uniqueness

[Calabi `54]

[Yau `77]

I can prove that such a metric exists, but I can  
neither tell you what it looks like nor how to 
construct it.

[Fields `82]

Great, take my medal! 

[Image Source: wikipedia]

If some topological conditions are satisfied, I 
conjecture a Ricci-flat metric exists. I cannot 
prove that it exists, but I know it will be unique.



… even now, 40 years later, we still 
don’t know the geometry of the 

space-time we live in 



Calabi-Yaus in pop culture

[Source: Half-Life 2]

[Source: soundcloud.com]

[Source: matteofarinella.com]
[Source: wikipedia]

[Source: tfwiki.net]



Calabi-Yau manifolds - Properties

• Complex 
• Kähler 
• Ricci-flat



‣ In general manifolds cannot be covered by a single patch  
‣ On each patch, one can choose a local description, coordinate system, 

etc. But one must make sure that the descriptions can be matched on 
the overlap and everything can be patched to a complex manifold 
globally (e.g. choice             vs               , …) 

CY Property 1 - Complex

<latexit sha1_base64="hnnEAce+TNSVpX0l4YHzhWuXQmY=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbJbRL0IRS8eK9gP2C4lm2bb0GyyJrNCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfjuFldW19Y3iZmlre2d3r7x/0DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD0e3Ubz8xbbiSDzBOWBCTgeQRpwSs5PPrrnnUkJ15k1654lbdGfAy8XJSQTkavfJXt69oGjMJVBBjfM9NIMiIBk4Fm5S6qWEJoSMyYL6lksTMBNns5Ak+sUofR0rbkoBn6u+JjMTGjOPQdsYEhmbRm4r/eX4K0VWQcZmkwCSdL4pSgUHh6f+4zzWjIMaWEKq5vRXTIdGEgk2pZEPwFl9eJq1a1buo1u7PK/WbPI4iOkLH6BR56BLV0R1qoCaiSKFn9IreHHBenHfnY95acPKZQ/QHzucP/MaREQ==</latexit>
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<latexit sha1_base64="belld2SrgpZtFpKq/uLkWRjvRCg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuEPUY9OIxQl6QrGF2MkmGzM4uM71CWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSyFQdf9dnJr6xubW/ntws7u3v5B8fCoaaJEM95gkYx0O6CGS6F4AwVK3o41p2EgeSsY38381hPXRkSqjpOY+yEdKjEQjKKVWvXH1LuoTHvFklt25yCrxMtICTLUesWvbj9iScgVMkmN6XhujH5KNQom+bTQTQyPKRvTIe9YqmjIjZ/Oz52SM6v0ySDSthSSufp7IqWhMZMwsJ0hxZFZ9mbif14nwcGNnwoVJ8gVWywaJJJgRGa/k77QnKGcWEKZFvZWwkZUU4Y2oYINwVt+eZU0K2Xvqlx5uCxVb7M48nACp3AOHlxDFe6hBg1gMIZneIU3J3ZenHfnY9Gac7KZY/gD5/MHdZCPAA==</latexit>

T 1,2



‣ The space must be Kähler 
‣ This means that the metric can be written in terms of derivatives of a 

real, scalar function called the Kähler potential 

‣ In general, integrating the metric to find the Kähler potential is hard. So 
one can either start with a Kähler potential and derive the metric, or one 
has to solve the differential equation                 . 

CY Property 2 - Kähler

Kähler potential Kähler form

<latexit sha1_base64="sLJthRVyTOlRIl7K/+vSSPnzNkE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix6Eby0YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK9fteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1lx6xfl6k0eRwGO4QTOwIMrqMId1KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AKNXjNM=</latexit>

K

<latexit sha1_base64="l51CmvQ6gBe4XyRFv5+LzCKRWgw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBEMpuEfUiFL14rGA/oF1KNs22sdlkSbJiXfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDK8nfvOBKs2kuDOjmPoR7gsWMoKNlRpPl48nbNQtltyyOwVaJF5GSpCh1i1+dXqSJBEVhnCsddtzY+OnWBlGOB0XOommMSZD3KdtSwWOqPbT6bVjdGSVHgqlsiUMmqq/J1IcaT2KAtsZYTPQ895E/M9rJya88FMm4sRQQWaLwoQjI9HkddRjihLDR5Zgopi9FZEBVpgYG1DBhuDNv7xIGpWyd1au3J6WqldZHHk4gEM4Bg/OoQo3UIM6ELiHZ3iFN0c6L8678zFrzTnZzD78gfP5A1PUjvk=</latexit>

z = x+ iy
<latexit sha1_base64="xzl8Ooa0uhUYFLA5JODQN9FBovs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyUpRb0IRS8eK9gPaELZbDft0s0m7G7EGPo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3wz9TsPVCoWiXudxtQL8VCwgBGsjeS6PpbZ0+Tq8Yyl/XLFrtozoGXi5KQCOZr98pc7iEgSUqEJx0r1HDvWXoalZoTTSclNFI0xGeMh7RkqcEiVl81unqATowxQEElTQqOZ+nsiw6FSaeibzhDrkVr0puJ/Xi/RwaWXMREnmgoyXxQkHOkITQNAAyYp0Tw1BBPJzK2IjLDERJuYSiYEZ/HlZdKuVZ3zau2uXmlc53EU4QiO4RQcuIAG3EITWkAghmd4hTcrsV6sd+tj3lqw8plD+APr8wchipHA</latexit>
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‣ The CY metric needs to have Ricci tensor 0 

‣ The Ricci tensor involves two derivatives of the metric, which itself involves 2 derivatives 
of  

‣ This fourth-order partial differential equation is extremely hard to solve 

‣ We can improve on this. On a CY, one can write down 

‣ Since the volume form is unique (up to a constant): 

‣ This leads to a second-order PDE of Monge-Ampere type  

CY Property 3 - Ricci-flat

<latexit sha1_base64="LlaQp7Kwj34Bi+DBXVG3K5fT8Cc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2WK/WLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6RPjNY=</latexit>
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<latexit sha1_base64="OCl4aRoNjEbK+gCX9XrMr+zFUnk=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laSIeix68VjFfkAayma7aZdudsPuRCmlP8OLB0W8+mu8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdgqbu/s7u2XDg6bRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8mfqtR6YNV/IBRykLE9KXPOaUoJWCzj3vD5BorZ66pbJX8WZwl4mfkzLkqHdLX52eolnCJFJBjAl8L8VwTDRyKtik2MkMSwkdkj4LLJUkYSYcz06euKdW6bmx0rYkujP198SYJMaMksh2JgQHZtGbiv95QYbxVTjmMs2QSTpfFGfCReVO/3d7XDOKYmQJoZrbW106IJpQtCkVbQj+4svLpFmt+BeV6t15uXadx1GAYziBM/DhEmpwC3VoAAUFz/AKbw46L8678zFvXXHymSP4A+fzB5NlkXQ=</latexit>)
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⌦ =

✓
@p

@z4

◆�1

dz1 dz2 dz3

<latexit sha1_base64="OgP+lsfU/iyANjhpDBPgmwbRu90="></latexit>

|⌦|2 =

����
@p

@z4

����
�2

dz1 dz2 dz3 dz̄1 dz̄2 dz̄3

<latexit sha1_base64="VopfPHG1EekPbHNDJTp9WwVvmgY=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbRb0IQS/ixQjmAdlN6J3MJkNmH8zMCmET8Fe8eFDEq9/hzb9xkuxBEwsaiqpuuru8mDOpLOvbWFhcWl5Zza3l1zc2t7bNnd2ajBJBaJVEPBINDyTlLKRVxRSnjVhQCDxO617/euzXH6mQLAof1CCmbgDdkPmMgNJS29y/bZ1cOn2IY8BD5y6gXRi2Sm2zYBWtCfA8sTNSQBkqbfPL6UQkCWioCAcpm7YVKzcFoRjhdJR3EkljIH3o0qamIQRUuunk/BE+0koH+5HQFSo8UX9PpBBIOQg83RmA6slZbyz+5zUT5V+4KQvjRNGQTBf5CccqwuMscIcJShQfaAJEMH0rJj0QQJROLK9DsGdfnie1UtE+K5buTwvlqyyOHDpAh+gY2egcldENqqAqIihFz+gVvRlPxovxbnxMWxeMbGYP/YHx+QMaC5Ty</latexit>

J3 = |⌦|2

<latexit sha1_base64="D9kRDV1RTLxucDhG/xF2wsgeUlA="></latexit>

J =
i

2

X

a<b

gab̄ "
ab̄ dzadz̄b̄



Let us illustrate the construction of CY manifolds. We start in 2D, i.e. with a torus.

