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Holographic Reconstruction Problem
• Goal: reconstruct the holographic bulk geometry (gravity) 

from the holographic boundary data (quantum entanglement)

• Holographic duality

• d-dimensional quantum field theory (boundary)

• (d+1)-dimensional gravitational theory (bulk)

• Emergent spacetime from quantum entanglement

Pastawski, Yoshida, Harlow, Preskill (2015)

Brown, Henneaux (1986), Witten (1998), Maldacena (1999) …



Holographic Reconstruction Problem
• Ryu-Takayanagi (RT) formula  
 
 

• In (1+1)D CFT, entanglement entropy 
 

• Using AdS/CFT correspondence (in the classical gravity 
limit), geodesic (minimum surface) through the hyperbolic 
bulk 
 

• RT formula provides a geometric interpretation to quantum 
entanglement.
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Holographic Reconstruction Problem
• Inverse problem: bulk reconstruction from boundary data

• Geodesic lengths 
 

• Extremal areas 
 

• Entanglement data  

• Previous work: single-region entanglement → classical bulk 
geometry 

• This work: multi-region entanglement → fluctuating bulk 
geometry (statistical gravity model)

Porrati, Rabadan (2004); Hammersley (2006); Bilson (2008); 
Cao, Qi, Swingle, Tang (2020)

Bilson (2011); Alexakis, Balehowsky, Nachman (2017); 
Bao, Cao, Fischettti, Keeler (2019)

You, Yang, Qi (2018); Roy, Sarkar (2018)



Multi-Region Entanglement
• Mutual information  
 
 

• For far separated regions A and B 
 

• True for holographic CFTs

• But not generally the case for many other quantum 
systems (e.g. free-fermion CFT) 
 

• How to capture the non-vanishing mutual information?

�A �BA B
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Multi-Region Entanglement
• Idea 1: introduce bulk mater field (QFT) to mediate the 

mutual information (MI) 
 
 

• Idea 2: introduce gravitational  
fluctuations to mediate the MI 
(this work)

$

᷿

༸
E

Figure 14. Illustration of the Ising spin configuration for the purity calculation. The boundary
condition of the Ising model is defined as spin down (sx = �1) for sites in A and up (+1) elsewhere.
The link states |xyi contribute a ferromagnetic coupling, and the bulk QFT state ⇢b contributes
an extra term to the action, given by the second Renyi entropy of the spin down region ⌃. When
a single Ising configuration dominates, the boundary of the spin down domain is the quantum
extremal surface (4.9).
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The minimal region ⌃ becomes the (spatial slice of) entanglement wedge, and @(⌃A) =

� is the quantum extremal surface. The analog of geometry is the graph geometry, defined
by the links xy. More generally, if we allow different states |xyi with different second Renyi
entropy, the geometry will be given by a weighted graph with each link weighted by S

(2)

xy .
One interesting feature of RTN model is that the geometry is not restricted to negative
curvature. The setup is well-defined in arbitrary graph geometry. For the purpose of our
current discussion, we want to study the entropy of a bulk region in the bulk quantum
field theory state ⇢b. In the limit of large bond dimension D for the EPR pairs, the tensor
network defines an isometry from the bulk QFT degrees of freedom to the boundary. This
can be proved by leaving the bulk indices open, and define a state of bB after the random
projection (Fig. 15). The isometry condition is equivalent to the condition that the mutual
information I(b : B) = 2 logDb, where Db is the Hilbert space dimension of Hb. This
isometry guarantees that the bulk QFT degrees of freedom are encoded faithfully in the
boundary Hilbert space HB.

With this isometry condition, correlation functions of bulk operators are preserved.
For example, Fig. 15 (d) illustrates a two-point function in the bulk, which is defined by

– 28 –

Faulkner, Lewkowycz, Maldacena (2013); 
Engelhardt, Wall (2015); Dong, Qi, Shangnan, 
Yang (2020)
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Use statistical  
learning to extract 
gravitational model  
from entanglement



Random Tensor Networks
• Framework: Random Tensor Network (RTN) holography

• Tensor network: representation of quantum many-body 
state  
 
 
 
 
 
 

• Network geometry ~ holographic bulk geometry

• RTN: random tensors + fixed bound-dimension 

• Reproduce RT formula in the large-bound-dimension limit
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Hayden, Nezami, Qi, Thomas, Walter, 
Yang (2016); Qi, Yang, You (2017)