CY manifolds - simplest example

‣ First, we start with a complex Kähler ambient space  
 

‣ This ambient space is clearly complex. It is also Kähler, and a canonical metric is the 
Fubini-Study metric derived from the Kähler potential 

‣ Now we describe the torus as a complex 1D surface inside         

 

<latexit sha1_base64="GuBWTG867fqYM1SYU5DKLGcIdqo=">AAAB+XicbVDLSgMxFL1TX7W+qi7dBIvgQspMUXRZdOOygn1AO5ZMmmlDk8yYZIQy9Dvc2p249WPEvzHTzkJbDwQO557LPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8l83bL1RpFslHM4mpL/BQspARbKzk9wQ2oyAQaWP6VOuXK27VnQOtEi8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10HnqKzqwyQGGk7JMGzdXfGykWWk9EYJ1ZSL08y8QLZLP/Z+gmJrzxUybjxFBJFtfChCMToawGNGCKEsMnlmCimA2MyAgrTIwtq2Sb8Jb/vUpatap3VXUfLiv127yTIpzAKZyDB9dQh3toQBMIPMMrvMHMSZ2Z8+58LKwFJ985hj9wPn8A4s+Tqg==</latexit>

2

<latexit sha1_base64="A8nUYeZ0bcEWkR5OfP0NSvl+E9Q="></latexit>

2 =
�
(z0, z1, z2) 2 3 | (z0, z1, z2) ⇠ (�z0,�z1,�z2) , � 2

 

<latexit sha1_base64="GuBWTG867fqYM1SYU5DKLGcIdqo=">AAAB+XicbVDLSgMxFL1TX7W+qi7dBIvgQspMUXRZdOOygn1AO5ZMmmlDk8yYZIQy9Dvc2p249WPEvzHTzkJbDwQO557LPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8l83bL1RpFslHM4mpL/BQspARbKzk9wQ2oyAQaWP6VOuXK27VnQOtEi8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10HnqKzqwyQGGk7JMGzdXfGykWWk9EYJ1ZSL08y8QLZLP/Z+gmJrzxUybjxFBJFtfChCMToawGNGCKEsMnlmCimA2MyAgrTIwtq2Sb8Jb/vUpatap3VXUfLiv127yTIpzAKZyDB9dQh3toQBMIPMMrvMHMSZ2Z8+58LKwFJ985hj9wPn8A4s+Tqg==</latexit>

2

<latexit sha1_base64="IPnXzw1uohSYNMFrO012ibGoPTM=">AAACNHicbVBNSwMxEM3Wr1q/qh69BIvQopTdIupFKAoieKlgP6Dblmw23YZmN0uSFeq2/8izP8SLiL2J V3+DabsHbR0I8/LmDTPznJBRqUzz3UgtLa+srqXXMxubW9s72d29muSRwKSKOeOi4SBJGA1IVVHFSCMUBPkOI3Wnfz2p1x+JkJQHD2oQkpaPvIB2KUZKU53szd2lzbiXHz51zGG7dKyzleSSzoVZVbZtF3keETZ2ubJ9pHqO48fWaPqHstDJ5syiOQ24CKwE5EASlU72zXY5jnwSKMyQlE3LDFUrRkJRzMgoY0eShAj3kUeaGgbIJ7IVT+8dwSPNuLDLhX6BglP2d0eMfCkHvqOVk1XlfG1CnkB9wX+CZqS6F62YBmGkSIBn07oRg4rDiYPQpYJgxQYaICyoXhjiHhIIK+1zRjthzd+9CGqlonVWNO9Pc+WrxJM0OACHIA8scA7K4BZUQBVg8AxewQcYGy/G2Pg0vmbSlJH07IM/YXz/AOsXqkw=</latexit>

K = log(|z0|2 + |z1|2 + |z2|2) = log(s† · · s)



CY manifolds - simplest example
‣                   iff the equation is homogeneous of degree 3 in  

‣ Take e.g. 

‣ The torus is a 1D CY manifold. But inheriting the ambient FS metric does not lead to a Ricci-
flat metric on the torus. 

‣ However, the torus can also be described as  
 
 
 
 

‣ The parameter     describes the tilting (shape) of the torus and is related to the parameter    . 
These parameters are called complex structure parameters and are a priori not fixed.    

<latexit sha1_base64="t+Gb5Fp1iwmYmIxv7bIzEgKwJ1M=">AAAB93icbVDLSsNAFJ3UV62vqks3g0VwUUpSFF0W3bisYGshDWEynbRD5xFmJkIa+hlu7U7c+jXi3zhts9DWAxcO557LvfdECaPauO63U9rY3NreKe9W9vYPDo+qxyddLVOFSQdLJlUvQpowKkjHUMNIL1EE8YiR52h8P+8/vxClqRRPJktIwNFQ0JhiZKzkT0K3Pgk9W82wWnMb7gJwnXgFqYEC7bD61R9InHIiDGZIa99zExPkSBmKGZlW+qkmCcJjNCS+pQJxooN8cfIUXlhlAGOpbAkDF+rviRxxrTMeWSdHZqRXe3OxDqOI/2fwUxPfBjkVSWqIwMttccqgkXAeAhxQRbBhmSUIK2oPhniEFMLGRlWxSXirf6+TbrPhXTfcx6ta667IpAzOwDm4BB64AS3wANqgAzCQ4BW8gZmTOTPn3flYWktOMXMK/sD5/AEXiZH9</latexit>z0, z1, z2
<latexit sha1_base64="YWz+vJCs5HvH9LZuc2atnTIKmVs=">AAACJHicbVDLSgMxFM3UV62vUZduokUQlJKpz02h6MZlBfuAtg6ZNNOGZmZCkhHa0j9x7Ye4tTsRceO3mGlnodUL4Z6ce+5N7vEEZ0oj9GllFhaXlleyq7m19Y3NLXt7p6aiWBJaJRGPZMPDinIW0qpmmtOGkBQHHqd1r3+T1OuPVCoWhfd6IGg7wN2Q+YxgbSjXvhCloYseTuExHLpOmovT3BKKmQtKCgnZUhqTvqR8v4RcO48KaBrwL3BSkAdpVFz7o9WJSBzQUBOOlWo6SOj2CEvNCKfjXCtWVJjxuEubBoY4oKo9mu43hoeG6UA/kuaEGk7Znx0jHCg1CDyjDLDuqflaQp5Azwv+EzRj7V+1RywUsaYhmb3mxxzqCCaOwQ6TlGg+MAATycyHIelhiYk2vuaME8783n9BrVhwzgvo7ixfvk49yYI9cACOgAMuQRncggqoAgKewAt4BRPr2ZpYb9b7TJqx0p5d8Cusr2/ZUqCO</latexit>

p = z30 + z31 + z32 +  z0z1z2
!
= 0

<latexit sha1_base64="ggxskklY9hqB7d94L/yi/ojtA0Q=">AAACGHicbVDLSgMxFM34rPVVdekmWARRKTOi6LLYjcsK9gGdUjJppg1NMkOSEdpx+g2u/RC3didu3Yh/Y6adhbYeCDmcey733uOFjCpt29/W0vLK6tp6biO/ubW9s1vY26+rIJKY1HDAAtn0kCKMClLTVDPSDCVB3GOk4Q0qab3xSKSigXjQw5C0OeoJ6lOMtJE6hVM3HrlUuBzpvufxuJKMn8YjV1EOR2dO9rsaRW7SKRTtkj0FXCRORoogQ7VT+HK7AY44ERozpFTLsUPdjpHUFDOS5N1IkRDhAeqRlqECcaLa8fSmBB4bpQv9QJonNJyqvztixJUacs84093VfC0Vz6E56T9DK9L+TTumIow0EXg2zY8Y1AFMU4JdKgnWbGgIwpKahSHuI4mwNlnmTRLO/N2LpH5Rcq5K9v1lsXybZZIDh+AInAAHXIMyuANVUAMYPINX8AYm1os1sd6tj5l1ycp6DsAfWJ8/QRagWg==</latexit>

{z 2 | z ⇠ z + 1 ⇠ z + ⌧}

<latexit sha1_base64="9lwCwv9jpoOZC9UUbGTbwRg4Jik=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoseiF48V7Ae0oWy2m3bpbhJ2J0IJ/Qte7U28+ofEf+OmzUFbHww83rxhZl6QSGHQdb+dtfWNza3t0k55d2//4LBydNwycaoZb7JYxroTUMOliHgTBUreSTSnKpC8HYwf8n77hWsj4ugZJwn3FR1GIhSMYi71kKb9StWtuXOQVeIVpAoFGv3KV28Qs1TxCJmkxnQ9N0E/oxoFk3xa7qWGJ5SN6ZB3LY2o4sbP5rdOyblVBiSMta0IyVz9PZFRZcxEBdapKI7Mci8XL0kQqP8M3RTDOz8TUZIij9hiW5hKgjHJvycDoTlDObGEMi3swYSNqKYMbUZlm4S3/PcqaV3VvJua+3Rdrd8XmZTgFM7gAjy4hTo8QgOawGAEr/AGM0c7M+fd+VhY15xi5gT+wPn8ATyGj+c=</latexit>⌧
<latexit sha1_base64="O0e7jCnhsOJ1Lzv8I/XwnbYae+Y=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8SNkVRY9FLx4r2A9ol5JNs21okl2SrFCW/gWv9iZe/UPivzHb7kFbHww83rxhZl6YCG6s532jtfWNza3t0k55d2//4LBydNwycaopa9JYxLoTEsMEV6xpuRWsk2hGZChYOxw/5P32C9OGx+rZThIWSDJUPOKU2FzqJYb3K1Wv5s2BV4lfkCoUaPQrX71BTFPJlKWCGNP1vcQGGdGWU8Gm5V5qWELomAxZ11FFJDNBNr91is+dMsBRrF0pi+fq74mMSGMmMnROSezILPdy8RKHofzP0E1tdBdkXCWpZYoutkWpwDbG+fd4wDWjVkwcIVRzdzCmI6IJtS6jskvCX/57lbSuav5NzXu6rtbvi0xKcApncAE+3EIdHqEBTaAwgld4gxnSaIbe0cfCuoaKmRP4A/T5Az+ij+k=</latexit>

 

<latexit sha1_base64="9lwCwv9jpoOZC9UUbGTbwRg4Jik=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoseiF48V7Ae0oWy2m3bpbhJ2J0IJ/Qte7U28+ofEf+OmzUFbHww83rxhZl6QSGHQdb+dtfWNza3t0k55d2//4LBydNwycaoZb7JYxroTUMOliHgTBUreSTSnKpC8HYwf8n77hWsj4ugZJwn3FR1GIhSMYi71kKb9StWtuXOQVeIVpAoFGv3KV28Qs1TxCJmkxnQ9N0E/oxoFk3xa7qWGJ5SN6ZB3LY2o4sbP5rdOyblVBiSMta0IyVz9PZFRZcxEBdapKI7Mci8XL0kQqP8M3RTDOz8TUZIij9hiW5hKgjHJvycDoTlDObGEMi3swYSNqKYMbUZlm4S3/PcqaV3VvJua+3Rdrd8XmZTgFM7gAjy4hTo8QgOawGAEr/AGM0c7M+fd+VhY15xi5gT+wPn8ATyGj+c=</latexit>⌧

<latexit sha1_base64="a6J3CKNtKBdv9ZU5iTfNDqoIjcU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuKHoMevGYgHlAsoTZyWwyZB7LzKwQlnyBV3MTr36S+DdOkj1oYkFDUV1Nd1eUcGas7397hY3Nre2d4m5pb//g8Kh8fNIyKtWENoniSncibChnkjYts5x2Ek2xiDhtR+PHeb/9QrVhSj7bSUJDgYeSxYxg66RG0C9X/Kq/AFonQU4qkKPeL3/1BoqkgkpLODamG/iJDTOsLSOcTku91NAEkzEe0q6jEgtqwmxx6BRdOGWAYqVdSYsW6u+JDAtjJiJyToHtyKz25uIViiLxn6Gb2vg+zJhMUkslWW6LU46sQvPX0YBpSiyfOIKJZu5gREZYY2JdQCWXRLD69zppXVeD26rfuKnUHvJMinAG53AJAdxBDZ6gDk0gQOEV3mDmKW/mvXsfS2vBy2dO4Q+8zx+Ono5U</latexit>

1
<latexit sha1_base64="hkrUE4eaVzagMqyjEKd6yM9a9qc=">AAAB+HicbVDLSgNBEJz1GeMr6tHLYBAiSNgVRY9BLx6jmAdkQ5id9CZDZh/M9IrJkt/wam7i1Z8R/8ZJsgdNLGgoqqvp7vJiKTTa9re1srq2vrGZ28pv7+zu7RcODus6ShSHGo9kpJoe0yBFCDUUKKEZK2CBJ6HhDe6m/cYzKC2i8AmHMbQD1guFLzhDI7kuwgumjzAujc46haJdtmegy8TJSJFkqHYKX2434kkAIXLJtG45doztlCkUXMI47yYaYsYHrActQ0MWgG6ns5vH9NQoXepHylSIdKb+nkhZoPUw8IwzYNjXi72peE49L/jP0ErQv2mnIowThJDPt/mJpBjRaQq0KxRwlENDGFfCHEx5nynG0WSVN0k4i38vk/pF2bkq2w+XxcptlkmOHJMTUiIOuSYVck+qpEY4ickreSMTa2RNrHfrY25dsbKZI/IH1ucPB5aTLA==</latexit>

Re(z)

<latexit sha1_base64="s4NtxoknbNdi7mT/wGuAgScbqdg=">AAAB+HicbVBNSwMxEM36WetX1aOXYBEqSNkVRY9FL3qrYD+gW0o2zbahSXZJZsV26d/wam/i1T8j/hvTdg/a+mDg8eYNM/OCWHADrvvtrKyurW9s5rby2zu7e/uFg8O6iRJNWY1GItLNgBgmuGI14CBYM9aMyECwRjC4m/Ybz0wbHqknGMasLUlP8ZBTAlbyfWAvkD7IcWl01ikU3bI7A14mXkaKKEO1U/jyuxFNJFNABTGm5bkxtFOigVPBxnk/MSwmdEB6rGWpIpKZdjq7eYxPrdLFYaRtKcAz9fdESqQxQxlYpyTQN4u9qXiOg0D+Z2glEN60U67iBJii821hIjBEeJoC7nLNKIihJYRqbg/GtE80oWCzytskvMW/l0n9ouxdld3Hy2LlNsskh47RCSohD12jCrpHVVRDFMXoFb2hiTNyJs678zG3rjjZzBH6A+fzBwYAkys=</latexit>

Im(z)