Random Tensor Networks
• Classical RTN holography

• 2nd Renyi entropy of RTN state  
 

• Average over random tensors 
 
 
 
 
 
 
subject to boundary condition
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Random Tensor Networks
• Classical RTN holography

• Average over random tensors 
 
 
 
 

• Entanglement entropy ~ Ising free energy

• Ising couplings ~ log bond dimension  

• Large bound dimension limit → deep in ferromagnetic 
phase →         dominated by shortest domain wall → 
geodesic distance through the bulk (RT formula)
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Fluctuating Random Tensor Networks
• Classical RTN

• Fixed bond dimension → static geometry

• Vanishing mutual information problem

• Fluctuating RTN

• Random tensor + fluctuating bond dimensions 
→ fluctuating geometry (gravity)

• (Hopefully) better capture mutual information

• Learns the underlying gravitational fluctuation from 
entanglement data
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Ising Duality
• Duality of planar-graph Ising model  
 
 
 
 
 
 
 
 
 
 

• Dual spin: short range correlation

Dual
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Dual Ising Model
• Single-region entanglement ~ Two-point correlation  
 

• Multi-region entanglement ~ multi-point correlation
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Fluctuating Dual Ising Model
• RTN: fluctuating bond dimension  
→ (Dual) Ising model: fluctuating Ising coupling  
→ Gravity model: fluctuating geodesic 
 
 
 
 
 
 

• Mutual information mediated by 
gravitational fluctuation

• Conversely, gravity model can be  
extracted from multi-region entanglement
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Massive Scalar Field
• Universality: paramagnetic Ising model is controlled by the 

massive scalar field fixed point 
 
 
 
 
 

• Simplification for 2D space,

• Symmetric metric tensor       has 3 components

• 2 of them fixed by gauge

• Remaining 1 parameterized by the Weyl field
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Massive Scalar Field
• Bulk model: massive scalar field coupled to Weyl field

• Discretize using Regge calculus 
 
 
 
 
 
 

• Boundary: entanglement entropy
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Generative Modeling
• Flow-based generative model

• Trackable likelihood

• Efficient sampling

• Latent inference

• Idea: use a trainable bijective map to deform a simple prior 
distribution to the target distribution  
 
 
 

• Generator        can be model by neural networks made of 
bijective units

• Designed to preserve bulk translation/reflection symm.

Jimenez-Resende, Mohamed (2015); 
Dinh, Sohl-Dickstein, Bengio (2016); 
Kignma et. al. (2016) …
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Generative Modeling
• Loss Function  

• Entanglement dataset: 
(1+1)D massless  
Majorana fermions 
 
 
 

• Bulk model solver: 
compute correlation  
given Weyl field  
background P�[�]
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Fitting Entanglement Data
• Entanglement data

• Collected from free fermion chain (32 sites) with large 
central charge c = 8

• Training data: 1-, 2-region entanglement

• Test data: 3-region entanglement

8

chain of 32 sites (16 unit cells) with a relatively large
central charge c = 8. The entanglement data is parti-
tioned into the training set and the test set that does
not overlap. Within the training/test set, the data can
be further classified by the number of subregions of the
entanglement region, including the single-region, double-
region, and triple-region entanglement. To demonstrate
the e↵ect of introducing gravitational fluctuations, we
will compare two holographic models: (i) the fluctuating
model, i.e. the model e�SA|# = E[!]⇠P#

h
Q

@A �i! pro-
posed in Eq. (19) with fluctuating geometries, (ii) the
static model, i.e. the model e�SA|# = h

Q
@A �i!⌘0 with

a fixed static geometry. We train both models using the
MSRE loss in Eq. (21). The algorithm is implemented in
the TensorFlow[61] framework using the ADAM[62] opti-
mizer. Upon convergence, the MSRE loss is evaluated on
the test set to characterize the performance of the model.
The result is summarized in Tab. I

Model static static fluctuating
Training set single single+double single+double

T
es
t
se
t single 8.7⇥ 10�6 2.1⇥ 10�2 1.5⇥ 10�3

double 1.1⇥ 10�1 3.9⇥ 10�2 5.7⇥ 10�3

triple 7.5⇥ 10�1 6.0⇥ 10�1 3.1⇥ 10�1

TABLE I. MSRE loss on test sets for di↵erent models and
training sets. The model can be static geometry or fluctuating
geometry. The training set can include on single-regions or
both single- and double-regions. The test set can be either
single-, double-, or triple-regions separately.