<latexit sha1_base64="9lwCwv9jpoOZC9UUbGTbwRg4Jik=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoseiF48V7Ae0oWy2m3bpbhJ2J0IJ/Qte7U28+ofEf+OmzUFbHww83rxhZl6QSGHQdb+dtfWNza3t0k55d2//4LBydNwycaoZb7JYxroTUMOliHgTBUreSTSnKpC8HYwf8n77hWsj4ugZJwn3FR1GIhSMYi71kKb9StWtuXOQVeIVpAoFGv3KV28Qs1TxCJmkxnQ9N0E/oxoFk3xa7qWGJ5SN6ZB3LY2o4sbP5rdOyblVBiSMta0IyVz9PZFRZcxEBdapKI7Mci8XL0kQqP8M3RTDOz8TUZIij9hiW5hKgjHJvycDoTlDObGEMi3swYSNqKYMbUZlm4S3/PcqaV3VvJua+3Rdrd8XmZTgFM7gAjy4hTo8QgOawGAEr/AGM0c7M+fd+VhY15xi5gT+wPn8ATyGj+c=</latexit>⌧

<latexit sha1_base64="a6J3CKNtKBdv9ZU5iTfNDqoIjcU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuKHoMevGYgHlAsoTZyWwyZB7LzKwQlnyBV3MTr36S+DdOkj1oYkFDUV1Nd1eUcGas7397hY3Nre2d4m5pb//g8Kh8fNIyKtWENoniSncibChnkjYts5x2Ek2xiDhtR+PHeb/9QrVhSj7bSUJDgYeSxYxg66RG0C9X/Kq/AFonQU4qkKPeL3/1BoqkgkpLODamG/iJDTOsLSOcTku91NAEkzEe0q6jEgtqwmxx6BRdOGWAYqVdSYsW6u+JDAtjJiJyToHtyKz25uIViiLxn6Gb2vg+zJhMUkslWW6LU46sQvPX0YBpSiyfOIKJZu5gREZYY2JdQCWXRLD69zppXVeD26rfuKnUHvJMinAG53AJAdxBDZ6gDk0gQOEV3mDmKW/mvXsfS2vBy2dO4Q+8zx+Ono5U</latexit>

1
<latexit sha1_base64="hkrUE4eaVzagMqyjEKd6yM9a9qc=">AAAB+HicbVDLSgNBEJz1GeMr6tHLYBAiSNgVRY9BLx6jmAdkQ5id9CZDZh/M9IrJkt/wam7i1Z8R/8ZJsgdNLGgoqqvp7vJiKTTa9re1srq2vrGZ28pv7+zu7RcODus6ShSHGo9kpJoe0yBFCDUUKKEZK2CBJ6HhDe6m/cYzKC2i8AmHMbQD1guFLzhDI7kuwgumjzAujc46haJdtmegy8TJSJFkqHYKX2434kkAIXLJtG45doztlCkUXMI47yYaYsYHrActQ0MWgG6ns5vH9NQoXepHylSIdKb+nkhZoPUw8IwzYNjXi72peE49L/jP0ErQv2mnIowThJDPt/mJpBjRaQq0KxRwlENDGFfCHEx5nynG0WSVN0k4i38vk/pF2bkq2w+XxcptlkmOHJMTUiIOuSYVck+qpEY4ickreSMTa2RNrHfrY25dsbKZI/IH1ucPB5aTLA==</latexit>

Re(z)

<latexit sha1_base64="s4NtxoknbNdi7mT/wGuAgScbqdg=">AAAB+HicbVBNSwMxEM36WetX1aOXYBEqSNkVRY9FL3qrYD+gW0o2zbahSXZJZsV26d/wam/i1T8j/hvTdg/a+mDg8eYNM/OCWHADrvvtrKyurW9s5rby2zu7e/uFg8O6iRJNWY1GItLNgBgmuGI14CBYM9aMyECwRjC4m/Ybz0wbHqknGMasLUlP8ZBTAlbyfWAvkD7IcWl01ikU3bI7A14mXkaKKEO1U/jyuxFNJFNABTGm5bkxtFOigVPBxnk/MSwmdEB6rGWpIpKZdjq7eYxPrdLFYaRtKcAz9fdESqQxQxlYpyTQN4u9qXiOg0D+Z2glEN60U67iBJii821hIjBEeJoC7nLNKIihJYRqbg/GtE80oWCzytskvMW/l0n9ouxdld3Hy2LlNsskh47RCSohD12jCrpHVVRDFMXoFb2hiTNyJs678zG3rjjZzBH6A+fzBwYAkys=</latexit>

Im(z)

<latexit sha1_base64="QzodCK02T6HvkGtTCeA7iAqqHN8=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2E3iHoRgl48RjEPSNYwO+kkQ2YfzPSqYcl/ePGgiFf/xZt/4yTZgyYWNBRV3XR3eZEUGm3728osLa+srmXXcxubW9s7+d29ug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHjDq4nfeAClRRjc4SgC12f9QPQEZ2ik+zbCEyaoxsXb4wu7ky/YJXsKukiclBRIimon/9Xuhjz2IUAumdYtx47QTZhCwSWMc+1YQ8T4kPWhZWjAfNBuMr16TI+M0qW9UJkKkE7V3xMJ87Ue+Z7p9BkO9Lw3Ef/zWjH2zt1EBFGMEPDZol4sKYZ0EgHtCgUc5cgQxpUwt1I+YIpxNEHlTAjO/MuLpF4uOael8s1JoXKZxpElB+SQFIlDzkiFXJMqqRFOFHkmr+TNerRerHfrY9aasdKZffIH1ucP45OSHA==</latexit>

tr(R) = 0



CY manifolds - simplest 6D example
‣ The same construction carries over to 3-folds. Start with a quintic equation in       : 

 
 
 
 
 
 

‣ Again, this manifold is complex, Kähler and has                  , so a Ricci-flat metric does exist 
by Yau’s theorem 

‣ The parameter     encodes the complex structure of the CY manifold 

‣ While we do not know the Ricci-flat metric, we can readily construct     

<latexit sha1_base64="8Qljn4udnIUbXrFMz2eFqh9OdVM=">AAAB+XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMVHRZdOOygn1AO5ZMmmlDk8yYZIQy9Dvc2p249WPEvzHTzkJbDwQO557LPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8l83bL1RpFslHM4mpL/BQspARbKzk9wQ2oyAQaWP6VOuXK27VnQOtEi8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10HnqKzqwyQGGk7JMGzdXfGykWWk9EYJ1ZSL08y8QLZLP/Z+gmJrzxUybjxFBJFtfChCMToawGNGCKEsMnlmCimA2MyAgrTIwtq2Sb8Jb/vUpal1Xvquo+1Cr127yTIpzAKZyDB9dQh3toQBMIPMMrvMHMSZ2Z8+58LKwFJ985hj9wPn8A5eGTrA==</latexit>

4

<latexit sha1_base64="O0e7jCnhsOJ1Lzv8I/XwnbYae+Y=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8SNkVRY9FLx4r2A9ol5JNs21okl2SrFCW/gWv9iZe/UPivzHb7kFbHww83rxhZl6YCG6s532jtfWNza3t0k55d2//4LBydNwycaopa9JYxLoTEsMEV6xpuRWsk2hGZChYOxw/5P32C9OGx+rZThIWSDJUPOKU2FzqJYb3K1Wv5s2BV4lfkCoUaPQrX71BTFPJlKWCGNP1vcQGGdGWU8Gm5V5qWELomAxZ11FFJDNBNr91is+dMsBRrF0pi+fq74mMSGMmMnROSezILPdy8RKHofzP0E1tdBdkXCWpZYoutkWpwDbG+fd4wDWjVkwcIVRzdzCmI6IJtS6jskvCX/57lbSuav5NzXu6rtbvi0xKcApncAE+3EIdHqEBTaAwgld4gxnSaIbe0cfCuoaKmRP4A/T5Az+ij+k=</latexit>

 
<latexit sha1_base64="0hbSOmvZsZ0fbQ+NpRiA8u2WzTo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvXizgv2ANpTNdtOu3U3C7kQoof/Bq72JV/+P+G/ctjlo9cHA480bZuYFiRQGXffLKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtbtgBouRcQbKFDydqI5VYHkrWB0O+u3nrk2Io4ecZxwX9FBJELBKFqp2b1XfEB75Ypbdecgf4mXkwrkqPfKn91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/m187ISdW6ZMw1rYiJHP150RGlTFjFVinojg0y72ZeEaCQP1n6KQYXvuZiJIUecQW28JUEozJ7H/SF5ozlGNLKNPCHkzYkGrK0KZUskl4y3//Jc3zqndZdR8uKrWbPJMiHMExnIIHV1CDO6hDAxg8wQu8wtRBZ+q8Oe8La8HJZw7hF5yPb32vkJo=</latexit>

⌦

<latexit sha1_base64="aLCEC5vq1Uh+erqtX1okURD6Nw0="></latexit>

p = z50 + z51 + z52 + z53 + z54 +  z0z1z2z3z4
!
= 0

<latexit sha1_base64="QzodCK02T6HvkGtTCeA7iAqqHN8=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2E3iHoRgl48RjEPSNYwO+kkQ2YfzPSqYcl/ePGgiFf/xZt/4yTZgyYWNBRV3XR3eZEUGm3728osLa+srmXXcxubW9s7+d29ug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHjDq4nfeAClRRjc4SgC12f9QPQEZ2ik+zbCEyaoxsXb4wu7ky/YJXsKukiclBRIimon/9Xuhjz2IUAumdYtx47QTZhCwSWMc+1YQ8T4kPWhZWjAfNBuMr16TI+M0qW9UJkKkE7V3xMJ87Ue+Z7p9BkO9Lw3Ef/zWjH2zt1EBFGMEPDZol4sKYZ0EgHtCgUc5cgQxpUwt1I+YIpxNEHlTAjO/MuLpF4uOael8s1JoXKZxpElB+SQFIlDzkiFXJMqqRFOFHkmr+TNerRerHfrY9aasdKZffIH1ucP45OSHA==</latexit>

tr(R) = 0



ML for Calabi-Yau metrics

…

…

… … …



Steps

Find points 
on CY CY metric

Repeat for 
different 

shapes and 
volumes 

Optimize NN 
• Overlap 
• Kahler 
• Ricci-flat



1. Sampling points

ResamplingRejection sampling

Random sampling depends on the metric. Take a disk
<latexit sha1_base64="ZDzHUhsAUpZnUiT6cw+qHq+s8os=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRXJQyU0TdCEU3LivYC3SGkknTNjSTDEmmOAx168ZXceNCEbc+gTvfxrSdhbb+EPj5zjmcnD+IGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkK0AKcIoJ3VNNSOtSBIUBow0g+H1pN4cEamo4Hc6iYgfoj6nPYqRNqhjH95fSg8L5Y2QjAbUK5UeYGKQojxDHbvolJ2p4KJxM1MEmWod+8vrChyHhGvMkFJt14m0nyKpKWZkXPBiRSKEh6hP2sZyFBLlp9NTxvDYkC7sCWke13BKf0+kKFQqCQPTGSI9UPO1Cfyv1o5178JPKY9iTTieLerFDGoBJ7nALpUEa5YYg7Ck5q8QD5BEWJv0CiYEd/7kRdOolN2zcuX2tFi9yuLIgwNwBE6AC85BFdyAGqgDDB7BM3gFb9aT9WK9Wx+z1pyVzeyDP7I+fwBY65qw</latexit>

x = r cos' , y = r sin'
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<latexit sha1_base64="D67xslcAMXfTN6hfLXMNZqKo+ZM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF7UkRVRwU3TjsoJ9QBLKZDpph04mYWYihlDc+CtuXCji1q9w5984bYNo64ELZ865l7n3+DGjUlnWl1FYWFxaXimultbWNza3zO2dlowSgUkTRywSHR9JwignTUUVI51YEBT6jLT94dXYb98RIWnEb1UaEy9EfU4DipHSUtfcu3cpd47tiu25lYp7kf48u2bZqloTwHli56QMcjS65qfbi3ASEq4wQ1I6thUrL0NCUczIqOQmksQID1GfOJpyFBLpZZMTRvBQKz0YREIXV3Ci/p7IUChlGvq6M0RqIGe9sfif5yQqOPcyyuNEEY6nHwUJgyqC4zxgjwqCFUs1QVhQvSvEAyQQVjq1kg7Bnj15nrRqVfu0Wrs5Kdcv8ziKYB8cgCNggzNQB9egAZoAgwfwBF7Aq/FoPBtvxvu0tWDkM7vgD4yPb+y8lTQ=</latexit>

x 2 [�1, 1] , y 2 [�1, 1]

Reject samples that 
are not on the manifold
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• Find points w.r.t. wrong measure  
• Assign weight to each point 
• Draw points with prior given 
 by these weights 

• Alternatively, use all points and 
 weight the loss by the weights

Random sampling

<latexit sha1_base64="lODHSAGm52IazcOx8uZgIn1/dro=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBRSlJEXVZdOOygn1AEspkOmmHTibDzKRQQt258VfcuFDErZ/gzr9x2mahrQcuHM65l3vvCQWjSjvOt1VYWV1b3yhulra2d3b37P2DlkpSiUkTJyyRnRApwignTU01Ix0hCYpDRtrh8Gbqt0dEKprwez0WJIhRn9OIYqSN1LWPpU+551TcwK9UHvwRkmJA51LNFzTo2mWn6swAl4mbkzLI0ejaX34vwWlMuMYMKeW5jtBBhqSmmJFJyU8VEQgPUZ94hnIUExVks0cm8NQoPRgl0hTXcKb+nshQrNQ4Dk1njPRALXpT8T/PS3V0FWSUi1QTjueLopRBncBpKrBHJcGajQ1BWFJzK8QDJBHWJruSCcFdfHmZtGpV96Jauzsv16/zOIrgCJyAM+CCS1AHt6ABmgCDR/AMXsGb9WS9WO/Wx7y1YOUzh+APrM8f1Z+YmA==</latexit>

r 2 [0, 1] , ' 2 [0, 2⇡]
<latexit sha1_base64="6V/48FdbAQwt8yoyTZ7s//V7J/g=">AAACCnicbVDLSsNAFJ34rPUVdelmtAguSkmCqMuiG5cV7AOSWCbTSTt0MhlmJoVS6taNv+LGhSJu/QJ3/o3TNgttPXDhcM693HtPJBhV2nG+raXlldW19cJGcXNre2fX3ttvqDSTmNRxylLZipAijHJS11Qz0hKSoCRipBn1ryd+c0Ckoim/00NBwgR1OY0pRtpIbftI3nsB5b5TdsOgXH4IBkiKHp1JXiBo2LZLTsWZAi4SNyclkKPWtr+CToqzhHCNGVLKdx2hwxGSmmJGxsUgU0Qg3Edd4hvKUUJUOJq+MoYnRunAOJWmuIZT9ffECCVKDZPIdCZI99S8NxH/8/xMx5fhiHKRacLxbFGcMahTOMkFdqgkWLOhIQhLam6FuIckwtqkVzQhuPMvL5KGV3HPK97tWal6lcdRAIfgGJwCF1yAKrgBNVAHGDyCZ/AK3qwn68V6tz5mrUtWPnMA/sD6/AEMn5k8</latexit>

r2 2 [0, 1] , ' 2 [0, 2⇡]
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Sample w.r.t. correct  
measure
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1. Find points on CY

Sample points from a 
sphere inside     

Find the line through 
these ambient points 

Intersect the CY eqn 
with the line    5 solns. <latexit sha1_base64="asA1HMWIFaKD7mq5hOwLE+/WQK0=">AAAB93icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoseiF49V7AekoWy2m3bpZjfsbpQQ+jO82pt49deI/8Ztm4O2Phh4vHnDzLww4Uwb1/12VlbX1jc2S1vl7Z3dvf3KwWFLy1QR2iSSS9UJsaacCdo0zHDaSRTFcchpOxzdTfvtZ6o0k+LJZAkNYjwQLGIEGyv53Uc2GBqslHzpVapuzZ0BLROvIFUo0OhVvrp9SdKYCkM41tr33MQEOVaGEU7H5W6qaYLJCA+ob6nAMdVBPjt5jE6t0keRVLaEQTP190SOY62zOLTOGJuhXuxNxXMUhvF/Bj810U2QM5Gkhgoy3xalHBmJpiGgPlOUGJ5Zgoli9mBEhlhhYmxUZZuEt/j3Mmld1LyrmvtwWa3fFpmU4BhO4Aw8uIY63EMDmkBAwiu8wcTJnInz7nzMrStOMXMEf+B8/gC68pMM</latexit>)