If we train the static geometry model with single-
region data only, the model can easily achieve high ac-
curacy (MSRE ⇠ 10�5) in predicting single-region en-
tanglement, as also shown in Fig. 5(a). But the pre-
diction of multi-region entanglement is rather inaccu-
rate (MSRE ⇠ 10�1), meaning that the static geom-
etry model overfits the single-region data and can not
be generalized to multi-region data. If we include the
double-region data in the training set, and train the static
geometry model with both single- and double-region en-
tanglement, the model will learn to predict double-region
entanglement better at the price of losing the accuracy
in predicting single-region entanglement, with the MSRE
saturates at the ⇠ 10�2 level. This implies an intrinsic
conflict for the static geometry model in modeling the
single- and multi-region entanglement simultaneously.

However, by introducing gravitational fluctuations to
the model, the fluctuating geometry model achieves one
order of magnitude improvement in the prediction accu-
racy of both single- and double-region entanglement, as
the MSRE drops to the ⇠ 10�3 level, which is also man-
ifest in Fig. 5(b). This indicates that the gravitational
fluctuation indeed helps to reconcile the conflict between
single- and multi-region entanglements in the classical
gravity model (RT formula) (see AppendixB for an an-
alytic analysis of how the conflict can be reconciled in
principle). Moreover, the prediction accuracy in triple-
regions is also improved significantly, even if the model

is never trained on the triple-region data. This speaks
for the better generalizability of the fluctuating geome-
try model.

FIG. 5. Model predicted entanglement entropy v.s. ground
truth for (a) static model trained on single-region entangle-
ment data, (b) static and fluctuating models trained on both
single-region and double-region entanglement data.

FIG. 6. Mutual information IA:B between two equal-sized
regions A and B for di↵erent inter-region separations. Data
points show predictions by the static model (red) and the
fluctuating model (blue). Both models are trained with both
single- and double-region entanglement data.

As argued previously, the static geometry model suf-
fers from the problem of vanishing mutual information
between far separated regions. One motivation to intro-
duce gravitational fluctuations is to mediate the mutual
information between distant regions through the holo-
graphic bulk. Indeed, as shown in Fig. 6, by allowing the
geometry to fluctuate, the model can better capture the
behavior of mutual information. In particular, the static
model fails to produce the non-vanishing mutual infor-
mation between distant regions, which is most obviously
seen in Fig. 6(a), where the regions are most far sepa-
rated (compare to their sizes). However, the fluctuating
model fixes this problem, demonstrating the importance
of introducing the geometric fluctuation in modeling the
multi-region entanglement.

Final loss function (relative error in             )
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Fitting Entanglement Data
• Predicting Single-Region Entropy
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Fitting Entanglement Data
• Predicting Mutual Information
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Weyl Field Correlation
• Define Weyl field correlation  
 
 
 
 
 

A�,2A�,2
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Weyl Field Correlation
• Emergent locality: Weyl field correlation decays exponentially 

in the bulk (while the locality was not imposed in the 
generative model) 
 

• Inverse correlation length     (scaling dim.) almost universal 
in the bulk

<latexit sha1_base64="M5rCLe+rEBwbu7a2chqwYjFPebk="></latexit>

C(!)
xy ⇠ exp(��dxy)

<latexit sha1_base64="1ujIUf4qdEITf2Y+5H8mspqu7lM="></latexit>

�

� = 0.57

� = 0.40

� = 0.31

layer 1
layer 2
layer 3

(b)

0 2 4 6 8 10 12

0.05
0.10

0.50
1

geodesic distance dxy

C
xy(�

)



Gravitational Fluctuations
• Spectral decomposition of the Weyl field covariance  
 

• Spectrum

<latexit sha1_base64="FPwRZL/0O/TgWoYSm7Ku8DWD+AY="></latexit>

⌃(!)
xy =

X

↵

�(↵)!(↵)
x !(↵)

y

1 5 10 15 20 25 30
0.1
0.2
0.5
1
2
5

mode index �

ei
ge
nv
al
ue

�(
�)

(a)



Gravitational Fluctuations
• Spectral decomposition of the Weyl field covariance  
 

• Leading fluctuation modes
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B. Weyl Field Correlation and E↵ective Bulk
Gravity Theory

After training, we want to open up the model and see
what bulk gravity theory has been learned. With the
trained generative model P#[!] that describes the sta-
tistical fluctuation of the Weyl field !, we can explore
various statistical properties of the distribution P#[!] to
gain a deeper understanding of the optimal bulk gravity
theory that emerges from learning the boundary entan-
glement data.