<latexit sha1_base64="8Qljn4udnIUbXrFMz2eFqh9OdVM=">AAAB+XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMVHRZdOOygn1AO5ZMmmlDk8yYZIQy9Dvc2p249WPEvzHTzkJbDwQO557LPTlBzJk2rvvtFNbWNza3itulnd29/YPy4VFLR4kitEkiHqlOgDXlTNKmYYbTTqwoFgGn7WB8l83bL1RpFslHM4mpL/BQspARbKzk9wQ2oyAQaWP6VOuXK27VnQOtEi8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10HnqKzqwyQGGk7JMGzdXfGykWWk9EYJ1ZSL08y8QLZLP/Z+gmJrzxUybjxFBJFtfChCMToawGNGCKEsMnlmCimA2MyAgrTIwtq2Sb8Jb/vUpal1Xvquo+1Cr127yTIpzAKZyDB9dQh3toQBMIPMMrvMHMSZ2Z8+58LKwFJ985hj9wPn8A5eGTrA==</latexit>

4

Then, the weights for a “uniform” sampling on the CY are given by
<latexit sha1_base64="ijTKroR4UQzqndHgs/5XmDfp9ls=">AAACDXicbVA9SwNBEN2LXzF+RS1tDqNgFe6iqI0QFERsjGhMIBfD3mYuLu59sDunhsv9ARv/io2FIrb2dv4bNzGFGh8MPN6bYWaeGwmu0LI+jczY+MTkVHY6NzM7N7+QX1y6UGEsGVRZKEJZd6kCwQOoIkcB9UgC9V0BNff6oO/XbkAqHgbn2I2g6dNOwD3OKGqplV+73XM8SVnSc0586NDeZSlNjluJg3CHyeFZml5upq18wSpaA5ijxB6SAhmi0sp/OO2QxT4EyARVqmFbETYTKpEzAWnOiRVElF3TDjQ0DagPqpkMvknNda20TS+UugI0B+rPiYT6SnV9V3f6FK/UX68v/uc1YvR2mwkPohghYN+LvFiYGJr9aMw2l8BQdDWhTHJ9q8muqA4HdYA5HYL99+VRclEq2tvF0ulWobw/jCNLVsgq2SA22SFlckQqpEoYuSeP5Jm8GA/Gk/FqvH23ZozhzDL5BeP9C2QenGc=</latexit>

w =
|⌦|2

J3
FS



‣ Input of the NN: 

• The point on the CY (5 complex coordinates      10 input nodes) 

• The patch in which to evaluate the NN (a 5D vector in           with all 0 and a 1 at 
position   to indicate the patch            ) 

• The point in CS space at which to compute the metric (2 real coordinates      2 
input nodes) 

‣ Output of the NN: The independent component of the hermitian metric (3 real dof’s on 
the diagonal, 3 complex off-diagonal dof’s       9 output nodes)

2. Setup the NN

<latexit sha1_base64="asA1HMWIFaKD7mq5hOwLE+/WQK0=">AAAB93icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoseiF49V7AekoWy2m3bpZjfsbpQQ+jO82pt49deI/8Ztm4O2Phh4vHnDzLww4Uwb1/12VlbX1jc2S1vl7Z3dvf3KwWFLy1QR2iSSS9UJsaacCdo0zHDaSRTFcchpOxzdTfvtZ6o0k+LJZAkNYjwQLGIEGyv53Uc2GBqslHzpVapuzZ0BLROvIFUo0OhVvrp9SdKYCkM41tr33MQEOVaGEU7H5W6qaYLJCA+ob6nAMdVBPjt5jE6t0keRVLaEQTP190SOY62zOLTOGJuhXuxNxXMUhvF/Bj810U2QM5Gkhgoy3xalHBmJpiGgPlOUGJ5Zgoli9mBEhlhhYmxUZZuEt/j3Mmld1LyrmvtwWa3fFpmU4BhO4Aw8uIY63EMDmkBAwiu8wcTJnInz7nzMrStOMXMEf+B8/gC68pMM</latexit>)

<latexit sha1_base64="asA1HMWIFaKD7mq5hOwLE+/WQK0=">AAAB93icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoseiF49V7AekoWy2m3bpZjfsbpQQ+jO82pt49deI/8Ztm4O2Phh4vHnDzLww4Uwb1/12VlbX1jc2S1vl7Z3dvf3KwWFLy1QR2iSSS9UJsaacCdo0zHDaSRTFcchpOxzdTfvtZ6o0k+LJZAkNYjwQLGIEGyv53Uc2GBqslHzpVapuzZ0BLROvIFUo0OhVvrp9SdKYCkM41tr33MQEOVaGEU7H5W6qaYLJCA+ob6nAMdVBPjt5jE6t0keRVLaEQTP190SOY62zOLTOGJuhXuxNxXMUhvF/Bj810U2QM5Gkhgoy3xalHBmJpiGgPlOUGJ5Zgoli9mBEhlhhYmxUZZuEt/j3Mmld1LyrmvtwWa3fFpmU4BhO4Aw8uIY63EMDmkBAwiu8wcTJnInz7nzMrStOMXMEf+B8/gC68pMM</latexit>)

<latexit sha1_base64="asA1HMWIFaKD7mq5hOwLE+/WQK0=">AAAB93icbVBNS8NAEJ34WetX1aOXxSJ4kJKIoseiF49V7AekoWy2m3bpZjfsbpQQ+jO82pt49deI/8Ztm4O2Phh4vHnDzLww4Uwb1/12VlbX1jc2S1vl7Z3dvf3KwWFLy1QR2iSSS9UJsaacCdo0zHDaSRTFcchpOxzdTfvtZ6o0k+LJZAkNYjwQLGIEGyv53Uc2GBqslHzpVapuzZ0BLROvIFUo0OhVvrp9SdKYCkM41tr33MQEOVaGEU7H5W6qaYLJCA+ob6nAMdVBPjt5jE6t0keRVLaEQTP190SOY62zOLTOGJuhXuxNxXMUhvF/Bj810U2QM5Gkhgoy3xalHBmJpiGgPlOUGJ5Zgoli9mBEhlhhYmxUZZuEt/j3Mmld1LyrmvtwWa3fFpmU4BhO4Aw8uIY63EMDmkBAwiu8wcTJnInz7nzMrStOMXMEf+B8/gC68pMM</latexit>)

<latexit sha1_base64="IcJ8m4eahiAeBVg0AaDlzkUS8XM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuKHoMevGYgHlAsoTZyWwyZB7LzKwQlnyBV3MTr36S+DdOkj1oYkFDUV1Nd1eUcGas7397hY3Nre2d4m5pb//g8Kh8fNIyKtWENoniSncibChnkjYts5x2Ek2xiDhtR+PHeb/9QrVhSj7bSUJDgYeSxYxg66QG65crftVfAK2TICcVyFHvl796A0VSQaUlHBvTDfzEhhnWlhFOp6VeamiCyRgPaddRiQU1YbY4dIounDJAsdKupEUL9fdEhoUxExE5p8B2ZFZ7c/EKRZH4z9BNbXwfZkwmqaWSLLfFKUdWofnraMA0JZZPHMFEM3cwIiOsMbEuoJJLIlj9e520rqvBbdVv3FRqD3kmRTiDc7iEAO6gBk9QhyYQoPAKbzDzlDfz3r2PpbXg5TOn8Afe5w/klo6M</latexit>

i
<latexit sha1_base64="QT6Z/XhqcKd24QGqutOEgR3g+8I=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuKHoMevEYwTwgWcLspJMMmZ1dZ2YDcclPeDU38erviH/jJNmDJhY0FNXVdHcFseDauO63k1tb39jcym8Xdnb39g+Kh0d1HSWKYY1FIlLNgGoUXGLNcCOwGSukYSCwEQzvZ/3GCJXmkXwy4xj9kPYl73FGjZWaLx3elvjsdoolt+zOQVaJl5ESZKh2il/tbsSSEKVhgmrd8tzY+ClVhjOBk0I70RhTNqR9bFkqaYjaT+f3TsiZVbqkFylb0pC5+nsipaHW4zCwzpCagV7uzcQLEgThf4ZWYnq3fsplnBiUbLGtlwhiIjJLgHS5QmbE2BLKFLcHEzagijJjcyrYJLzlv1dJ/bLsXZfdx6tS5S7LJA8ncArn4MENVOABqlADBgJe4Q2mzsiZOu/Ox8Kac7KZY/gD5/MHCHyRew==</latexit>

zi 6= 0

<latexit sha1_base64="SNXq6xxqi6KVfTRemkG+1mS8t7s=">AAAB/XicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJxKLHohePFewHpLFstpt26WYTdjdCCcUf4tXexKs/Rfw3btsctPXBwOPNG2bmBQlnSjvOt1XY2Nza3inulvb2Dw7L9tFxW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+G7e7zxTqVgsHvUkoX6Eh4KFjGBtpL5d9pyq6z9lPc0iqurTvl1xas4CaJ24OalAjmbf/uoNYpJGVGjCsVKe6yTaz7DUjHA6LfVSRRNMxnhIPUMFNmv8bHH4FJ0bZYDCWJoSGi3U3xMZjpSaRIFxRliP1GpvLlZREET/GbxUhzd+xkSSairIcluYcqRjNI8CDZikRPOJIZhIZg5GZIQlJtoEVjJJuKt/r5P2Zc2t15yHq0rjNs+kCKdwBhfgwjU04B6a0AICKbzCG8ysF2tmvVsfS2vBymdO4A+szx8IMJQu</latexit>

[0, 1]⇥5



2. Setup the NN

…

…

… … …

<latexit sha1_base64="tc9mhLK1baQ4KGbIUUEaPeh600I=">AAAB/XicbVDLSsNAFL2pr1pfUZduBovgQkoiSl0W3bisYh/QxjKZTtuhk0mYmRRKCP6I27oSt/6J4N84abPQ1gMDh3Pu5Z45fsSZ0o7zbRXW1jc2t4rbpZ3dvf0D+/CoqcJYEtogIQ9l28eKciZoQzPNaTuSFAc+py1/fJf5rQmVioXiSU8j6gV4KNiAEayN1LPtboD1yPeD5DF9Ttxq2rPLTsWZA60SNydlyFHv2V/dfkjigApNOFaq4zqR9hIsNSOcpqVurGiEyRgPacdQgQOqvGSePEVnRumjQSjNExrN1d8bCQ6Umga+mcxyqmUvEy9M+v/8TqwHN17CRBRrKsji2CDmSIcoqwL1maRE86khmEhm8iIywhITbQormSLc5W+vkuZlxb2uOA9X5dptXkkRTuAUzsGFKtTgHurQAAITeIUZvFkv1sx6tz4WowUr3zmGP7A+fwAua5UD</latexit>

17
<latexit sha1_base64="o/yldfJ6bvQ0MjmZkje/THqwmbM=">AAAB/HicbVDLSsNAFL2pr1ofjbp0EyyCCymJKOqu6MZlFfuANpbJdNIOnZmEmYlQQvwRt3Ulbv0Uwb9x0nahrQcGDufcyz1zgphRpV332yqsrK6tbxQ3S1vbO7tle2+/qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwus391jORikbiUY9j4nM0EDSkGGkj9exylyM9DAKePmRP6XXWsytu1Z3CWSbenFRgjnrP/ur2I5xwIjRmSKmO58baT5HUFDOSlbqJIjHCIzQgHUMF4kT56TR45hwbpe+EkTRPaGeq/t5IEVdqzAMzmcdUi14unprw//mdRIdXfkpFnGgi8OxYmDBHR07ehNOnkmDNxoYgLKnJ6+Ahkghr01fJFOEtfnuZNM+q3kXVvT+v1G7mlRThEI7gBDy4hBrcQR0agCGBV5jAm/ViTax362M2WrDmOwfwB9bnD7uHlMo=</latexit>

9
<latexit sha1_base64="QaZpxOJduP3kTwNP9mDUdNqlSgE=">AAAB/nicbVDLSgMxFM3UV62vqS7dBIvgQkpGFF0W3bisYh/QjiWTZtrQJDMkGaUMA/6I27oSt36J4N+YabvQ1gOBwzn3ck9OEHOmDULfTmFldW19o7hZ2tre2d1zy/tNHSWK0AaJeKTaAdaUM0kbhhlO27GiWASctoLRTe63nqjSLJIPZhxTX+CBZCEj2Fip55a7ApthEIj0PntMPYSynltBVTQFXCbenFTAHPWe+9XtRyQRVBrCsdYdD8XGT7EyjHCalbqJpjEmIzygHUslFlT76TR6Bo+t0odhpOyTBk7V3xspFlqPRWAn86B60cvFUxv/P7+TmPDKT5mME0MlmR0LEw5NBPMuYJ8pSgwfW4KJYjYvJEOsMDG2sZItwlv89jJpnlW9iyq6O6/UrueVFMEhOAInwAOXoAZuQR00AAHP4BVMwJvz4kycd+djNlpw5jsH4A+czx+YPJU2</latexit>

100
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2. Setup the NN
1. Take the pullback of the FS metric and learn the CY metric as a correction: 

 

2. Tune the NN parameters such that the metric satisfies at all points: 

(i) Overlap: 

(ii) Kähler: 

(iii) Monge-Ampere equation:                                       
 

3. The overall loss is  
We perform a box search over the hyperparameters      and choose
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‣ The result does not depend crucially on the NN architecture/activation function (ReLU, 
Tanh, GELU) 

‣ We train the NN with 50’000 points per     for                                           . 
• We use a batch size of 900 and ADAM optimizer, train for 20 epochs 
• Adding more points does improve the accuracy 

‣ We use an evaluation set of 5’000 points 
‣ We also tried training longer and including measures to prevent overfitting (batch 

normalization, dropout layers, early stopping), but this did not improve the result 
‣ We implemented this in PyTorch and Tensorflow 
‣ We need derivatives of the NN w.r.t. input as well as w.r.t. parameters 

• No direct backward hooks in PyTorch 1.6 
• Bug in TF 2.4 with 2 gradient tapes and pfor

2. Setup the NN

<latexit sha1_base64="abPmNKvR8s478ipQeNY+iDpQAoU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvXisYNpCG8pmu2mX7m7i7kYooX/Baz2JV/+Q4L9x0+agrQ8GHu/NMDMvTDjTxnW/ndLa+sbmVnm7srO7t39QPTxq6ThVhPok5rHqhFhTziT1DTOcdhJFsQg5bYfj+9xvv1ClWSyfzCShgcBDySJGsMmlXqJZv1pz6+4caJV4BalBgWa/+tUbxCQVVBrCsdZdz01MkGFlGOF0WumlmiaYjPGQdi2VWFAdZPNbp+jMKgMUxcqWNGiu/p7IsNB6IkLbKbAZ6WUvFy/CUPznd1MT3QYZk0lqqCSLZVHKkYlR/jwaMEWJ4RNLMFHM3ovICCtMjI2oYoPwlt9eJa3Lundddx+vao27IpIynMApnIMHN9CAB2iCDwRG8AozeHOenZnz7nwsWktOMXMMf+B8/gDE74/D</latexit>