FIG. 7. (a) Weyl field local covariance ⌃(!)
xx v.s. the radius

coordinate ⇢x. (b) Intra-layer correlation C(!)
xy of the Weyl

field (in logarithmic scale) v.s. the bulk geodesic distance dxy,
where x, y points are taken from the same layer. The distance
between points on a larger radius (or a higher layer) appears
farther due to the hyperbolic background geometry, but the
inverse correlation length � (the slope) remains roughly on
the same order of magnitude across layers.

FIG. 8. Weyl field correlation in the bulk, between a marked
reference point and the remaining points. Results are shown
for the reference point placed in di↵erent layers.

We first study the covariance function ⌃(!)
xy of the Weyl

field !, defined as

⌃(!)
xy = E

[!]⇠P#

!x!y =

Z

[!]
P#[!]!x!y. (40)

We observe that its diagonal elements ⌃(!)
xx (i.e. the lo-

cal covariance) grows with the radius ⇢x coordinate (as x
approaches the boundary), see Fig. 7(a). This is because
the discretization scale is changing along the radius di-
rection. In our discretization scheme as shown in Fig. 4,
the hyperbolic space is finer discretized towards the cen-
ter of the bulk, therefore the field ! will appear to be

( )

1 s
�(1) = 4.41

1 px
�(2) = 1.47

1 py
�(3) = 1.47

1 dxy
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FIG. 9. Spectrum of the Weyl field fluctuation. (a) Lead-
ing eigenvalues �(↵) of the covariance function (in logarithmic
scale). (b) Selected eigenmodes !(↵) labeled by the principal
and angular quantum numbers.

sti↵er near the bulk center, and hence its covariance is
smaller. To eliminate this influence of the discretization
scheme, we normalize (standardize) the covariance and
define the correlation function

C(!)
xy =

⌃(!)
xyq

⌃(!)
xx ⌃(!)

yy

. (41)

We found that the Weyl field correlation C(!)
xy decays

exponentially with respect to the geodesic distance dxy
in the holographic bulk

C(!)
xy ⇠ exp(��dxy), (42)

where the inverse correlation length � remains almost
the same across di↵erent layers in the bulk, as shown in
Fig. 7(b). The short-ranged nature of the Weyl field cor-
relation is more obviously shown in Fig. 8, which is an
unequivocal sign of locality. In other words, the machine
has learned from the entanglement data that the Weyl
field fluctuation can be described by a local model (as the
correlation is short-ranged) in the bulk. This emergent
locality is remarkable since locality was never explicitly
given to the generative model at the architecture level:
the neural network in the generator G# was fully con-
nected, which in principle allows non-local / long-ranged



Gravitational Fluctuations
• Spectral decomposition of the Weyl field covariance  
 

• Effective gravitational action (Gaussian level) 
 
 
 
such that

• Conclusion:

• Learning to fit multi-region entanglement

• Model learns an underlying statistical gravity model (in 
terms of the Weyl field)

• Data-driven approach to establish holographic duality
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Matter Field Mass Renormalization
• To predict single-region entanglement

• On static background geometry 

• With gravitational fluctuation (geodesic fluctuates) 
 

• Matter field mass must be renormalized as
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Summary
• A machine-learning approach to extract holographic 

statistical gravity theory from multi-region entanglement data.

• Generalize the RTN holography to include bond dimension 
fluctuations

• Data-driven discovery of bulk gravity model with emergent 
locality

• Practical use: a predictive model for quantum many-body 
entanglement structure → quantum circuit optimization / 
quantum algorithm design  

• Data-driven discovery of physics theory from data?  
- Generative modeling → action  
- Neural ODE → equation of motion