 
<latexit sha1_base64="BLdETKcQhny1aPLEqLHOpoGfJ+s=">AAACGnicbVBNSwMxEM36bf2qevQSLIJCLbui6FH0orcqVoXuUrLpVINJdklmxbL0V3j1j3jVk3gVwX9j2u5Bqw8G3rw3QzIvTqWw6Ptf3tj4xOTU9MxsaW5+YXGpvLxyaZPMcGjwRCbmOmYWpNDQQIESrlMDTMUSruK7475/dQ/GikRfYDeFSLEbLTqCM3RSq7wdIjxgfg69zTC1Yqs67E9V0YdC0+Z24PtVV1GrXPFr/gD0LwkKUiEF6q3yZ9hOeKZAI5fM2mbgpxjlzKDgEnqlMLOQMn7HbqDpqGYKbJQPzurRDae0aScxrjTSgfpzI2fK2q6K3aRieGtHvb5YjWP1n9/MsHMQ5UKnGYLmw8c6maSY0H5OtC0McJRdRxg3wv2X8ltmGEeXZskFEYye/Zdc7tSCvZp/tls5PCoimSFrZJ1skoDsk0NyQuqkQTh5JM/khbx6T96L9+a9D0fHvGJnlfyC9/ENeEOfKQ==</latexit>

Re( ), Im( ) 2 [�100, 100]



‣ We need derivatives of the NN w.r.t. input as well as w.r.t. parameters 
• No direct backward hooks in PyTorch 1.6 
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3. Learn the metric
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Figure 2: (Left): Errors � for Donaldson’s algorithm as a function of  for random sam-
pling. (Center): Values of  used in the training and evaluation set. (Right): Comparison
of � for different approximation approaches.

in Donaldson’s algorithm, even if they have not been chosen to for the initial matrix H(0)

(see Appendix B.2.1).

2.6.1 Supervised regression of Donaldson’s Kähler potentials

First, we demonstrate that it is easily possible to train a NN to learn the moduli dependence
in a supervised learning setup. This provides a simple check that the NN architecture
has sufficient functional capabilities to learn the moduli dependence of H. To this end,
we compute the matrix H for different choices of complex structures using Donaldson’s
algorithm. The input to the NN are just the real and imaginary part of  and the output
are the independent real and imaginary components of the Hermitian matrix H.

Experiments: We present results for the quintic (2.4) with k = 3, which has Nk = 35.
We computed H for different values of  using Donaldson’s algorithm using 80000 points.
In one experiment, we randomly drew 100 values for  from a flat prior with �100 

Re( )  100 and �100  Im( )  100 (see Figure 2 middle). We assess the quality of
the NN interpolation by comparing the error measure � obtained by the NN on the test
set with the result one would obtain by using the “wrong” Kähler potential computed for
a point of the training set that is closest in complex structure moduli space (in Euclidean
distance). For reference, we also compare these results with the result that is obtained
from computing the Kähler potential at each point in the test set. In theory, this should
provide a lower bound for the quality of the approximation that can be obtained from the
NNs or from using a wrong but close-by approximation. In practice, as alluded to above,
Donaldson’s algorithm does not produce the Kähler potential with the lowest possible �
error at fixed k, and we find that sometimes the NN and/or the nearest points produce
better results than a direct computation following Donaldson’s algorithm.

We also repeat this analysis, but this time we sample from a grid of complex structure
values of the form  = a + ib with a, b 2 {0, ±1, ±10, ±100}) (see Figure 3 middle). Given
that computing H is very costly, especially for larger k, this grid contains only very few
samples as compared to the rather dense sampling used in the first experiment.

The results of our two experiments for standard feedforward neural networks (cf. Ap-
pendix C.1 for details) are presented in Figures 2 and 3. On the left, we can see the error
measure � in the complex  -plane. We find that � increases by a factor of 2 between
 ⇠ O(1) and  ⇠ O(100). This illustrates that for larger complex structure, we need
to go to larger k in order to achieve the same quality of approximation of the Ricci-flat
metric. However, interestingly, the error does not increase monotonically[NR: originally
was “is not monotonically decreasing”] with | |; indeed, for very small non-zero  the error

12
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Figure 5: Evolution of the training loss during training. Left: Optimizing the NN with
all three losses. Middle: Optimizing the NN without Kähler loss (i.e. �2 = 0). Right:

Optimizing the NN without overlap loss (i.e. �3 = 0).
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Figure 6: Left: Evolution of the validation loss components for our network trained on the
range 0 < | | < 10. The loss components are averaged over the respective patch-networks.
Middle: � accuracy of our network in comparison with the induced Fubini-Study accuracy.
The data points indicate the mean value of the performance, and the error bars show the
minimal and maximal accuracy on different patches. (We have multiple networks which
are trained here.)[NR: Modified the wording of the preceding sentences] This average is
also over four different angles ✓ for  = rei✓, namely 0,⇡/2,⇡, and 3⇡/2. The networks
were trained on values of | | < 10, and the performance in the range 10 < | | < 20 is
obtained from extrapolation beyond the training set. Right: Deviation from the induced
Fubini study metric during training, averaged over each patch-network and across the  
values used for training.

that the network in the first experiment has shared weights between the patches, wile the
NNs in the second experiment have separate weights that are, however, simultaneously
optimized.

Finally, we want to point out that the magnitudes of the losses in Figures 5 and 6 should
not be compared directly, as the architectures, the normalization, and the points where
the networks were evaluated are different for both experiments. For a rough estimate of
the relative scaling of the losses, one can look at the beginning of the training, since both
architectures start close to the induced Fubini-Study metric. Alternatively, one can convert
the Monge-Ampère losses for the first experiment to � accuracies (as explained above) and
then compare the result to the � accuracies for the second experiment, which are plotted
in the middle of Figure 6.[NR: Modified the wording of this paragraph.]

3 Calabi-Yau metrics with SU(3) structure

In this section, we will turn our attention to metrics that are associated to more general
SU(3) structures than the CY metrics with SU(3) holonomy. We will need a small amount
of background on SU(3) structures in general and how they appear in string theory com-
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Figure 5: Evolution of the training loss during training. Left: Optimizing the NN with
all three losses. Middle: Optimizing the NN without Kähler loss (i.e. �2 = 0). Right:

Optimizing the NN without overlap loss (i.e. �3 = 0).
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Figure 6: Left: Evolution of the validation loss components for our network trained on the
range 0 < | | < 10. The loss components are averaged over the respective patch-networks.
Middle: � accuracy of our network in comparison with the induced Fubini-Study accuracy.
The data points indicate the mean value of the performance, and the error bars show the
minimal and maximal accuracy on different patches. (We have multiple networks which
are trained here.)[NR: Modified the wording of the preceding sentences] This average is
also over four different angles ✓ for  = rei✓, namely 0,⇡/2,⇡, and 3⇡/2. The networks
were trained on values of | | < 10, and the performance in the range 10 < | | < 20 is
obtained from extrapolation beyond the training set. Right: Deviation from the induced
Fubini study metric during training, averaged over each patch-network and across the  
values used for training.

that the network in the first experiment has shared weights between the patches, wile the
NNs in the second experiment have separate weights that are, however, simultaneously
optimized.

Finally, we want to point out that the magnitudes of the losses in Figures 5 and 6 should
not be compared directly, as the architectures, the normalization, and the points where
the networks were evaluated are different for both experiments. For a rough estimate of
the relative scaling of the losses, one can look at the beginning of the training, since both
architectures start close to the induced Fubini-Study metric. Alternatively, one can convert
the Monge-Ampère losses for the first experiment to � accuracies (as explained above) and
then compare the result to the � accuracies for the second experiment, which are plotted
in the middle of Figure 6.[NR: Modified the wording of this paragraph.]
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‣ NNs can learn the moduli- (and position-) 
dependent CY metric by optimizing the 
underlying differential equations 

‣ This has many applications in Physics (massive 
string modes, swampland conjectures, Yukawa 
couplings) and Mathematics (SYZ conjecture) 

‣ The methods generalize to SU(n)/G2 structure
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Thank you for your 
attention!


